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Introduction

This is the seventh book containing examples from the Theory of Complex Functions. In this volume
we shall apply the calculations or residues in computing special types of trigonometric integrals, some
types of improper integrals, including the computation of Cauchy’s principal value of an integral, and
the sum of some types of series. We shall of course assume some knowledge of the previous books and
the corresponding theory.

Even if I have tried to be careful about this text, it is impossible to avoid errors, in particular in the
first edition. It is my hope that the reader will show some understanding of my situation.

Leif Mejlbro
19th June 2014
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1 Some practical formula in the applications of the calcula-
tion of residues

1.1 Trigonometric integrals
We have the following theorem:

Theorem 1.1 Given a function R(x,y) in two real variables in a domain of R%. If the formal
extension, given by

R 22.—1’2’2—’-1 ’
21z 2z

is an analytic function in a domain Q C C, which contains the unit circle |z| = 1, then

R(zl—1722+1>%

27

R(sinf, cosf)df = .
0 (sin, ) %z|_1 2iz 2z iz

In most applications, R(sind, cos ) is typically given as a “trigonometric rational function”, on which
the theorem can be applied, unless the denominator of the integrand is zero somewhere in the interval

[0, 27].

7
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Complex Funktions Examples c-7 Some practical formulze in the applications of the calculation of residues

1.2 Improper integrals in general

We shall now turn to the improper integrals over the real axis. The general result is the following
extension of Cauchy’s residue theorem:

Theorem 1.2 Given an analytic function f : Q0 — C on an open domain 2 which, apart from a finite
number of points z1, ..., zn, all satisfying Im z; > 0, j =1, ..., n, contains the closed upper half
plane, i.e.

QU {z,....,2n} D{z€C|Im z > 0}.

If there exist constants R > 0, ¢ > 0 and a > 1, such that we have the estimate,

c

El

IF(2)] <

when both |z| > R and Im z > 0,

then the improper integral of f(x) along the X -axis is convergent, and the value is given by the following
residuum formula,

/+Oof(x)dm:27ri Z res(f;zﬂz%riires(f;zj).

- Im z;>0 Jj=1

1.3 Improper integrals, where the integrand is a rational function

We have the following important special case, where f(z) is a rational function with no poles on the
real axis. When this is the case, the theorem above is reduced to the following:

P(z)

Theorem 1.3 Given a rational function f(z) = Q— without poles on the real axis. If the degree of
z

the denominator polynomial is at least 2 bigger than the degree of the numerator polynomial, then the
improper integral of f(x) along the real axis exists, and its value is given by a residuum formula,

+oo
/ f(@)dz = 2mi Z res (f;z2;).

- Im z; >0

1.4 Improper integrals, where the integrand is a rational function time a
trigonometric function

If the integrand is a rational function time a trigonometric function, we even obtain a better result,
because the exponent of the denominator in the estimate can be chosen smaller:

Theorem 1.4 Assume that f : Q — C is an analytic function on an open domain §2, which, apart
from a finite number of points z1, ..., zn, where all Im z; > 0, j =1, ..., n, contains all of the
closed upper half plane, i.e.

QU {z,....,2n} D {2 €C|Im z > 0}.

If there exist constants R > 0, ¢ > 0 and a > 0, such that we have the estimate

c

[f(2)| < , if both |z| > R and Im z > 0,

2]

8
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Complex Funktions Examples c-7 Some practical formulze in the applications of the calculation of residues

then the improper integral of f(x)e™™* along the X -axis exists for every m > 0, and its value is given
by the following residuum formula,

/+<>° f(z)e™® dx = 2mi Z res (f(z) eimz;zj) = QWines (feimz;zj) .
j=1

—0o0
Im z;>0

In the special case, where f(z) is a rational function, we of course get a simpler result:

Theorem 1.5 Given f(z) = -e'™* where P(z) and Q(z) are polynomials. Assume that

1) the denominator Q(z) does not have zeros on the real axis,
2) the degree of the denominator is at least 1 bigger than the degree of the numerator,
3) the constant m is a real positive number.

Then the corresponding improper integral along the real azis is convergent and its value is given by a
residuum formula,

P g Y (D ).

Im z;>0

The ungraceful assumption m > 0 above can be repared by the following:

Theorem 1.6 Assume that f(2) is analytic in C\{z1, ..., 2, }, where none of the isolated singularities
zj lies on the real awis.

If there exist positive constants R, a, ¢ > 0, such that

c

|f(2)] < PG for [2| = R,
then
oo 270 ) Im 2,50 Tes (f(z) ey, zj) fory >0,
/ f(z)e™¥ dx = _
- =270 ) I 2 <0 Tes (f(z)€e=v;2;) fory <O0.

In the final theorem of this section we give some formulee for improper integrals, containing either
cos mx or sinmx as a factor of the integrand. We may of course derive them from the theorem above,
but it would be more helpful, if they are stated separately:

9
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Some practical formulze in the applications of the calculation of residues

Theorem 1.7 Given a function f(z) which is analytic in an open domain Q0 which — apart from a
finite number of points z1,...,z,, where Im z; > 0 — contains the closed upper half plane Im z; > 0.
Assume that f(z) € R is real, if x € R is real, and that there exist positive constants R, a, ¢ > 0, such
that we have the estimate,

lf(2)] < ‘C|a, for ITm z >0 and |2| > R.
z
Then the improper integrals fj_;: f(z) 2?1?((772;:)) dz are convergent for every m > 0 with the values

given by

+oo
/ f(z) cos(mz) dx = Re | 2mi Z res (f(2) "% z) ¢,

—0o0
Im z;>0

and

+oo
/ f(x) sin(mz) de = Im < 274 Z res (f(z) e z5) ¢,

- Im z; >0

respectively.

1.5 Cauchy’s principal value

If the integrand has a real singularity zo € R, it is still possible in some cases with the right interpre-
tation of the integral as a principal value, i.e.

o [ trtem g {7 [ s

to find the value of this integral by some residuum formula.

Here v.p. (= “valeur principal”) indicates that the integral is defined in the sense given above where
one removes a symmetric interval around the singular point, and then go to the limit.

Using the definition above of the principal value of the integral we get
Theorem 1.8 Let f: ) — C be an analytic function on an open domain ), where
Q2{zeClImz>0}\{z1,...,2n}.

Assume that the singularities z;, which also lie on the real azis, all are simple poles.
If there exist constants R >0, ¢ > 0 and a > 1, such that we have the estimate

[f(z)] <

C

2 for Im z >0 and |2| > R,
ZG/

then Cauchy’s principal value v.p. fj—z f(z) dx exists, and its value is given by the following residuum
formula,

+o0o
v.p./ f(z)dx = 2mi Z res (f;zj) + mi Z res (f;z;).

e Im z; >0 Im z;=0

10
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This formula is easily remembered if one think of the real path of integration as “splitting” the
residuum into two equal halves, of which one half is attached to the upper half plane, and the other
half is attached to the lower half plane.

It is easy to extend the residuum formula for Cauchy’s principal value to the previous cases, in which
we also include a trigonometric factor in the integrand.

11
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1.6 Sum of some series

Finally, we mention a theorem with some residuum formulae, which can be used to determine the sum
of special types of series,

Theorem 1.9 Let f : Q — C be an analytic function in a domain of the type Q@ = C\ {z1,...,2n},
where every z; ¢ 7.

If there exist constants R, ¢ > 0 and a > 1, such that

for |z| > R,

—+oo

then the series ) "

f(n) is convergent with the sum

n

+00
Z f(n) = —FZ res (cot(mz) - f(2);25) .

n=—oo

Furthermore, the alternating series :zo_oo(—l)” f(n) is also convergent. Its sum is given by
—+oo n
f(z)
n — . .
Z (=1D)"f(n) = —ﬂZres (sin(ﬂz) i 2 -
n=—oo Jj=1

12
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2 Trigonometric integrals

Example 2.1 Compute fo% e? 0 4.

Here, the auxiliary function is given R(£,7) = e2”, in which ¢ does not enter. The function

22—-1 2241 22 4+1
R - s = exp
21z 2z z

is analytic in C\ {0}, so

27 ]

, 1\ dz 2 1 1

/ chostGZ% exp (Z+—> .—z:ﬂres (— exp (Z+_> ;0)'
0 jol=1 #om ¢ :

We note that both z = 0 and z = oo are essential singularities, so we are forced to determine the
Laurent series of the integrand in 0 < |z|. However, there is a shortcut here, because we shall only be
interested in the coefficient a_1. We see from

“+o0 “+oo
1 1 1 1 1 1 11
z )=z . _:_E - mE - = 0
Zexp <z+z) Zexpz expz Zm:Om!Z nzon! ot z #0,

that a_; is obtained by a Cauchy multiplication as the coefficient, which corresponds to m = n, thus

2m +oo 1
2cos0
e df =27 —,
/ 2 P

which can be shown to be equal to Jy(2¢), where Jy(z) is the zeroth Bessel function.

de

Example 2.2 Compute fo% T oosd"
cos

0
This integral can of course be computed in the traditional real way (change to tan 2 where one of

course must be careful with the singularity at 6 = 7). We have in fact,

/2” 50 _/27r do _22/ dt _g/ﬂo du 43w 21
o 2+4cosf 3cos22+sin2€ o 3cos?t+sin’t 3, 1+%u2 3 2 3

w3

2

If we instead apply the Complex Function Theory, then we have the following computation

/2” do ]{ 1 dz ?{ -2
_— = _— = _— A
2 + cosf _ 2241 iz 1 22+42+1
0 |z| 12+— |z|=1
2z
1 1 2
= (—21)-2mires 7;—24—\/5):477 lim @ —— =—,
=20 <22+4Z+1 2432 +24+V3 V3

where we have applied that z2 4+ 4z + 1 has the roots —2 + v/3, of which only —2 + /3 lies inside
|z| = 1.

13
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Trigonometric integrals

Example 2.3 Prove that
(@) /27T cos 20 o= ) /2” cos 36 o=
o H5—3cosh 18’ o H5—3cos 54’

a) We shall use the substitution z = e, where in particular
s p »

1 . ) 1 1
cos 20 = 3 {6210 +e‘219} =3 {z2 + ?} )

1
2
Z‘|‘Z—2

Lo, 1
]{ 2 i 22 dzilf
B

Then
2
/ _cos20 2L ) dz 1
o H—3cosh - 3{ 1}22 i
S—zqz+ -
2 z
1 241 1

= dZ:

e
1 =322+ 102-3""

30 e
lz21=1 2 ) 2

—Oz—i—l} 31.%1“:12'2(2——

_ res A1 ;0] +res 241 -
=3 22(22-Rz2+1)’ 2(z2-4)(2=3)"3) |~

We obtain by RULE I,

res Z+1 L) 34+1 __8 _ 4
22(2—3)(2-3)" 3 1/1 3 3-(—8) 12’
32 \3
and
res St ;0 = ! lim d{ i }
22(22-R2+1)’ o Me—o0dz | 22—z 41
lim 428 (z*+1) (22— 1) 10
= 1 — =
=0 |22 - Featl (22—1—??24—1)2

Finally, by insertion,
/2“ cos2 o 2mi [ 41 10] _ 27 [—414+40) o«
o H5—3cosf  -=3i|l 12 3f 3 12 18

(b) For the substitution z = ¢*?, where we see that in particular,

1 ) ) 1 1
cos 30 = 3 {6319 + 6_329} =3 {z3 + ;} ,

3

14
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we get

Here,
1 1
3 3
O = S B I A - U
C-DG-3'3] " T ;= 98 36
3

15
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and
1 1
23+; 23
es ;0] =res ; 0
' 2-0z41 g 22—z 41
L& 1 1. d 22 -3
= —lm—<{—— =" 1lim—<J-——"" 3
20:20d2 | 22— War 1) 2:00de | (22— L0, 4 1)
1 2 2 (22 — 10)? 100 91
= -~ lim< — (22~ 5) 7 (= 1+ ~— 9
2 z—0 (22 %z—&—l) (22 1OZ+1) 9 9

hence by insertion,

2T cos 30 o7 (365 91) 27 364—364 ™
/ d + == = =
0

36 9 3 36 3.18 54

5-3cosf 3

Example 2.4 Prove that

27
do 2m
= , 0<a<l1.
/0 1+a?—2acosf 1—a? Jor “

Find also the value, when a > 1.

We get by the substitution z = €% that

d@z% and cosﬁzl{z—kl},
1z 2 z
thus
/2” df _ f 1 d_z__lj{ dz
o 1+a%—2acosf |Z|=11—|—a2—(z—|—l)aiz i Jis=1 022 — (1+a?)z+a
z

i

dz

= fﬁ 1 .
“ |Z|_122—<a+—)z+1
a

1
The integrand has the poles z = a and z = —. Of these, only z = a lies inside the circle |z| = 1, hence
a
/2“ do iy 1
= —.2mi-res pa
1+a2-2 0 1 ’
0 +a a cos a 22—<a+—>z+1
a
2 I 1 27 1 27 27
= — lim ———=——_ = = .
a =—1 1 a a?>-1 1-a?
a a

16
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1
If a > 1, then 0 < — < 1, and it follows from the above that
a

/2” do 1 /2” do 1 2r 2r
1+a2—2acosf a2 1) 2 1 T a2 I a2-1"
0 0 1—1—(—) —2-— cosf 1*9

a a

Remark 2.1 We note that the case a < 0 gives the same values, only dependent on if |a] < 1 or
|a| > 1. Finally, the case a = 0 is trivial. ¢

Summing up,

2
de 2m
= f R\ {-1,1}.
/0 14 a?—2acosf |1—a?|’ oraeR\{-11}

The integral is divergent, if a = +1.
Example 2.5 Prove that if a > 1, then

<Pt 2m
/0 a+sint a2 —1

It follows from

2m 2 2
-1 1\ d
R(sin@,cos@)d@z% R(Z —, G ) iy
0 2|=1 2iz 2z 12
that
27
dt 1 d 1
[t kg 1,
o a-+sint |2|=1 z—1 iz |2|=1 2° +2iaz —1
a+ —F7
24z
. 1 .
The function ————— has the two simple poles
22 +2iaz—1

z=—ia++—a?—1.

Of these only z =1 {\/ a?—-1- 1} lies inside the unit circle. Hence

/0%i - 2-2m’-res<; '{Jﬁ—l})

a+sint 22+2iaz—1;l
1 1 2T
= 2-2m lim =2-2m - = .
ci{VarToa) 2 +iva®E —1+ia 2iva—1 Va®—1
17
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Example 2.6 Compute

27
/ cos(2cos ) db,
0

expressed as a sum 3 o0 ap.

Applying the substitution z = e? we get

27 .
1\ d 2 1 1
/ cos(2cosf)df = j{ cos <z+ —) —Z = —7,mres <_ cos (z—i— _) : 0)
0 |z]=1 z) 1z 1 z z
1 1
= 27T~res<—cos<z+—>;0).
z z

It follows from

s () = e () e ()
—cosS|lz+— ) =—-—qexp|142Z+ — +exp|—142+ —
z z z 2 z z
L exp(iz) - e ! +exp(—iz)-e d
— —_ . = X - ex — X — - ex PR
PR p(iz P2 p(—1z p p,
+o0 +o0 . +o0 +oo
11 1 m 1 4" 1 N m 1 an 1
- ;'é{ﬂ;ml T 2 GO 2 () —}

that the coefficient a_; in the Laurent series expansion for

s ()
—cos|z+—
z z

is determined by m = n, i.e.

+oo . . 400 . . 400
IR IR (=) (=) R (-
=30 e

2
n=0 n=0 ' n=0 (’I’L')

which can be shown to be equal to Jo(2), where Jy(z) is the zeroth Bessel function. Hence we conclude
that at

/Qﬂ (2cos0) df = 2 res [ +3) 0 0) = 2may =2 fﬂ—g To(2)
COS|( < COSs = ZTrres . COoSs | 2 . ) = sz2TTa_1 = 7Tn:0 (n')2 = 4T Jg .

0

18
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Example 2.7 (a) Determine the Taylor series from z =0 of
1
1 )
22— la+—-)z+1
a

in the form Z;:B apzP.
Find the radius of convergence r of the series.

where 0 < a < 1,

(b) Find the Laurent series of
A A

12) = —
2" — <a+—>z+1
a

in the domain given by 0 < |z| <, by using the result of (a), and then find the residuum of f at
the point z = 0.

nelN, 0<a<l,

(c) Compute

27
/ cosmv) g neN, 0<a<l,
0

1+ a2 —2a cosv

by transforming the integral into a line integral in the complex plane.

(a) First note that we have the factor expansion

22—(a+%>z+1:(z—a) <z—2)

1
If |z2]| <a << —), it follows by a decomposition and an application of the geometric series,
a

1 B 1 1 L, 1
1 N 1\ I 2—q ' 1 1
22—la+-]z+1 (z—a)|z—— a—— ——a z—-—
a a a a a
I T U S 1 1
B _> @ 12 1 1 1—az
a a a T a
1 2P a? R 1 [& =
- S PP — —p p+2,p
- A ) e eSS

X112t
— 2P,

a 11— a2
p=0

The radius of convergence is of course r = a, which e.g. follows from the fact that z = a is the
pole, which is closest to 0. We may also easily obtain this result by the criterion of roots.

19
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(b) If 0 < |z] < @ and n € N, then it follows from (a) that

- too 2p+2
24z _ 1 1—a*?
22— |a +o +1 p=0
too 2p+2
= i.l_a P+W+Z -1_ap Lp—n
a? 1—a? 1—a? ’
p=0
which we may reduce to the Laurent series
n+1 2p+242n 400 2n _ 2p+2
1 1-—a% 1 (a®+1)(1—a?"?)
= . p . p
f(z)_zap+n 1 — a2 Z+Zap+n 1 — a2 Z5
p=-—n p=n

although this result is not much nicer.

We know that the residuum is given by p = —1, so

1 1—a?n

res(f;O) = a_1 = an—l . m

20
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Trigonometric integrals

(c) If we put z = €', then
_ &

1 inv —1inv
cosnv = — {e e and dv .
2 { * } 12

Then we get by insertion, reduction and an application of the residuum theorem (with the two
poles z = 0 and z = a inside the unit circle |z| = 1),

/27r cos(nv) p 1 %’ 22 dz
v — = Raied
o 14+ a?—2acosv 2 Jizj=1 1+a?—-a(z+271) iz

1 1 n -1 1
= —,]{ _— z e dz = —— - 2mi{res(f;0) +res(f;a)}
2 =1 —a 1 2ia
—la+—-)z+1
a
T 1 1—a2”+1_ A A 1 1—a? 1 a"+a™™
= —_—— . 1im = —17Tr _ —_
ala~! 1-—a?2 2—a 1 a» 1—a? «a 1
z— — a— =
a a
1 1—a® 1 a®+1 T l1—a?"—a?" -1 a™
= —TT _ _— — = —-— :27‘[’~—_
a® 1—a? a® 1—a? am 1—a? 1—a?
21
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Example 2.8 Given the function

1— 6i22
—Q

f(2)

z
(1) Prove that f has a simple pole at z =0, so we have for z # 0,

f2) ="+ g,

where g is an entire function, i.e. analytic in C.
Find the residuum by.

Consider for r > 0 the half circle v,, given by the parametric description
'yr(t):reit, 0<t<m.

(2) Prove that

(2)dz — bymi forr —0.
T
(3) Prove that
/ f(z)dz—0 forr — +oo.

"

Figure 1: The curve I'; g.

Let ' p = I+ 11+ III + IV denote the simple, closed curve on the figure, where II = g and

1V = —7..

(4) Compute
§ fea
FE,R

and prove the formula

400 . 2
/ {smx} de= T
0 X 2

22
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1)

It follows from the Laurent series expansion

1 2z 1 +Ooin n n
fz) = 2—2{1—6 }22_2 1—2;-22’

n=0
1 = n
= —Jd1—-1-29 Cgn+2 nt2
22{ ”*Zz)(nw)! z
= 2i+4+§ T gnm 2| >0
B z — (n+2)! ’ ’

that f has a simple pole at 0 and that
+oo in
_ - . n.n
g(z)—4z(n+2)! 2n2", zeC,
n=0
is an entire function, and that

res(f;0) = —2i = b;.

When we use the parametric description of the half circle, we get

f(z)dz

- /‘{_%W(Z)} dzz/oﬂ{—%We“}dwr[wg(z)dz

. 2
2/ dt+/ g(z)dz:27r+/ 9(z) dz,
0 .

T

where 2m = —2¢ - im = by - im.

In particular, g(z) is continuous, so |g(z)| < ¢ for |z| < 1. Therefore, if 0 < r < 1, then we get the

estimate

/g(z)dz <c-mr—20 for r — 0 +.
It follows that

lim (2)dz = bymi = 2.

r—0+ Y

Assume that r > 0 is large. It follows from

e'?* = exp(2ir - (cost + i sint)) = exp(—2r sint) exp(2ir cost),
and r > 0 and 0 < t < 7 that —2r sint < 0, hence

|ei22’ <for z € T,.

This implies the estimate

T1+1 2
/f(z)dz‘g‘/ %-rdt':—ﬂ-ao for r — 4o00.
Y o T

r
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4) Now, f(z) is analytic everywhere inside I'. g, so it follows from Cauchy’s integral theorem that

1— e2im I - eQix

R
Oz/FEYRf(z)dz:— 7Ef(z)dz+/s et [ (z)dz+[R .

Since cosine is an even function and sine is an odd function, it follows by the symmetry that

R 2iz —e 2z
1-— 1-—
/ ° d:c+/ S
c X _R X
B 1~ cos2z R gin 2z “®1—cos2z ¢ sin 22
L [, [t e, [,
e A e A _R X _R X

Q/R1_C282xdx:2/R{Sinx}2dx.
€ xz 1> x

Then by insertion and taking the limits ¢ — 0+ and R — +o0,

R . 2
0 = — | flz)dz+ (z)dz—l—Q/ {bmx} dx
Ye TR € x

oo (sing ) 2
— —1m4+0+2 dx.
0 X

This limit is of course also equal to 0, so by a rearrangement,

400 . 2
/ {smx} P
0 xr 2
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3 Improper integrals in general

Example 3.1 Compute the improper integrals

e x 1 e x , 1
. 22 1 exp {E2——|—1 COS (EQ——i—l dZC, and . 22 1 exp 22 1 sin $2——|—1 dx.

When we split into the real and the imaginary part, we get

1 x 1

. = +1
r—1 241 z22+1’

so it is quite natural to consider the analytic function

Fz) = -2 eXp( 1i>, for z € C\ {—i, ).

22+1

- — 0 for z — oo, there clearly exists an R > 1, such that we have the estimate
z—1

Since

2
[f(2)] < FQ for |2| > R.

Then the assumptions of an application of the residuum formula are satisfies, so we conclude by the
linear transform w = z — i that

/+°° 1 x4 J o 1 1 ‘
—— €X X = 77 - Ies ex 5
e X241 P ez 211 9P\ )0
1 1
= 2mi- _ —1]:;0]).
e res(w2+2iw exp(w>, )

Now, wg = 0 is an essential singularity of the function

1 1
w? + 2w Py )

so in order to find the residuum we shall expand into a Laurent series from wg = 0, then perform

a Cauchy multiplication and finally determine a_; by collecting all the coefficients of —. When
w

0 < |w| <2, we get

1
w

1
Since we have separated the factor —, it follows that a_1 is equal to the constant term in the product

of the two series, i.e. m = n. Thus
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and we conclude that

o1 x 1 - 1
[m T2 &P <—x2+1) {cos <—x2+1> -+ sin <—$2+1)}dx
e g T+ : I |
:/_OO 21 exp(x2+1>dx:27ma_1:ﬂ{cos§+zs1n§}.

When we separate the real and the imaginary parts, we get

| T 1 B 1
n J;2+16Xp 2 cos o d:r—7r-cos§7

and

T T . 1 1
n x2+1exp ) sin O da;:7T~sm§.

ALTERNATIVELY we may use that the function

(w) 1 o 1 1 . 1
= ——  ex — = — _ ex —
g w2+ 2w P\ w w(w + 27) Plw

is analytic in C\ {0, —2i}, so if we include the residuum at oo, then the sum of the residues is zero.
Hence

teo T+
[m 332;_1_1 exp <332——'—i_—1> dx = 2mi - res(g(w) ; 0) = —2mi{res(g(w); —2i) + res(g(w); oo)}.

Here, —2i is a simple pole, so by Rule Ia,

1 1 1 )
—rslow): <20 =~ i, oo () = 5 (5).

1
Furthermore, lim,,_, o exp (—) =exp0 =1, sow= o0 is a zero of order 2 of
w

o) = 3 5y ()

P 5
R
w

and it follows from Rule IV that
res(g(w) ; oo) = 0.

Then by insertion,

+oo . . .
1 2 1 1
[ e () e =m0 = e () = {eong v sng

and the results follow as above by separating the real and the imaginary parts.
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Example 3.2 Assume that x > 0. Find the limit value

A
1 1
lim — — — | dt
A—too J_4 \t+1x -z
Here we get without using Complex Function Theory,

A A : .
1 1 t—ix—t—
lim / ———~_)dt=lim P
Astoo J_a \t+ix t—ix Astoo J_ 4 12+ 22

A gt t\14
= lim —Zix/ ——— % =-2¢ lim [|Arctan| — = —2im.
A—+o0 _at? 422 A—+oo x)|_4
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Example 3.3 Let a € R be a constant. Prove that the integral

+oo s
I(a) :/ e~ (@Fia)” gy

— 00

is independent of a.

HiNT: We may assume that a € Ry. Denote by C the rectangle of the corners —b, b, b+ ia and
—b+ia. Show that

% exp (—22) dz =0.
c

Then prove that

a a
/ e_(b+iy)2dy‘ < i / eV’ dy.
0 0

By letting b — 400, prove that I(a) = 1(0).

Figure 2: Example of one of the curves C. Here, a =1 and b = 2.

Clearly, we may assume that a > 0, because we otherwise might consider an analogous curve in the
lower half plane.

Now exp (—z2) is analytic in C, so

j{ exp (—22) dz = 0.
c

We estimate the line integrals along the vertical lines by

/a e_(:tb""Zy)zdy’ frd
0

Since

a a
/ e‘bzﬁib""’yzdy‘ <e? / eyzdy — 0 for b — +o0.
0 0
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and since fj;o e~ dx is an improper convergent integral, it follows by taking the limit b — 400 that
+oo s +oo R
I(a) = / e~ @+ gy — / e~ ¥ dx = I(0).
—0o0 — 00

Note that we also have

Example 3.4 Compute
+oo 2
1(0) z/ e " dx.
—+o0

HINT: Use that

{I(0)}2 = /:O e dx /+: eV dy = //R e (1) dz dy.

Then use polar coordinates.

Since e~ (#*+¥%) < 0 for every (z,y) € R?, and since the function is continuous, all the transforms
below are legal, if only the improper plane integral exists. (The only thing which may go wrong is
that the value could be +00). Hence,

“+o0 “+oo
/ e da - / eV dy = // — (@ +y? )dx dy
— R2
21 +oo “+oo
/ / v drdf = 2r - {e T] =,

~
—
(e
=
S
Il

Example 3.5 Integrate the function et by using Cauchy’s theorem along a triangle of corners 0, a
and a(1 + 1), where a > 0. Prove that the integral along the path from a to a(1 4 i) tends to 0 for
a — 400, and then prove that

+oo +o0 +oo 144 [T
/ e dy = / cos (12) dz + z/ sin (:cQ) dx = R / e~ dz.
0 0 0 V2 Jo

The integrand is analytic, so it follows from Cauchy’s theorem that

0:/ e”2d:c+/ ei(““‘t)gidtf/ D™ (1 4 ) at.
0 0 0
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05 v 45 15

Figure 3: The curve C' when a = 1.

We first consider
@ 2
I, = / e @t gt
0
Here we get the estimate

a a _ ,—2a?
/ ei(a27t2)672ati dt‘ S / 672(115 dt = L < i
0 0

I =
12| 2a 2a

It follows immediately that
a(l+i) R
/ e* dz—0 for a — +o0.
0

Then we introduce the substitution u = tv/2 into the latter integral,

I :/ e T (1 4 ) dt.
0

We get here
a a . av2
. . 1+1 2
I3 = / 62(1+1)2t2(1 +i)dt = (1+14) / e 2 dt = / e " du

0 0 V2 Jo

A R . +

e i or a — 400.
V2 Jo

We finally conclude that the first integral I; is also convergent for a — +o00, and

+oo +oo +oo - “+o0
) 1
/ e dy = / cos (%) dz + z/ sin (2%) dz = el e da.
0 0 0 V2 Jo
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Remark 3.1 If we use the result of Example 3.4, it follows by the symmetry that

+oo ;
; 1
/ it gy — L .ﬁ7
! Va2

hence
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Example 3.6 1) Find the domain of analyticity of the function

L
) = 2=

Ezplain why f has a removable singularity at z = 1.
2) Let Cy g denote the simple, closed curve on the figure, where

0<r<R<+o0.

08
0.6
04

T

0.2 02 04 06 08 1 12

-0.2

Compute the line integral

W ¢ RCLEE

3) Show that the improper integral

+oo 1
/ —2nx dx
0 x4 —1

is convergent, and then find its value, e.g. by letting r — 0+ and R — 400 in (1).

1) Clearly, f is defined and analytic, when
z€ C\(R- U {0,1}),
and the singularity at z = 1 is at most a simple pole,

Log z  res(f;1) = n

But since

Logz Logl

res(f(f31) = lim Z25= = %=,
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it follows that the Laurent series of f from z = 1 is a power series, so the singularity at z = 1 is
removable.

ALTERNATIVELY, both the numerator and the denominator are 0 for z = 1, so we get by ’'Hospital’s
rule that

lim f(z) = lim

z—1 z—1 22 —_ ]_

so the singularity is removable, and we may consider

Log 2
ﬂ7 $€C\(R—U{Oal})a
flz) = .
57 Z:]-a

as an analytic function in C\ (R_ U {0}).

ALTERNATIVELY it follows by a series expansion of

Log z = Log(1 + (z — 1)) for 0 <]z —1] <1,

that
Log = 1 1 X (—pnt 1 X (-
- = . Az —1)" = — 1"
/) 22—-1 z+1 z—lZ n (z=1) z—l—lzn—l—l(z )
n=1 n=0
Here is continuous in all of the disc |z — 1] < 1, so we conclude again that z = 1 is a

z
removable singularity and that f can be analytically extended to z = 1 by putting

1 1 1
f“)::m{m*“}:a

0.2 02 04 06 08 T 12 14 16

Figure 4: The path of integration C, r with the removable singularity at z = 1.
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2) Since we may consider f as an analytic function in C\ (R_ U {0}), we conclude from Cauchy’s
integral theorem that

2 ¢ RELE

x
3) When we restrict the analytic function to Ry, we get a continuous function PR supplied by

x2

1
the value 3 at « = 1. Since we only have Inx = 0 for x = 1, we see that x = 1 is the only possiple

. 1 . Inz ..
zero. However, the value is here 3 > 0, so we conclude by the continuity that 71 is positive
72 —

(and continuous) for € Ry. Then we have the splitting

T lnzx : Inz 2 Ing T Inzx
de = —d —d dx.
/0 2197 /0 z2 -1 I+/% x2 -1 x+/2 2217

The estimate

5
0 < / nml /|lnac|dx——/ (—Inz)dx
TR 1"

(1+In2)=

LW W~

(1+1n2) < +o0,

wl»b
l\.’)lb—\
wlw

1
[~z Inz + 2|5, =
implies that the first integral exists.

. . Inz . .
It was mentioned above that we could consider P as a continuous function in the closed
T

bounded interval [% , 2], from which we conclude that the second integral also is convergent.

Finally, it follows from the magnitudes of the functions, when x — 400 that there exists a constant
C > 0, such that

“+oo
o< [ -
2

and we conclude that the last integral also is convergent.

+oo
da:<C/ —dac—C\/_<+oo

Inx
2 —

Summing up we have proved that the improper integral f0+oo dx is convergent.

When we expand (2), then

R 6 z 6
1 Log (R Log(it) ¢ L :
0 = / - dm+/ Log (Re”) e) -Rie" df — / Ogl idt—/ Log (re®) it ag
T 0 0

1‘2 -1 RQ 210 7‘26219 1
R Rlnt—|—2— z z ;
Inx 2 . [? InR+10 0 . (2 Inr+i6 i0
= /T ]}2 dl’-'-?,/r Wdt-f—l/o mR@ d9—|—2/0 W'TG d97
34
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hence by a rearrangement,

R R
Inz Int
dr +1i —_dt
1 ﬂ—1$+ﬂ[1+ﬁ
_ E/R dt (% InR+if

0 (% Inr+if 0
5 e —1 ; T2 ] -Re* d@—z/o 12020 -re’ db.

By taking the limits » — 04 and R — 400 on each of the terms on the right hand side we get

. . T (B dt T [T dt T o w2

lim lim — — = — —  =_._ = ;
r—»O-&-RA»JrooQ r 1+t2 2 0 1+t2 2 2 4

and
(% InR+if 0 EmR+Z
T R(lnR-i—%)
= 3 T mo1 — 0 for R — +o0,
35
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.7‘(|lnr\+§)

1 5 —0 for r — 0+,
—-r

respectively. Hence, by summing up,

/+°° Inz dr + _/+°° Int it 72
T 44 —dt = —.
o 12-—1 o 241 4

Finally, by separating the real and the imaginary parts,

+oo 2 +oo
Inz x Inz
de = — —dx = 0.
/0 2 1%" 7y % /0 21
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Example 3.7 Given the function

eZ

S

(1) Find all the isolated singularities of f in C.
Determine the type of each of them and their residuum.

Given for each r1 > 0 and ro > 0 the closed curve
Yri,re = Irl,rg + IITQ + IIIrl,rg + I‘/;“l
(cf. the figure), which form the boundary of the domain

Ap vy ={2€C| —r1 <Re(z) <rg and 0 < Im(z) < 7}.

Figure 5: The curve +;, ,, with the direction given on I, ,, = [-r1,72] and III,, ,,.

(2) Prove that

]{ £(2)dz

71,72

V2
— 7M.
2

(3) Prove that the line integrals along the vertical curves I1,, and IV, tend to 0 for ro and ry tending
to +o00.

(4) Find

+oo e
oo lH4e

1) Since e* # 0 for every z € C, the singularities are determined by

642 - 1= ei(w+2p7r)’ pe Z,
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so the isolated singularities are

s ™
zp:z{z+p'§}, p € Z.

We see from
d
A}, =t =420,

that these singularities are all simple poles with the residues

1“«38(f;zp):_i4 exp (z{%—l—pg}) :—g(l—i—i)ﬁxp (ig-p>, p € 7.

2) We have inside the curve 7,, », only the two poles zy and z1, hence by Cauchy’s residuum theorem,
z 2
f 4 = 2mi {res (f;z0) +res(f;21)} = 2mwi {—% 14490+ z)}
¥

1 4 e
oo [V2) V2 T
8 2 V2

1,72

3) We may choose the parametric descriptions of the vertical paths of integration in the form
z(t) = r+it, t € [0, 7], where either r = ry or r = —7y.
If r = r9 > 0, then we get the estimate

Q era-tit o2
i (2)dz S/o T cbratant dt < er2_1—>0 for ro — +o0.
If r = —ry <0, then we get instead
™ e—riit —
i (2)dz S/O [Py dtgw.l_ei_%_,o for r1 — 00,
4) Finally,

T2 e:p
/1 f(z)dz = /_ T dz,

71,72
and
-7 T LU T2 T
e”e €
/ f(z)dZ:/ mdﬂﬁZ/ Tre
11, ra +etre -, Lte

It follows from (2) and (3) that

rira—teo fo w 14et®
hence
+oo e \/5
/_Oo 1+ et "
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Remark 3.2 It is possible to find the value of the improper integral (which clearly is convergent)
without using the calculus of residues. First we get by the substitution ¢ = e®,

o0 e +o0 dt
ﬁdm: 14 44"
oo 1€ o 1+t

Then we decompose the integrand in the following way,

1 1 1 1
1464~ (Ara2eil) 22 (t2+1)2—(\/§t)2 - (2+V2t+1) (2 —V2t+1)
B at+0b ct+d
2+V2t+1 2—2t+1
hence
1 = (at+b) (tz—\/itﬂ) + (ct+d) (t2+\/§t+1>

= (a+O)P+(—V2a+b+ V2e+d)t* + (a—V2b+c+V2d)t+ (b+d).
Weget a+c=0,ie.c=—a,andb+d=1, so
—2V/2a+1=0  and —V2b4+V2d=0.

It follows that

1 1
a=——==—c¢ and b=d= -,
2V2 2
thus
11 2t + /2 L1 1 1 2t — /2 L1 1
T+t 42 £24+V2t+1 4 £24+2t+1 4V2 2-V2t+1 4 2-2t+1

Finally, we get the primitive

/{ 2% + /2 2% + 12 }dtzln<t2+\/§t+1>_>0’

24241 2—\2t+1 2 —\2t+1

for ¢ — 04, and for ¢ — +0o. We therefore conclude that

Too e T gt 1 [T 1 1
74 dx = —4:— + dt
o 14ete 0o 14+t 4 /o 24+V2t4+1 2—V2¢+1

/+oo 1 N 1
0 1)\? 1\? 1
t+— | + t-—) +5

V2 V2
Arctan (\/§t+1 + Arctan (\/ﬁt—l ]:O

=
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Example 3.8 Denote by A the domain
A=C\{ze€C|Re(z) =0 and Im(z) <0},
and denote by +/z the branch of the square root which is analytic in A, and which is equal to the usual

real square root on the positive real axis R .
Furthermore, let

FT,R:IT.7R+IIR+III7.7R+I‘/; f0r0<7‘<1<R,

denote the simple closed curve on the figure.

25

LI

Figure 6: The closed curve I', g med I, g = [r, R] and the circular arc ITp with a direction, (and
III, p and IV, follow in a natural way). The pole i of f(z) is indicated inside I, g.

1
NAEES
1) Prove that

flz) =

éR f(z)dz = 7 (1—14).

2) Prove that the integrals of f along the half circles I1gr and IV, tend to 0 when R tends to oo, and
r tends to 0.

3) Prove that the integral
+oo 1
———dx

is convergent and find its value.
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1) The only singularity of f(z) inside I',. g is the simple pole z = 4, so it follows by Cauchy’s residuum
theorem that

. 1 . 1
ﬁ:nR f(z) dz = 2mires <m ) 211 ll{g\/_ =27 - Tm
V2
1—1 T
— o =T ).
T 7 \/5( 1)

2) We estimate the integral along the curve I'V;. of the parametric description z(t) = re!("=% t € [0, 7]
and 0 <7 <1, by

rdt _ /T
IV, \/_(22+1 0o Vr-(1—12) 1—r2

Along med I we choose the parametric description z(t) = R- e, t € [0,7], R > 1, and then get
the estimate

— 0 for r — +o0.

™R
= 0 for R — +4o0.
HR\/_(22+1 /\/ ) -1 or T ee
41
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3) We obtain along I, g,

dz _1/7’4 dz _l/R dx ——i/R dx
L, V2 (F+1) i) g (22 +1) i), Va(@?+1) r VT (22 +1)
Taking the limits » — 04+ and R — 400 and applying the results of (1) and (2) we get

N e dx T .
(1-1) | WZ—QU—Z):

hence

Foo dx T

o VE(@+1) V2
ALTERNATIVELY we may change the variable to t = \/z, v =2, t € R,

oo du _ /+°° dt
Ty T

0 \/5 (a}2 + 1)
Then we decompose in the following way,

1 1 1 1

Lttt (#2241 =200 20y (van® (B4 V2E4+1) (2 - V2E+1)
at+b ct+d
2+V2t+1 22— V2t+1

hence

H
[

(at+b) (tz—\/itﬂ) + (ct+d) (t2+\/§t+1>
= (a4t +(—V2a+b+ V2e+d)t* +(a—V2b+c+V2d)t+ (b+d).

We get a4+ ¢ =0, thus c= —a,and b+d =1, so

—2v2a+1=0 and  —+v2b+V2d=0.
Then
1
a:ﬁz—c and b=d=§,
and
1 1 2t + /2 1 1 1 2t — /2 1

1
— . + - _ . + = . .
L+t* 4v2 24+V2t+1 4 24V2t+1 42 2—2t+1 4 2—2t+1

Finally, we see that the primitive is given by

2 + /2 2t + 2 t24+V2t+1
- dt=In|—Y""") >0,
24+42t4+1 2—V2t+1 2 —V2t+1
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for t — 0+, and for ¢ — 4+00. We therefore conclude that

+00 +oo +oo
1 dt 1 1 1
0 \/E(x Jrl) 0 1+¢ 2 Jo t2—|—\/§t—|—1 t2—\/§t+1

_ 1/+°° 1 N 1
il (CE Ry
= V2 [Arctan (\/§t+1 + Arctan (ﬁt—l)]:o

43
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

4 Improper integral, where the integrand is a rational func-
tion

Example 4.1 Find the value of the improper integral
/ oo dg
oo T

1) It is possible to compute the integral by a real decomposition; but this is not an easy method. We
shall here shortly sketch it in order to demonstrate the difficulties connected with it: By “adding
something and then subtracting it again, followed by factorizing the difference of two squares” we
get

2
x4:x4+2x2+1—2x2:{x2+1}2—{\/ix} :{m2+\/§x+1}{x2—\/§z+1}.

We conclude that there exist real constants A, B, C' and D € R, such that

1 1
wt+1 {22+ 132 — {V22} = {22 + V22 + 1} {22 — V22 + 1}
Ax + B Cx+ D
224+2x+1 22—22+1

Then by the usual decomposition,

1 1 1 1

ﬁa - §a - ﬁa - §a
1
and we find a primitive of —— in the usual way.
zt+1
2) A wvariant of the method of decomposition above is to note that all four poles z; are simple, so

1 res(f;z1) | res(f;z) res(fizs)  res(f z)

zA+1 z—2 Z — 29 z— 23 z— 24
where
1 20 1
res (%) = 1oy = 2 = 1%
3 1 s
dzy 4z, 4

by Rule II. We see that the z; are complex (they occur in complex conjugated pairs), so the terms
shall afterwards be paired together in the same way, before we find the real primitives.

3) Finally, we show that it is much easier to use the residuum formula. We shall first check the
assumptions. The integrand is a rational function with a zero of order 4 at co and no pole on
the real axis. This implies that the improper integral is convergent and we can find it value by

computing the residues of the poles in the upper half plane. The four simple poles are exp (”%T),
p=1, 3,5, 7, of which only

i 1+ Kl -1+
exp Z = W og exXp |\ — =
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lies in the upper half plane.

If we as above use Rule I with A(z) = 1 and B(z) = 2* + 1, where B’(z) = 423, then we get for
any of the poles zy that

. _ A (Zo) - 1 - 20 . 1
res (f} ZO) - B’ (ZO) - 428 - 4261 - 74 20,
because 2§ = —1 for all of them.

Then by the residuum formula,

/+OO du 271 < res ! 1+i + res ! —lA
= T . .
e TrH1 2A4+17 2 2A4+17 2

x
Example 4.2 The improper integral fjoos R dx is not convergent. Discuss what happens if one
x

nevertheless use the residuum formula.

The only singularity of the analytic extension of the integrand in the upper half plane is the simple
pole at zy = i. Here we have

Z . . Z 1
res| ——; ¢ ) =lim — = —,
2241 z—i 2z 2

so if we unconsciously put this into the residuum formula, then

+oo
“/ dez?m’-res L;i = 7.
oo T2H1 2241

This is of course not true, because if we could attach the improper integral a value (it is not convergent,
so one should at least use “Cauchy’s principal value” in order just to get a little sense into this
expression), and then it is obvious that a possible value should be reel and not at all imaginary.
The example shows that residuum formule formally often can be applied in cases, in which their
assumptions are not fulfilled. If so, they will usually give a wrong result.

Example 4.3 Compute
too dy Hoo z? o dy
O S R B N O B
—oo (14 22) —o (1+22) oo (1+22)

(a) The integrand has a zero of fourth order at oo, and since (1 + m2)2 # 0 for every z € R, the
integral is convergent. The integrand has the two double poles +i, of which only +i lies in the
upper half plane, so

T dg _ 1 _ 1. d 1
/ — = 27 - res 3! :2m-—hm— -
o (1422) (1+ 22) 1 z2—idz | (24 1)?

o li -2 —4mi
= 2milim — = —— = —.
z—i (z+1)3 (20)3 2
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Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

(b) The difference of degrees is 2 where the denominator is dominating, and the integrand has only
the singularities +i (double poles, which do not lie on R). Hence, the integral exists and

+oo x? . 22 . o1 . d 22
/ ————de = 2mi-res| ———;i|=2mi — lim—q——
oo (1+22) (224 1) W a—idz | (2 414)

2 2.2 2% 242
— 2 lim CER N Q) PV
=i | (z4+19)2  (241)3 (2¢)3  (24)3

B 202 1 (20)*) 7
- _”{(21)2 ) (2@3} 2

~

ALTERNATIVELY, we of course also have
z? 224+1-1 1 1

(1+22)°  (1+22)° 1422 (1+22)%
and then it follows from (a) that

o0 2 +o0 1 +o0 1
Y Lot S o R -

(c) The integrand has a zero of order 6 at co and no singularity on the z-axis, and poles of order 3
at z = 4i. Hence,

too dy , 1 _ 1 d? 1
——— = 2mi-Tes —; =2mi- — lim — < —
~ (14 22) (22 41) 2! z—idz? | (24 1)3

oo d -3 . (=3)(—4) 12w 12w 3w
= i lim — =7 lim - = = =
z—i (2 4+1)5 (2)5 32 8

Example 4.4 Prove that

+oo 2 2 +oo -1 4 2
(a) / f—dm = i, (b) / * do = -~ sin ="
oo X H1 2

2
x
(a) The integrand pranE] has a zero of second order at oo, and no singularity on the z-axis. The
x

poles in the upper half plane,

141 q -1+
z1 = an 2o = ,
1 7 2 NG
are both simple with z; - 20 = —1, so

o0 Q’J2 ] 2,2 . 2,2 .
o 5(;4——’—1 dr = 2mwilres Z4—H ;21 + res Z4 1 )
1

_ gm{hmz_?ﬂm i)ZE(L
z—z1 423 z—zp 423 4 \z
T l4i —1+44i)  m 2 w w/2
‘5{\/5 T }‘“' V2
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Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

(b) First we note that we have a removable singularity at = 1, because

. X . 1 1
lim = lim — = —
r—1 [L‘5 -1 r—1 51’4 5

either by I’Hospital’s rule, or by a simple division,

r—1 1 1 f 1
= — = or z — 1.
-1 at+x34+2242+1 5

There is no other singularity on R than the removable singularity at z = 1, and the integrand has
a zero of order 4 at co. We therefore conclude that the improper integral is convergent. The poles
in the upper half plane,

21T dam
z1 = exp = and Zo = exp = )
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Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

are both simple, so the value of the improper integral is

/+°°x—1d - z—1 n z—1
T =2midres | ——; 2 res | ——; 2
o TP —1 p—1"" B—1 "

2 2 .
. 2é =z . 22—z 21
lim = + lim = }:?{z%—zl—&—zg—zg}

z—2z1 z z—2z2 z

o[ (iR (2m L (sin (i
- 5 P\ P75 P P
21 211 21 2mi L. 27 4T . 27
= —exp|— ) —exp| — = —.{¢—-2{sin— p, = — sin —.
5 5 5 5 5 5 5
Remark 4.1 Since

T 1++5 T \V10—-2V5

cos 5= 1 and sin i e—

it follows by insertion that

oo p 1 A .om T T /
[m mdl’ = E‘QSlng'COSg:E‘<1+\/5)' 1072\/5
= G V1048V5=21/10+2V5,

Example 4.5 Compute

+oo d +oo .2 1
(a) / T neN, (b / T e,
e @D o P

In both cases we see that the improper integrals are convergent (the denominator is dominating, and
the difference of the degrees is at least 2, and we have no singularity on the real axis R), so the values
can be found by means of the residues in the upper half plane.

(a) Since z = i is an n-tuple pole, we find

oo dz . 1 _ _ 1 N Nen
/700 W = 27TZ-1“€S <W,Z> :27771' (n—l)' ili%dzn_l {(Z"‘Z) }
273, 1
= 7 () (=n—-1)---(=2 N lim ——
B 27m‘.(—l)”_l-(2n—2)!_ 1 'L_ s 2n — 2
B (n—1D!n—1)! 22n=1 g2n — 22n-2\ pn—-1 )
(b) If 29 is one of the simple poles, then 2§ = —1, so the residuum is given by
22 +1 241 20 ; o
res <24——|—]_’ ZO) = 4,2,’8 :—Z (Zo+1)
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Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

Then by using the symmetry, (the integrand is an even function),
too g2 1 [T 2241
/0 x4+1dx:§/_oo :E4+1dx
. 2241 s 22 +1 3T
= m {res <Z4—+1;exp (z Z)) + res (m;exp (z Z))}
™ T T 3T 3T
= s {eXp (z Z) (eXp (z 5) + 1) + exp (z I) (exp (z 7) + 1)}

i m . . 44 - i s
Remark 4.2 It is possible, though far from easy to compute the value of the integral by only
using the known real methods of integration from Calculus, i.e. by a decomposition. We shall here
only sketch the method.

If we only can factorize the denominator, the rest is standard, though still difficult. The trick is
here the usual one: Add something and then subtract it again,

I+d)(1+9)+(-1+9)(1 -9} =—

x4+1:x4+2x2+1—2$2:(m2+1)2—(\/§x)2:(332+\/§x+1) (mQ—\/ix—i-l).

Now we have written the denominator as a product of polynomials of degree 2, so we can in principle
decompose and then compute the integral. However, the factorization of the denominator shows
that this will be fairly difficult to carry through in practice. ¢

Example 4.6 Compute

+o0 dx +o0 2
@) /m Y /,OO a0

The denominator is dominating with at least 4 degrees in the exponent, and there are no poles on the
z-axis. Therefore, both improper integrals are convergent, and we can compute them by a residuum
formula.

(a) The integrand has in the upper half plane the three simple poles

14 26
(, 7r> ( 77) ) 5T
exp (i — expli—=) =1 exp|i—|.
Ps) P35 ) P 6
Let 29 be anyone of these poles. Then in particular z§ = —1, and it follows that

1 1z 1
res| —— . 2 = = — = —— 2.
1+26"7°) 7625 628 67

By insertion;

/+oo dx = 2miqres ;'eX (z E) + res #Z + res ; ex Z5_7T
o 1128 1+ 20 PG 1+26° 1120 “P\"%
; T 5t

——ﬂ—i{2isinﬁ+i}—2—ﬂ-
3 6 37

Il
|
N
SE
<
—N
@
"

e}
—
-~

|

N—
+
~.
+
@
”

e}
/N
-~

|
N—
—
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Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

Remark 4.3 The denominator can be factorized in the following way

1+25 = (1+a:2) (J:4—x2—|—1): (1+x2) (m4—|—2x3—|—1—3x2)
(z®+1) ((332—0—1)2—(\/51:)2) = (2 +1) (3:2+\/§x—|—1) (xZ—\/gzn—Fl),

so we can in principle decompose the integrand and then integrate in the usual way known from
Calculus. However, the coefficients clearly show that this will be very difficult to carry through. ¢

(b) Here we must not forget what we learned in the “kindergarten”:

Foo 2 _1 +o0 d(m3) _1 i
/_Oo 1_’_$6d$—§/m m—g [Arctan(x )}700_

T
3"
ALTERNATIVELY (and this time far more difficult) we see that we have the same simple poles as
in (a), and then we get by the general expression of the residuum at the pole zg, where 2§ =

0 — -1,
2 2 3
z z zp 1 4
res —; Z = —" = — = —— Z 5
<1+26 0) 625 62§ 6"
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Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

hence

/+Oo$_2dx = 2m {re ( G exp( 7T))—i—res <Z—2 >-|—res (Z—z.exp <z5_7r>>}
oo 1+ a8 1426 6 14267 14267 6
2mi LT 3 o7 o .. us
= ?{exp(zi)—f—z +exp(17)}——§{z—z+z}—§.

dx
*° 1+a8

Example 4.7 Compute f

1
The function 153 has a zero of order 8 at co and no singularity on the real axis. Hence the improper
z

integral is convergent, and its value can be found by the residues at the poles in the upper half plane.
All poles are simple, and we have in the upper plane the four poles

zZ1 = ex <ZI> Z9 = €eX 13—7T z3 = ex 25—7T Z4 = €x 17—7T
1= p 87 2 — p ] ) 3 — p S 3 4 = p ] .

We have for every pole zj that z7 = —1, so

1 1 1
res | ——: 21 | = — = —= z7.
142807 8z 87

Then by the residuum formula,

oo dr . 1 2mi . . 0w . 37 T LT T
= 2m Azt zmt+zstza=—-2i sngrsm— :—oQSmZ«:os—

oo 1428
/1+
= —\f CO” 1+—

ALTERNATIVELY, it is possible to decompose. Here, we shall only show how one factorizes the denom-
inator 1 + z%:

2
1428

(2% 420" + 1) — 22" = (2 +1)° (\/— a? <x4+\/§x2+1) <z4—\/§x2+1)

{@+20241) - 2= v2)a?} { (2" + 202 +1) - (24 V2) 2}
fi o= (o) W (o) |
(x2+\/mx+l> (:zﬂmxﬂ) (z2+\/mgz+l> (zQ\/mxﬂ).

Obviously, the following decomposition becomes very difficult, although it can in principle be carried
through.
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Example 4.8 Compute
+o0 +oo 2
zdx xodx
(a) / 2 (b) / T o2 a € R+.
oo (22 +4x+13) o (22+a?)

(a) It follows from
2? +4r +13 = (2 +2)* + 37,
that the integrand has the double poles —2 4 3i, which do not lie on the real axis. The difference

of the degrees is 3 with the denominator dominating, so the integral exists, and the value can be
expressed by the residuum at z = —2 + 3i:

+o0 d
/ O omiires| ————— —2+43i
—oo (22442 +13) (22 +42+13)

2 I z ori I 1 2z
= —_— m —_— ——— = m —
1 =243 dz | (2 + 2 + 30)2 i\ 24202 (Br2+ i)

= ] 1 2(=2+42i)\ _ 2mi . o
= 2mi { (61)2 - (6)3 } BRGIE {6i+4—6i} = ~5

(b) Here we have the double poles +ia ¢ R, and since the difference in degrees is 2 with the denom-
inator dominating, it follows by the symmetry that

o0 1‘2 1 o0 $2 ) Z2 .
——dr = ———dr=mi-tes | ————; ia
o (z2+4a?) 2/ w (224 a2) (22 +a?)

i lim 2 < i lim 2 2

= s JE— S =TT —

z—iadz | (z+1ia)? z—ia | (z+1a)?2 (24 1ia)d
i

:
- ) - £ {8

Example 4.9 Compute
+o0 2 400 2
Tt —x+2 ¢ —1
—d b ————dx.
(@) /_OC 2+ 1022490 ®) /0 o+ b4

22— 242
4 +1022 +9

22 =-5+V25-0=—-5+4,

i.e. the simple poles are

(a) The integrand has a zero of second order at oo and its poles are given by

3,  —3i, i and —i.
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Improper integral, where the integrand is a rational function

None of these lies on the z-axis. Since f(z) is analytic outside the poles and since we have the
estimate

()] < %

for |z2] >4 og Im(z) >0,

we conclude that

o0 _ )
/Oo L_T% dx = 2mi {res(f;1) +res(f;30)}

=23 (22 + 1) (2 + 3i) 2 -8 —8 - 6i
5
{3 3i+9+31—2} = 17;

. 2 —2z+2 . 22— 242 (-1—-24+2 —-9—-3t+2
= 27 hm,—2+hm— = 273
a—i (2 41) (2 +9) i

ALTERNATIVELY, one may apply the traditional real method of integration, by using that we have
proved that the integral exists. In particular

/+°° —xdx 0
oo 1022 4+9 7

because the integrand is an odd function. Then

Too 242 Foo 2 +2 1 [T dx 7 [T dr
ETETE g = dr = = =L T
oo 4102249 oo (@2 49) (22 +1) 8 J oo #2+1 8 J)_ 2249
1, T _1n s
8 3-8 24 127

(b) The difference of the degrees is 2 where the denominator is dominating, and the denominator
is furthermore positive for every real x. Hence, the improper integral is convergent

. Since the
integrand is an even function, it follows by the symmetry, followed by an application of the residuum
formula that

/+oo 2 -1 d _1/+00 2 —1 do — { (f .)+ (f2)}
| siiazid x—2 . (:1:2—|—4)(:z:2—|—1) x = mi {res(f;i) + res(f;2i
lim U ot -2 -5
= m -— - - o\ _
2 (22+4) (z41)  ==2i (22 +1) (2 + 29)

320 ' (—3) 4
_ S 11_ 7
- M2 3/ 12

ALTERNATIVELY we decompose:

Foo 22 -1 +oo 22 -1 2 [t dx 5 [t dx
o xt+5x2+4 o (224+4)(22+1) 3Jo x2+1 3 ), x2+4
2 1 5 x too 5 2\ 7 T
—Z Arct = . Z Arct (—) =(>-2)2=—.
[ g fretan o o - g Arctan {5 L (6 3)2 12
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Example 4.10 Compute
@ /+°C dx o) /+°° dzx
“ o 24+ 1] oo (@2 1) (22 +4)

1
(a) The integrand ——————— has a zero of second order at co and the poles
224241

1 V3

Hence, the improper integral exists, and we may find its value by means of the residuum at

1 3
—3 +1 g, i.e. at the pole in the upper half plane:
T dw 1 1 V3 1
- = 27 - —=+i— | =2 li
/_oo 2o+l m res(z2+z+1’ 2 7' B YAV PR

1 727ri727r
—14+iV3+1 V3 V3

= 2m
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ALTERNATIVELY, the traditional computation gives

1\
Foo dx oo dx 1 T+ ) T 2w
2—: — <3 . - = Arctan = = —=.
—oo THTHL 1 3 \/§ \/§ \F V3
Ty )ty 4 1/1 4
1
has a zero of order 4 at co and the simple poles +i and +2i ¢ R.

b) The int d —5————-
(b) The integran RSy
Hence, the improper integral exists, and its value can be found by means of the residues at the

poles in the upper half plane. We get

/f: ST g = { (WM ? Z’) e (ﬁ ; 2">}

o L1 1 1) «
= Z7Tr B — B — =T —_ — — = —.
2i-3 ' (—3)4i 3 6 6

ALTERNATIVELY,
/+°° dx 1/+°° dx 1/+°° dx 1 Arct lA con oo
= = — - ———— = — [Arctan z — — Arctan =
oo (@2 +1) (22 44) 3 ) 0 224+1 3 ) o 2244 3 2 2]
1 { 7T} s
= — m— — = —.
3 2 6
Example 4.11 Compute
+o0 +oo
dz dz
@ [ e O ervmrmay
oo X242 42 oo @2+ 1) (224224 2)
1 . )
(a) Here ————— has a zero of second order at co and simple poles at z = —1 £ i ¢ R. Hence,

224+ 22+2
the improper integral is convergent, and its value can be found by a residuum formula. However,

the easiest method here is actually the traditional one,

Foo dx Hoo dx
/OO $2+2l‘+2 [oo (.’I,‘+1)2+1 [ rc an(l’+ )]—oo e

For comparison we get by the calculus of residues,

1

oo dx 1
/ - = 2mi-res| ———; —1+¢) =2m lim ———
o T2 H+2x+2 2242242 z——1+iz+ 1414

211 21

—1+i+1+di 2
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(b) The integrand has a zero of order 4 at co, and the simple poles +i, —1 + 4 ¢ R, so we conclude
that the improper integral is convergent, and its value is given by

/+°° dz
oo (@2 +1) (22 + 224 2)
= {res ((z2 +1) (zi +22+2) ; Z) res ((z2 +1) (zi +22+2) ; —u)}

1 1 1 1 1
= omid—. — - 4=
m{% —1+2i+2+{(—1+i)2+1}-2i} 7T{1+2¢+1—2i}
1-2i+1+42 27

1+4 5
Example 4.12 1) FEzplain why the improper integral

/+°° z2dx
o (@2+1)(z2+4)

is convergent, and find its value.

2) Compute the complex line integral

?{ 22dz
=3 (22 +1)% (22 + 4)

1) The integrand is a rational function with a zero of order 4 at co and with no poles on the real axis.
The poles are z = +i (double poles) and z = £2i (simple poles), so the integral is convergent, and
its value can be found by a residuum formula,

oo 22dx , 52 . 52 ‘
/oo @@y {res ((22 F1)2 (22 +4)] Z) e <(z2 +1)2(2+4)] 21) }

Here we get straight away,

z —inmi{Z—Q}
(2+1)°(:2+4)" ) Wemidz L(z+1)? (2 +4)

lim 2z 222 _ 2?22
a—i | (240)2 (2244)  (249)3 (2244)  (244)2 (22+4)°

2 =2 (-2 2 L2 2
C (2033 (26)3-3  (20)232 4.3 8-3 9-4
i 5i
=—(-6+3-2)=——
36( - ) 36’

and

22 ) . 22 —4 43
res 5 ;26 | = lim 5 — = T = ap
(22 +1)? (22 +4) =2 (224 1)° (2 42i)  (=3)%-4i 36
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so by insertion,

/+OO vdz S L G
oo (22+1)2(2244) 36 36 36 18

ALTERNATIVELY, we may first decompose to get

u A B C

Wr12(utd) utd nil @wr?

Here we immediately get

4 4 11
A= - = d C=—=_2.
(32 9 ™ 3 3

Then by insertion, rearrangement and reduction,

B u L4 1
u+1l  (u+1)2(u+4) Yu+4 3 (u+1)?
1 1
- . - 4 1)2 4
0 Py ay et At )30t 4))
1 1
= - {4 1)? 412 1
0 iy Gl DT 2 D)
4 u+1+43 41
9 (u+)(u+4) 9 u+l’

Then put u = 22 to get

+o00o $2
/ 5 dx
—oo (22 4+1)7 (22 +4)

4/+°° dx 4/ * dx 1/“’o dx
9. 2244 9) o 22+1 3 ) (22 + 1)°
4 1 [t d
== {Arctan( )} Arctan Tt - —/ —x2
9 3) o (x2+1)
2 1/+°° dx
9 3 o ($2+1)2
We can now compute the integral
/+OO d.’L‘
oo (22 +1)°

in a number of ways:

a) We get by the calculus of residues,

+o00 do ) 1 ] d 1
/ ————— = 2mi-res| ———— ;i | =2mi lim V3
e (2241) (2241) 1' a—idz | (2 +1)?

- i {-p i) - <‘<2j>3> e

57
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Improper integral, where the integrand is a rational function

b) ALTERNATIVELY, we get by a partial integration
+o0 d +oo +o0 2 +002.T2+1 -9
/ _x[i] +/ xix?dxz/ 2t -2
oo T2+ 41 o Jow (2241) —oo (2241

—+oo —+o0
_ 2/ dx _2/ dx N
o XZH1 oo (2241)

and then by a rearrangement,

/+°° dx _1/‘”'00 dx T
coo (@241 2 ) o 22412

Finally, by insertion,

+o00 2
2
/ * de =L —

n - T
oo (224 1)% (22 +4) 9

ol 3

2) Since all pole lie inside |z| = 3, and since we have a zero of order 4 at oo, we get by changing the
direction on the path of integration,

]{ 22dz %* 22dz o res( 22 oo>
o= (22 +1)% (22 4 4) o= (22 +1)% (22 4 4) (22 +1) (2% +4)
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Example 4.13 1) Find all complex solutions of the equation

2+ 522 +4=0.
2) Prove that the improper integral

teo 92 1
T 3 dx
0 zt +bx? +4

is convergent, and find its value

1) We get by the factorization
0=z'+52+4= (22 +1) (22 +4),
the four roots
i, —1, 21, —2i.
2) The integrand is a rational function with no pole on the z-axis and with a zero of second order
at oco. Hence, the improper integral is convergent. Since the integrand is even it follows by a

reflection and the residues at the singularities ¢ and 24 in the upper half plane that

/+°° 22— 1 J 1 /+°° 22— 1 J
— 5 ar = — —————— ax
o x*+5x2+44 2 ) z*+52244

2me 222 —1 ) 222 -1 )
B T{res<z4+5z2+4;l>+res<z4+522+4;22>}
= Wi{limQZZ—_1+lim 222—_1}
z—i 423 + 102 2—2i 423 + 102
1 -2-1 1 —-8—-1 1 9 0
- 7”{2'4+1o+%'16+10}:ﬂ{_§+ﬁ}:1

ALTERNATIVELY, the traditional method of decomposition gives that

222 — 1 _ 222 — 1 _ 1 n 3
oi+5224+4 (22+1)(22+4) 22+ 1  a2+4]

hence

/+°° 222 —1 J /+°° L +/+°° 3 T,
— ) dr = — ———dx —dr = ——
o x*+5x2+44 o 241 0 x24+4 2

N W

[N}
13
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Example 4.14 Prove that the improper integral

+oo 2

1

idm
oo 1+t

is convergent, and find its value.

We estimate the integrand for |z| > 1 in the following way,

1 2

T+ =
1+22 1 <) 2
0<g(x):= tr L VA

_1+x4 1:21 1 4 72’
+(;)

1
Since the improper integral f 1+oo — dx is convergent, the given integral is also convergent.
x

-2

1

7

1
Figure 7: The curve Cg for R > 1 and the singularities :I:—2 +

V2

We can now find the value of the improper integral as a Cauchy principal value via the residuum
theorem.

The denominator has the simple poles at the points

m=ep(iT+p3),  pe{01,23}
where the former two lie inside the circle of integration C'r. We get by a small computation
1 1+4
__—(1+Z)7 p:Oa
1+22 1 ) 4 V2
res (9(2); 2p) = 13 —_ZZP (1+Zp) = _ .
P 1 1+ (1-1i) 1
4 \/i I p -
i
Both residues are ———, so
2v2
—i R R , 4
2mi - — :% g(z)dz :/ g(z)dz+/ g(Re™)-iRe™®dd, R>1.
V2 Cr -R 0
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If R > 2, then we have the following estimate on Cg,

1 ‘ 1
1 = 25t
oy 1 ‘*R?e 1 Hm o1 g
o (Re )|:ﬁ'17§ﬁ' 1 “p
1_’__6747,'25 1— — 16
R* R*

It follows easily that the line integral along the circular arc tends to zero, when R — +o00, so we
finally get by taking this limit,

+oo 2
1

/ +—x4da::ﬂ'\/§.
oo 142z
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Example 4.15 Given the function

)= 5

and for every R > 1 the closed curve yg = I+ II 4+ III (see the figure), enclosing the domain

Ur = {z =ret

2
O<7‘<Rand0<t<%}.

Figure 8: The curve yg = [ + 11+ 111, enclosing Ug. Here, I = [0, R] is an interval on the x-axis, IT
is the circular arc, and I'I1 is the oblique line.

1) Find

fdz.

TR

2) Prove that the line integral along the circular arc II tends towards 0, when R tends towards +oco.

3) Prove that

/+°° 1 o
dx = .
o w3+1 3v3

1
1) The function f(z) = Y has the simple poles

LT LT
z1=—1, Zo = exXp (—z §> , Z3 = exp (z 5) .

If R > 1, then only z3 = exp (z g) lies inside g, so it follows by the residuum theorem that

1 2m 23
dz = 2mi- (23) =2Mi sy =
. f(z)dz i -res (f;z3) = 2mi 522 3
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2) We get along IT the estimate

dz 1 2

3) Along I1I we choose the parametric description

2

(R —1) exp <z?) . relo,R]

SO

27
P (,%) /R dz
dr=—exp|i—
0

R
111 (2)dz = /0 14 (R —r)3exp(2mi)

Then by insertion and the limit R — +oo,

™ . . 2 teo dg
g(\/g—z) = Rgrfoofmf(z)dzO—i—{l—exp(z;)}/o e

3 3 [ d 3 e g

——i\/—— / i :i(f_l)/ r ,

2 2 o 341 2 o x3+1
so by a rearrangement,

/+°° dr 2w
o @ +1 33

Remark 4.4 The integral can in fact also be computed by more elementary methods. We get by a

decomposition,
1 B 1 11 +1 3—a2?2+zr—1
B+l (z+1)(@2—24+1) 3x+1 3 (@2—a+1)(z+1)
1 3
r—-]1-2
11 1 z-2 1 1 1 2) 2
- 3z+4+1 3 22—z+1 3 x+1 3 1\2 3’
(“5) "1
hence
/+°° dx 1 /+°° de 1 /+°° 2z — 1 1 /+°° dx
o 23+1 3Jo zx+1 6Jy x2—-z+1 2 Jo 1 3
rT—< | +
(=3) 3
o +
1 22420 +1\17° 1 2 e—\1
= = |In|————— + =+ — |Arctan
6 2> —x+1 /], 2 V3 73 .

= 0+%{g+Arctan<%>} E{EJFE}:ﬁ. 0.
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Example 4.16 Given the function

22

16 = o

1) Find all isolated singularities of f in C, and specify their types.

2) Prove by using the calculus of residues that the improper integral

o0 xQ
/ -5 o dr
0 zt+ 441

; t of the value —-
1S convergent o e value —-—=.
J 2v/3

One may use that f(x) is an even function.

1) First note that

(z2—1) (z4+z2—|—1):z6—120

for
z:exp(im), pEZ.
3
When we again remove the roots z = +1 of the auxiliary factor z2 — 1, we see that the simple
poles are
(_W) 1+_\/§ . 2m 1+_\/§
e —)== — e — | =—= —
P\"3) T2 "3 2 Ty

( m) 1 V3 o 1 V3
exp|l—t<)==<-—1——, exp|—t— | =—%5—1—.
3 2 2 3 2 2

2) Since we have a zero of second degree at oo, and since we do not have any pole on the z-axis, we
conclude that the improper integral is convergent. The integrand is even, so we get by an extended
residuum theorem that

+o00 22 1 +o00 2
————dx = = ———dzx
o Tr4a?+41 2 ) o Tt 2241
2
= m’{res (f(z);exp (ig))—i—res (f(z);exp <2§>>},

2
3

because exp (z g) and exp (z ) are the only singularities in the upper half plane.

Using the rearrangement

f(z):z4+22+1: 26—-1 7
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we get

(s (1)) = [FEY)] gyt o () 1)

hence by insertion,

“+o0 2 .
X e ™
/o AT ET I (A= 23
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Remark 4.5 Since

z4+22+1:z4+222+1722:(22+1)27227(22+z+1) (z2fz+1),

it is of course also possible — though not quite easy — to use the method of decomposition. This variant
is left to the reader as an exercise. ¢

Example 4.17 Given the function

22

f(z):ma

and for every R > 1 a positively oriented curve
IF'r=Ir+1Igr+ IlIg,

(cf. the figure), which surrounds the domain

UR:{z:re” ‘ 0<T<R090<t<g}.

-5 0 05 i 15 2

-05

Figure 9: The curve I'g, starting with Ir = [0, R] on the z-axis and with the singularity exp (z %)
inside the curve.

1) Prove that

(2)dz = T

3 55 (1)

2) Show that the line integral along the circular arc 11 tends towards 0 for R tending towards +oo,
and find the value of

400 2
x
—dx.
/0 A1
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1) The function f(z) has the four simple poles

zp:exp(i{g—i—pg})7 pe {0, 1,2 3}

Of these only

zozexp(i%> :\/ii(lJri)

lies inside I'g, when R > 1. Then by Cauchy’s residuum theorem,

22 22 w1
FRf(z) z i res (Z4+1,z0) i yre s M
2 (1 —1
T I S Clk) B S
2 1+i 2 2 2V2

, T
2) We use along the circular arc ITg the parametric description z(t) = Re®, t € [O, 5}, so we get
the estimate for R > 1,

22 3 R2 T 1
—E _d|< | —=— Rat=". 0
/,,Rz4+1 - —/0 Ri 1 2 T

when R — +o0.

Finally, we use along IIIr on the imaginary axis the parametric description z(t) = (R — t)i,
t € [0, R], giving

22 B (R 1)%2 _ (R g2
/H,Rz4+1dz_/o (R—t)4i4+1'(_l)dt_’/o a1

Then by (1) we get by insertion and taking the limit R — +oo,

2

—d
zd+1 s

T oo
—— (1 +1) = 1+i/
5 =i [
hence
/-‘rDO .’L’2 T
dr = .
0 l’4+1 2\/5

ALTERNATIVELY, we get by a decomposition,

z? x? x? z?
w1 x4+2x2+1—2x2:(x2+1)2_(\/§x)2:(x2+\/§x+1)(x2—\/§x+1)
ar +b cx +d
- (x2+\/§x+1)+(x2—\/§x+l)’
thus
2 = (ax—i—b)(m2—\/§x+1)+(cx+d)(x2+\/§x+1)

= (a+0)z3+(b—V2a+d+V2¢)2? +(a—V2b+c+V2d)z+b+d.
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By identifying the coefficients we clearly obtain that
a+c=0 and b+d=0,
SO

V2(—a+c)=1, thus ¢ = —a =

Sl

and b = d = 0. Hence

z? - 1 T T
i+l 2\/§{x2—\/§x—|—1x2—|—\/§x+1}

1w V2 % 1 V2 V3

N 4\/§{x2\/§x+1+x2\/§x+1_aﬂ2+\/§x+l x2+\/§x+1}

1 20 -V2 25 4+V2 N
4V2 | 22— V22 4+1 22+V2x+1

1
= +
T— — — T+ — —
V2 2 V2 2
2
Clearly, the improper integral f0+°° 433— dx is convergent, and
zt+1
+oo 2 “+oo 2
1
JA R
0 zt+1 2 ) o r+1

1 1 /R 2r — /2 20 + /2
= — Ilim — dx
2Rtood /2 J gl 22 —V2z2+1 224+V2x+1

1 1 —+o00
—&—5 1 [\/§Arctan (\/530 — 1) + /2 Arctan (\/im + 1)}_00
R
1 22 —V2zx+1 1 T T
= —— lim |In| ———— +—(r+m) =0+ —=—.
8v2 R#w[ <z2+\/§x+l> IR A N R
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Example 4.18 Given the rational function

224241
f(Z)_ Z4+Z2+1'
1) Find all the isolated singularities of f in C, and specify their types.

2) Prove by calculus of residues that

xd 42241 x:\/g'

/+°° 2 +x+1 27
..

1) First variant. If z # £1, then

z2+z+17(z+1)(z—l)(z2+z+l)7(Z+1) -1 z+1 1
2242241 (22-1)(z4+22+1) B

and the simple poles are

Z21=—+1 and 29 = — —1

DN | =
ol
w
N =
[\
S
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Second variant. Obviously, z = 41 are not poles. Now,
(z2=1) (" +22+1)=2°-1=0
for

Z = exp (z %) , for p € {0, 1, 2, 3, 4, 5},

and since we shall remove p = 0 and p = 3, because they stem from the auxiliary factor 22 — 1,
the singularities are

1
z1 = exp(i—) :§+i
s

. 2
Zo = exp (z?)z—
s

1

22
. 4\ 1 3
Zy = eXp(Z—)__i_ZT’

Each one of these is at most a simple pole, and they could even be removable singularities.
Analogously,
(z=1) (P +241)=2°-1,

so since z = 1 is a “false” singularity coming from the auxiliary factor z — 1, the numerator
has the roots

1 3 1 3
22:—§+l§, and 24:—5—'—%%,
which will cancel the same zeros in the denominator. Thus
1 3 1 t3
22:—§+i§, and 54:—§+¢8q; ,

are removable singularities, while

1
21:§+27, and 25:

are simple poles.

—1 ,

V3
2

DN | =

2) The integrand is defined on R, and since the integrand has a zero of order 2 at oo, the improper
integral is convergent, and we do not need the notation “p.v.” (= “principal value”). The improper
integral can be computed in a number of ways.

First method. By a simple integration (without using the calculus of residues) it follows from
the first solution above that

/+°° 2+z+1 /+°° dx /+°° dx

—  dx = e —_—

oo T2 41 oo X2 —x+1 e 1 2
(=-3) 3

& (D)
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>

1
Second method. We shall in the calculus of residues use that only z; = 3 +1 = exp (z g)
lies in the upper half plane and that z;7 = —1. Then

too 2 4t p41 . z4+1 Mz +1 2mi 23 4+ 2
———— d 2mires | ———; 21 | = 2mi =" .
z

oo T+ v +1 322 3 23
21 211 V3 2w
= I3 sl =_2"" 9., X2 ) = 2
3 {22+Z1} 3 ( 7 2) \/g

Third method. Calculus of residues without a reformulation gives the following difficult compu-
tations,

T 241 ) 224241
— 5 - dr = 2mires( [ ————; 21
oo TEH 41 zr 422+ 1

— omi Z%—le—‘rl o Zo+2z1+1
N 423 +22 | 473 + 2%

1 V3 1 V3
<2+12>+<2+Z2>+1

= 2m

VA
A=) +2( = +i==
(-1)+ <2+z 2)
) 1+4v/3 omi 1443
= 27‘(’2 —_— = = —=

4+ 1+0v3 VB B+
2 i—+/3 2T

V3 B+ VB
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5 Improper integrals, where the integrand is a rational func-
tion times a trigonometric function

Example 5.1 The transfer function of a RC-filter is given by

1

&) =1 oriros

Find the corresponding answer.

The corresponding answer is given by the improper integral

e 2mixt 1 e 1 2Tt
h(t)=/ f(x)e dt:mRC/_oo —— P d,

o _
2nRC
Here, 21 = ' is the only pole of the corresponding analytic function
2rRC
1 1
JG) = 2miRC i
2rRC
1
and it is obvious that there exist constants k, and r > RO such that we have the estimate
T
k
lf(2)] < [ for |z| > r.

Since f(z) does not have any singularity in the lower half plane, we conclude from the corresponding
residuum formula, which here is empty that

h(t)—/mf( )e2mist gy — /+Oo ! Pretde =0 fort <0
= . xr)e I—Qﬂ_iRC . B i € T = or .
2nRC

If instead t > 0, then, since we have already checked the assumptions of the validity of the residuum
formula,

+o0 ) o ei?ﬂ'zt i 1 t
_ 2mixt . —_ . _
) _/ J@) ™™ = o oRa e ___i ‘2RC| T RC eXp( RC)'
2nRC
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Example 5.2 Compute the improper integrals
o reosx T rsinz
———— dx 0g —— do.
oo TAH1 oo T2

Here we must consider the analytic function

iz

ze
2241

, for z # 41,

Z COSz z sinz

and . Clearly, the rational function ———
22 +1 22 4+1 v 22
no pole on the X-axis, so the assumptions of the residuum formula are fulfilled. Since m =1 > 0, the
pole z = ¢ in the upper half plane is the only relevant singularity. Hence by the residuum formula,

Too peiw ) ze® Cdett g
Q—d:v:2mores -t =27 — = —.
N | z2+1 i+ e

Then by separating into the real and the imaginary parts,

+oo 400 .
/ x;osxdxzo og / xsmxdx: :
oo 241 22 +1 e

instead of

has a zero of first order at oo and

— 00

Example 5.3 Compute

T x sinx T cosT
——d b ——dx.
@ [CERges w [ ST

x
(a) Here P is a rational function of real coefficients and with a zero of first order at co. The
x

denominator does not have real zeros and

z

m‘gm for |Z‘Z47

so we conclude that the improper integral is convergent. Using that
sinxz = Im (e“‘w) ,

where 1 > 0, it follows by the residuum formula that

oo . 1z 12 e
z sinx . z¢e : i Z¢ sic
/m ok Im{m'reb (Zz—+9 32)} —2”Re{zlinéiz+3i} _2”Re{3i+3i}

-3
= 27‘('36 -
6 e3
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1
(b) Here a1 has a zero of fourth order at co and no poles on the x-axis. Hence, the integral is
z

COS T
convergent. Since 4—:4 is an even function, it follows by the symmetry and a residuum formula
x
that
+o00 400 +o0 imx
COSTTT 1 COSTTT 1 e
/ e 4” = - (Re) / dx
0o zt+4 2 x +4 2 o x4

ei‘n’z ]
17rz |:e7i7rz:| ] |:26i7rz:| N |:Zei7rz:|
= T
z 14i 42 ] L P Azt | 1y,

) ) ; 1
- {<1+z> T (LT = e i = e

Example 5.4 Compute

T cosx oo Cos T
@ | Gt 0 | amam

(a) We see that B has a zero or order 6 at co and no real pole. Hence the improper integral

3
+ z2)
exists. The integrand is an even function, so by the symmetry, followed by an application of a
residuum formula,

+oo ix iz
/ ﬂdmz (R)/ e—d:ﬂ:m-res 673;2‘
o (1+ x2) coo (14 22)° (1+22)

1

2
R _ ili d ie’* - 3e?
-7 2' z—i d22 Z—|—’L I R dZ (Z+Z)3 (Z+Z)4

i I 6i et? N 12 e?* i e ! Gie ! 412 e 1
= lm —_ - — —_— —_ .
2 i (Z + Z) (z+4)*  (2+14)° 2 | (20 (29 (24)°
2 7
_ I { (20)° = 6i- (20) + 12} = - {4+12+12}_%.
e

(b) We get by a decomposition that

1 11 11
(14+22)(4+22) 3 2241 3 2244’

so it follows immediately that the integral is convergent. Then by the residuum formula,

oo cos T 1 [T cosz 1 [T cosx
de = = ——dx — = —dx
oo (T4 22)(4+22) 3 /) o 241 3 ) o 22+4

e ! 1 e? 1 -~ 1 1 T
Redomi- &\ “Reldom & L=2.7_°. =T (20 -1).
e{m 22‘} 3 e{ " 4¢} 3¢ 3 2 gz
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Example 5.5 Prove that

T cosx T cosa 7r
B = BT e =T
—00 l+x —00 (1+$2) e

Clearly, both integrals are convergent, and we can apply the residuum formula. Thus

o0 +o0 T iz -1
COS T e . (& . . € s
/700 md(ﬂRe{/m xz—_'_ldx}Re{27T’L'I'eS<Z2—_H;Z>}QWRG{Z'Q—Z,}gv

and

400 +oo i iz
T Re —C  _dzr\ =Re{2mi res 67;2'
coo (14 22)? oo (22 +1)? (22 +1)°
1 d e* ie¥” 2¢et?
2rRe<i-— lim — | — =2rReq1 -
i e{’ 1 -2 dz ((z+i)2>} m e{z[(z+i)2 (z+i)3L_z}
fie”l 2e7t el 2e7! 27 1 1 T
e (= o )} = S ) =T (Gd) -
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Example 5.6 Compute
T g cosa teo rsina
—d b ————dx.
(a) /_Oo s T N /_Oo 222z 410"
It follows from

/+°° T e%% d /+°° T COST d +,/+°° T sinx d
— dxr = —  _dx+i — dx
e T2 =21 410 oo T2 =22 +10 2 =2z +10

— 00

that it suffices to prove that

+oo T el
/ B o110
oo TE—22 410
exists and to find the value of this integral.

z
We see that ———
22 —-22+10
improper integral exists. Since m =1 > 0, we can compute the integral by a residuum formula,

+oo iz iz iz
xe ze ze
— - dr = 2mi-tes| ————:143i) =27 1l S
/,oo 22 —2r+10 m reb<z2—22—|—10’ + Z) sy 113
1435 i(1431) .
% = g (1+ 3i)e*{cos1+i sin1}.
i
Then by a separation into the real and the imaginary part,

(a)

= 2mi-

—+oo
T COST T .
/Oo mdl’z 3?((3031—381111),

(b)

+oo 3
T Ssmx ™ .
/ mdl’:@(gcosl+slnl).

— 00

Example 5.7 Compute

T rsingz Too dx
— d b .
(a) /,oo 2 1Az +20°" () / 1+ 22

— 00

(a) The function has a zero of first order at co. The poles are

z
22 + 42420
—2+4i ¢ R,

so by a residuum formula,

/+°° x sinx p I /+°° x e p
——  dr=Im — dx
oo T2+ 4z +20 oo T2+ 4420

z ¥ ze'
m{2m res (22+4Z+207 2+ Z)} 2m m{z ZHII?+4iz+2+4i}

— 9 4 45)et(—2+47)
=27 -Im {z . ( i ;)e
)

} = ;?(2 cos 2 + sin 2).

has a first order zero at oo and simple poles at z = 1 4+ 3i ¢ R, hence the
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(b) We have of course,

+oo d
o [Arctan |T%° = 7.
oo 1+

ALTERNATIVELY, it follows by a residuum formula that

T dx , . 1 27
=2mi-res | ——; i | = 27w lim - = — =7
oo 1422 1+ 22 z—iz4+d 20

Example 5.8 Prove that

T cosz T
dr = =
oo coshz

1h_.
cosh 3

HINT: Integrate the function R
cosh z

and let R — +o00.

along a rectangle with the corners —R, R, R+ wi and —R + i,

Figure 10: The curve C, with the singularity zp = i g inside C;.

We shall use the hint, so we call the curve Cg. It follows from

coshz =10 forz:ig—i-ipﬂ, pEL,

that z =1 g is the only singularity (a simple pole) lying inside Cg for every R > 0. Hence by Cauchy’s
integral formula

cos (i — cosh —
j{ b dz:27ri-res(cosz ;iz>:2m'- 277 = 2mi - = = 27 cosh —.
op coshz coshz’ = 2 sinh (E) zsm§
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On the other hand,

j{ cosz o _ /R cosw dx—/R cos(z + im) i
cp cosh z _pcoshz _p cosh(z +im)
+i/ cos(R + zy) dy — z/ cos(—R + zy) J
o cosh(R+ iy) o cosh(—R +iy)

We first note that

/R cos(x + im) d /R cosa:-coshﬂ'—z'sina:-sinhﬂd
_ bl W LILUYS = - x
g cosh(z + im)

rcoshx - cosm+ 4 sinhx-sinw

B cosx o R sing
= coshm dr — i sinh dx
_p coshx R coshz

R
= cosh7r~/ oS dx + 0,
rcoshz

because the latter integral has an odd integrand. Summing up we get for the first two terms,

R R , R
/ 8T dm—/ cos(z +im) dr = (l—i-cosh?T)/ BL .

_pcoshz _p cosh(z +im) R coshz

Clearly, this integral is convergent for R — 400, because the numerator of the integrand is bounded,
and its denominator tends exponentially towards 0 by the limits z — d+o0o. We only have to show
that the contributions from the vertical axes tend to zero for R — +o0. It follows from

cos(R+1iy)  cosR-coshy —isin R-sinhy

cosh(R +iy) coshR-cosy+isinhR-siny’

when 0 <y < 7 that

cos(R + iy)

cos? R - cosh? yy + sin® R - sinh? y _ cos? R+ sinh? y
cosh(R + iy)

cosh? R - cos?y + sinh? R -sin®y  sinh® R + cos2y
1+ sinh?7 _ cosh?

sinh? R sinh?R’
The length of the path of integration is 7, so we conclude that

/ cos(R—l—zy) dol < . C'OShﬂ' .
o cosh(R + iy) sinh R

‘ 2

0 for R — +o0.

Since also

cos(—R + iy) < cosh

cosh(—R +iy)| ~ sinh R’

it follows in the same way that the latter integral tends to 0 for R — 4+o00. Summing up we get by
this limit,

T cosx

dx = 27 cosh g,

(14 cosh) /

oo COshz

and since

14+ coshm =1+ {2cosh2 g - 1} = 2cosh? g,

78
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Improper integrals, where the integrand is a rational function times ...

we finally get that

T = = )
—oo COshz 2 cosh? g coshg

T
/+oo COS T . 27 cosh 5 -

Example 5.9 Compute

+oo +o00 :
cosT sin 2z
—_— b ——dux.
(@) /,OO 22+ 4’ (®) /,OO 2rzr1

The denominator is in both cases a polynomial of degree grad 2 without zeros on the x-axis. The
numerators are purely trigonometric, so we get by a residuum formula,

(a)

oo teo i 1z 1-2%
cos T e . e . . ’ -
/_OO z2+4d$:(Re)/_oo x2—+4daﬁ=2m~res(m;2z): R -271'2:@.
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(b)
/ S g = Im / — d}
oo TEFTH1 o T +:c+1

{
_ Im{2m reS< Qf:+1 %H?>}
(2

= Re

) i 62 R ei(=14iv3)
T 1rn e —_—

2
—ﬂ- —1) } - sml.

w

Example 5.10 Compute
+oo .3 o +oo .2
53
(a) / x4smxdx, ) / T° cos a;dx
0 X +1 0 (.’132‘1‘1)

The integrands are in both cases even functions, so they may be extended by symmetry to all of R.
Furthermore, the difference of degrees of the numerator and the denominator of the rational function
of the integrands is at least 1, where the denominators are dominating, so the integrals are convergent,
and we can find their values by a residuum formula.

(a) The zeros of the denominator are determined by 2% + 1 = 0, so

1 1
z=t—+i—,
V2 V2
and we get
+oo .3 3 +oo .3 3 +oo .3 iz
x° sinx 1 r°sinx 1 T°e
——dr = = ——dr = =1 —d
/0 A1 2/_00 A1 T m{/_oo A1 m}
= —Im< 27 |res res| —; ——+ — .
2 at \f 2 +1 2 V2

Let 2o be any pole. Then 2§ = —1, and

res 3¢tz - _deizo _leiZQ
A1) 7 4 T
hence by insertion,
/+°°xsma:d , {,1 (,<1+¢)>+,1 (< 1+¢))}
———dr=nmIm<{i-—exp|i|—=+ —F5= t-—expli|——7=+—=
o x4l 4 &P 2 V2 4 &P V2 V2
snirer (<75) 5 -{oo () o0 ()} = 5 o (58) = ()
= - Xp|——= ] -z-qexp| —=]exp| ——F =—exp| ——F5= — .
B p /2 5 P NG P NG B p 5 5
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(b) Here z =i is a double pole. It lies in the upper half plane, so we start by computing its residuum:

o 2363iz ] 1 i d 2263iz i 22637;7; N 3,L‘2263iz 22263iz

Ir — 5, 1 — 111m — — = 11m -

(Z+1)° Uemidz G+ ) =i G+ (40 (2+0)°
o 2ie? N 3i(—=De™®  2(=1)e® e? i+ 6i— 2(-1) _; 1
o (20)2 (2i)2 (243 8 —i [ 2e3

Then by the symmetry and the residuum formula,
Feo 1172 cos 3z 1 +oo :172 CcOS 3‘7; 400 2 37,:5
——dr = 5 ——dx
o (22+1) 2/ o (22+1)° 1) oo (224 1)
1 2 322 1
= = Re{ 27 -res —Re i i — b T
2 (22 +1)% 2e 2¢3

Example 5.11 Compute

oo T sinx Foo sinx
— —  d b —d
a) /0 (22 4+ 1) (22 + 4) Z, (0) /_OO 2 +4z+5 z

In both cases the integrand satisfies the assumptions for the application of the residuum formula.

—~

(a) First we get by a decomposition,
1 1111
(x24+1) (22 4+4) 322+1 32244
The integrand is even, so by the symmetry, followed by an application of the residuum formula,
Hoo x sinw 1 [t T sinz
5 5 dr = = Ty dx
o (@2+1)(2*+4) 2) o (@*+1)(z*+4)
1/+°°:Esinx 1/+°Oxsin:17
= - ——dr — = —dzr
6 ) o 2241 6/ o 2244

1 1z 1 1z
= 6Im{271'i-res (%ikl’l)} — 61m{2m’.res <;cﬁ;2i>}

= gRe{res(;eﬁ;Q—reS(;cﬁ;%)}
m iett 2i b2 T et e2
3 e{i+i ! 2i+2i} 3 e{ 2 2 }
(1 1 us

= — - — — = — —1
6(6 62) 662(6 )

(b) The poles are z = —2 £ 4, of which only zp = —2 + 4 lies in the upper half plane. Then by the
residuum formula,

+00 . iz
sin e
———dz =1 2mi ;=241
/_OO 2214145 0 m{ mres((z+2+z’)(z+2—z’) +Z>}
i(—241)
e ; T
_ o - I —2i—1 — _ & )
Im{Qm 2+Z_+2+i}(m{7re } 6sm2
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Example 5.12 Prove that

+o0 eiaa:
/ ———dv=me "  fora>0.
oo T2

The claim is trivial for a = 0, because

+oo 1
/_Oo o dr = [Arctan x|t = 7.

If @ > 0, then the assumptions of using the residuum formula are satisfied, so

+oo etaz etaz etai
/ ———dr =2mi-res | 5——;i| =2mi- —— =me “.
o T4+1 z4+1 i+

Remark 5.1 If instead a < 0, then we get by a complex conjugation and an application of the first
result that

+o00 etax “+o0 e—iaz
——dr = Q—dxzﬂe—(—a)zﬂeazﬂ'e_'a‘,
feo T* 41 oo X2 F1

so we have in general that

/+oo eiam lal
dr =me 1® a €R. O
oo X2 F1 ’

Example 5.13 Prove that

+oo —a
cosx Te
/ 5 5 dx = fora>0.
e+ a a

— 00

The conditions of convergence of the improper integrals and the legality of the application of the
residuum formula are fulfilled. Then by the symmetry,

T ging
2w =0,
oo THa

T cosw o el , et ) _elle gea
——— dv = (Re) ——— dv =2mi-res | 5——;ia) =27 — = .
feo TP Ha o T2+ a z¢+a 2ia a

SO

82
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Improper integrals, where the integrand is a rational function times ...

Example 5.14 Compute for a, b € Ry,
+o0 : +oo
z sinax cos azx
W [ FrEe 0 [ Fie

In both cases the conditions of convergence of the improper integrals and the application of a residuum
formula are fulfilled. Hence, because a, b > 0,

(a)
T o sinazx Too g plaw . zetes
/,Oo 2ip® = Im{/oo m“}:lm{%lﬂzm}
ibe—ab
= Im{2ni- =qe W
m{ T 22b } e
(b)

+oo +oo iax iaz —ab
cos ax e e e T
—————dr = ————dr =2m 1i =2mi- = e,
/,oo 2102 (Re)/,m B LY S A
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Example 5.15 Prove that the integral
+oo 3
/ z Smic dx
4o 1+
is convergent, and find its value.

We have an improper integral, where the integrand is a product of sinz and a real rational function
without poles on the z-axis and with a zero of third order at oo. From this we conclude that the

integral is convergent, and its value is given by the residues at the poles in the upper half plane of the
ze'?
function ——. We have more precisely,
1+ 24

T 4 gina . ze® 141 z el —1—|—z
———dr=Im<{2mi |[res | ——; — | +res
oo 142t 22417 V2 A1
eiz 1+ z et —1+z z €%
= 27R —_— _— —2 R —_—
™ e{[ ( \/5)+res(z4+1, \/5 m e{ {423}1“}
7z
= 27 Re Z e'* 722 iz *fWRe ie )
-7 4 19 (72 P 3
Re (i{ow 1)6 (73) - (-58) = (-)})
icexp| ——= ) -exp| —= | —exp| ——= ] exp | ———=
PUve) TP TP U ) TP
Re s (= 75) 2t sn ) = (= 75) sn (5)
i ex — |-2isin— | =7exp|——= ] sin| — | .
Y \/5 5 Y \/5 5
Example 5.16 Prove that

T cosx d 1 . 7r+ 1
—dr=mexp|——=)sin| -+ —]|.
oo L2t P\ 4 2

We first note that the integrand f(x) = cosx -

,_.

R o

T3 1 does not have poles on the z-axis and that the
x

1
factor ———— has a zero of order 4 at co. Since
1+ 24

1 1s a real rational function, we can obtain the
x

value of the integral by a residuum formula.
Now 1+ z* =0 for

z=e (i{z—i— Z}) € Z
= exp 1 P2 ) p )

so we get by the residuum formula,

o0 +o0 iz
cosx e
——dr =R d

/_OO 1+ 24 o e{/_oo 14 24 x}

Re (9 ei? (77) N e'* 37

= Re iqres | ——; € i— res| ——; e T — .

i 1420 Py 1+20 P\

84
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Improper integrals, where the integrand is a rational function times ...

All poles zy with 2§ = —1 are simple, so by RULE 11,
eiz eizo Zoeizo 1 izo
res| ——520 | = — = = ——zpe”.
1+247 7 423 423 4"
Finally,

exp (z%) :%(l—ki) og exp (ZI> :ﬁ(—l—ki),

hence by insertion,

/m 8T e Re[2 z( 1){( Ll )e”%‘%Jr( LIS )e‘l%‘%H
il M mil =2 il - _ -
o 1+ a4 4 \/5 \/5 \/ﬁ \/5
i 1
1

T V3 1 P L _i L

= Rel|——- V2. 40+ (1 4i)e e

e 5 e \/5{( +i)e + (=1+4)e }

i

T _ i _ i i _ i
= Re|— e ﬁ{(eﬁfe \/5>+i<e~/5+e V2

= Re _—ﬂ-—i 67\%5 {22' sini—l—i QCOSL}]—RQ |:7T6% {LsinL i COSLH
L 2v2 V2 V2

1 ™

_ L 1 ™ 1 _ L
= 7we V2 <sin—-cos— +cos—-sin— p,=mwe V2 sin|—+ —].
{ V2 4 V2 4} <4 \/§>

~—~
—
I

ALTERNATIVELY and slightly shorter,

+oo . an .
/ —lcosx4 dx =Re {2711’ (—i) {ezf T e T 6_1\%’_%}]
+x

—00

T _1 T P _a 1 (=4 L (4L
= Re{—,-e vz {e’zelﬁ—e_’ze ZﬁH:Re[we ﬂ-f{el(4+ﬁ>—e Z(4+\/§)H

+%>

1,
= Te ﬁsm(

N
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Example 5.17 Prove that the improper integral
+ i ( + 7T)
oo sin (x4 —
/ 4
—oo (@7 +1) (2 +4)

is convergent. Then find the value of the integral.

Since
(e ) s ans
sin(z+ — ) = — (sinxz + cos ),
4 V2

1
and since is a real and even rational function with a zero of order 4 at oo and with
(x241) (22 +4)
no pole on the x-axis, the improper integral is convergent, and we can find its value by a residuum
formula, where we use that the integral of an odd function over a symmetric interval is 0,

T
oo sin (w + —) 1 +00 . +00
/ , 24 do — {/ i 3111332 i +/ : cos a:2 dx}
e @ +1><x TR @@ T, @D
+oo 1 oo 11 11
_ / ST (Re) / P S de
\/_ (224 1) (22 4+ 4) \/5 o 3 2241 3 22+4
2mi { ( e’ ) ( e’ ) } 2mi {6_1 e ? } (2e — 1)m
= ——<res| ——;i)—res| ——;20 )| p=—— A — —— p = ———.
3V2 2241 22 +4 3v2 2i i 6v2 - e?
ALTERNATIVELY we may carry through the following computations,

+oo  sin ( +oo exp m + ))
/ dz =Tm / 472
:L‘2 + 4)

e (1) (22 +4) (22 +1) (22 +4)

_ ) z(z+ ei(er%) o
= Im< 27 |res m + res m, 7 .

It follows from

ci(z+7%) ez‘(z+§) i) -1
res | —5——5—<;i| =lim = =——.¢'7%

(22+1) (2244)

and

(=+%) o i (=+%) (2i+7%) —e2 .,
B —————=———— = = = . 4
A\ EED (210 ) T (2 (2 +2i)  —3-4i 120 C
that
, T
+oo s |x + — -1 -2 ;
/ —( 4) de = Im<2mi c — — £ i —1 aal
oo (2 1) (224 4) 6i 124 V2
I {71'-(261) 1+i} (2e — )7
m . = .
6e? V2 6v/2 - €2
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Example 5.18 Given the function

2
&=
1) Find the singular points and their types in C U {oco} for f(z).

2) Find the value of the following two complex line integrals,

(a) fz_4=2f<z>dz, (b) ;{legﬂz)dz.

3) Prove for every w > 0 that

+oo t2 ) T
/ 7 e“tdt = — e ¥ (cosw — sinw).
. t+4 2

1) Clearly, z = oo is a removable singularity (a zero of second order).
The denominator z* + 4 has the zeros

144,  —144, —1—i,  1—i.
These are all simple pole of f(z).

2) a) Since there is no pole of f(z) inside the circle |z—4| = 2 (cf. the figure), it follows from Cauchy’s
integral theorem that

%Z—4|=2 f(z)dz=0.

b) All singularities of f(z) lie inside the circle |z| = 2, and z = oo is a zero of second order. Hence,
by reversing the direction of the curve,

]22 f(z)dz = —j{ f(2)dz = —2mi - res(f; 00) = 0.

z|=2
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ALTERNATIVELY, the residuum in a general pole zg, for which 2§ = —4, is given by

res o |z _s 1
A 0 4z 4z

SO

. 2 1 1 1 1
dz = 2mi T %n ) =2mi . ‘ . :
7{z|=2f(z) z m;res<z4+4,z) m{1+2+1+z+1z+12}

1 1 1 1
= omi - - = 0.
m{l—i—i 1—i 1+i+1—i}

3) Since the integrand has a zero of order 2 at oo, and since there are no real singularities, the

improper integral exists, and when w > 0 its value can be found by the residues in the upper half
plane,

+oo 42 2 2
/Jroo t4+4e“"tdt_2m{res (mewz; 1+i> +res<z4+4ewz; 1+i)}

_ o . Z2eiwz i ZZGiwz 7 2mi 6iw(1+i) eiw(*lJri)
O T M T T T U a

™ 11— —w  iw 1+Z —w , —iw i —w 1{ iw - Gw —iw . 7iw}
— . e e — —— e %e = —e€ -6 —1eT —e — 1€

2 2 2 2 2

T eiw _ e—iw eiw + e—iw T

ae_w-i{ 5 = 5 }256_“-(cosw—sinw).
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Example 5.19 (a) Given m > 0. Prove that the improper integral

+oo 2 imzx
xr-e
(3) /

"
L T 622125

is convergent, and find its value.

(b) What is the value of the improper integral (3), when m < 0 instead?

2
x
a) Clearly, ————
(@) Y 224622 + 25
Hence, the improper integral is convergent, even for every m € R, and when m > 0 we can find
the value by a residuum formula. When the denominator is put equal to zero,

has a zero of order 2 at co, and the denominator is > 25 for every =z € R.

2462425 = (224+5)° = (22)2 =0
we get

22 =-34+V9—-25=-3+4i=(+1+2i)?
so we have four simple poles,

1+ 24, —14 24, 1 — 24, -1 — 24,

of which only the former two lie in the upper half plane. Hence, for m > 0,

+o0o 2 jimx 2 imz 2 imz
xr-e z7e z e
———————dx = 2mi ——, 1+ 2 ———, -1+ %
/_Oo 62125 m{res<z4+6z2+25’ " Z>+res<,7««4+6z2+25’ - Z)}

o i ZZGimZ N i 226imz Qi 5 eimz N i 5 €imz
= 4T 1m _ im _ 7" im im

2=142i 423 + 122 2—-142i 425 4 122 4 | 2=142i 22 4+3  2—-142i 22 4+ 3
i { (1 + Qi)eim(1+2i) (,1 + zi)eim(71+2i) }

2 | 1—-4+4i+3 1—4—4i+3

_ % {(1 + Qi)eim . e—2m _ (_1 +2i)€—im . e—2m} _ %6—2711 {(eim T e—im) 4+ 2% (eim _ e—im)}
Temrm o 2i-2i sinm} = = ¢~2" ~ 2
g€ {2 cosm + 2i - 2i sinm} = 1€ {cosm sinm},

which is also true for m = 0, where

/+°° 22 ™
Y =T
oo T+ 622+ 25 4

(b) If m < 0, then we get by complex conjugation,

+oo 2 imx +oo 2 ilm|z
z’e z’e ™
v dr= " dr=—.e2ml ; — 924 ,
/oo per oyl /oo pranyrans LAl {cos |m| sin |m|}

where we have used the result from (a) with |m/| instead of m.

Summing up we have for every m € R,

+0oo 2 imx
/ m dx = % ~e2Iml {cos |m| — 2 sin [m)}.

— 00
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Example 5.20 Find the Fourier transform of the function

r+1

f@) = 5o

i.e. compute
+oo
2 z+1
= e — e L
o= [ et

first for € <0, and then for £ > 0.

We see that

_ P(2) z+1 ozt
1(z) = Q(z) 224142242 (z+1)2+1

is a rational function, where

1) the polynomial Q(z) = (z + 1)2 + 1 of the denominator has the simple zeros z = —1 4 i, where
none of these is lying on the real axis;

2) the polynomial of the denominator is of 1 degree bigger than the polynomial of the numerator;
3) if £ <0, then m = —£ > 0.

Hence, the conditions of convergence of the improper integral are satisfied for £ < 0, and since —1 44
is the only (simple) pole in the upper half plane, the value of the improper integral is given by a
residuum formula,

+oo
; z+1 - z+1 .
— e L ) P T L e#E. {4y
f & [w m2+2x+26 T i res<(z_~_1)2+1 e ; +z)
1 . . . .
= omi lim e — g e 1) O+ £€<0,

z——1+i 2(z + 1) ’
where we have applied RULE II.

Now P(z) and Q(z) have real coeflicients, so if £ > 0, then we get by complex conjugation,

+00 Foo —_
f&) = / Qx;l e % dr = / ol i€ dx = i - €0+ = —qj . 8(71H0)
oo X2 42T+ 2 oo X242z +2

Summing up,

mi - S0+ = g . e~ €1(1+) for £ <0,

f&) =

—qi - e8I — . e~ 1€1(1—d) for € > 0.

When £ = 0, the integral does not converge.
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Remark 5.2 For ¢ < 0 we have

f(&) = mie 810+ — 7 eIEl . {cos |¢] — i sin €]} = we € {sin |€] + i cos |¢]},
so by a complex conjugation when £ > 0 we get all things considered,

me I8 {sin|¢| + i cos €]}, for £ <0,
f(&) = 0
me 1 {sin|¢| — i cos €|}, for £ > 0.

In a VARIANT we may use the change of variable ¢t = 4+ 1. Then we have the following calculation
for £ < 0:

400 “+ o0 400
. z+1 . t . . t ;
_ —ilx dr = —i&(t—1) dt = & —iét dt
1 /_Oo 22 +2° ’ /_Oo 2+1° ‘ oo 2+1°

L z
= 27TZ°615~I‘GS(
z

71 e z) =2mi- €' [2_ : e*@] =i e e =i 08,
2=

z 7
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ALTERNATIVELY we may use for £ > 0 another residuum formula, because the conditions of its use
are still valid. We get

+oo
A r+1 : z+1 )
— 77,Ezd — — i - —iéz . —1—3
f(&) [m oS x i res<7z2+2z+2e ; z)
z+1 ; 1 .
_ . : i€z \ _ : : - i€z
2o m { 2:+2° } ami im { 2° }
= —mie ¥ = _pjef(=140),

Example 5.21 Given the function f by

2 eiz

f(2)1m~

1) Find the singularities and their type of f in C U {oo}.

2) Compute the complex line integral

f(2)dz,

Cr

where Cr denotes the simple closed curve, which consists of
the half circle z = Re®, 0<60<m, R>1,
and

the interval [—R, R] on the real axis.

3) Prove that the improper integral

T gsing
[ s,
o (z241)

is convergent, and compute its value.

1) Clearly, z = +i are double poles. Furthermore, oo is an essential singularity. In fact, we have
f(—iy) — 400 for y — +o0,
and also
f(x)—0 for © — +oo,

so we can obtain at least two different limit values for z — oo.
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2) We have only the singularity z = i lying inside Cg, so we get by a residuum formula,

z €' d z e
z)dz = 2mi-res| —— ;i | =27 lim — ¢ ———
ch() ((22+1)2 ) Hdz{(zH)Z}
ori li et n ize'” 2z e
= im —
TN Gr)? T iz (1P

— omi et _ et _2ie_1 _7T_z'
N (20)2  (20)2 (203 f 2’

3) Since we have a zero of order 3 at in finity, we get by taking the limit R — +oo that

+oo ;
/ &n%dxzhn{ lim f(z)dz}zl.

oo (CU2+1) R—+oo Jo, 2e

Since the integrand is even, we finally get

Too gosing T
LY
o (22+1) e
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Example 5.22 Given the function

z elZ

2)= ——.
0= 5
1) Find the singular points and their types of f in C.

2) Let x1, x2, Y1 denote any positive real numbers where y1 > 1, and let v = Yuy 2,4, denote the
closed curve (run through in the positive sense), which surrounds the domain

A zon ={2€C| —21 < Re(z) < 2 and 0 < Im(z) < y1}.

Prove that

3) Prove that the improper integral

+oo ;
/ T smx2 d
o (z241)

is convergent and find its value.

1) The denominator has the two double zeros 7i, and since the numerator is # 0 in these points, we
conclude that +i are double poles.

2) We see that +i is the only singularity inside v, hence it follows by the residuum theorem that

. z el . od z e
?{f(z) dz = 2mires <m ; Z) =27 lL}IIlia (m)
5 ilim{ e* N izet* 2z et# }
T _

G 2 T GriE (zri)p

P DL AN A ) QUL .
N (20)2 © (20)2 (20)3) e 4 2

3) It follows from

T

m ~ W for |.CL'| large,

that the improper integral is convergent.

When we apply the parametric description z(¢t) = —x1 +it, 0 < t < y1, for one part of v we here
get the estimate of the integrand,

z ‘ e’ 1] —t

2 2 = 2
P ()

z BZZ

Gl = |

)
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and the line integral along this part of v fulfils the estimate

Y1
f =z +it) idt‘ < il 5 — 0 for 1 — +oo.
° ja1” = 1)
Analogously we get
v N |2
flza+iat) idt| < -0 for 9 — +00.
0

(1)

Finally, we get for the curvilinear part by choosing the parametric description z(t) = t + iy,
t € [—x1,x2] | that

(0|
Gz +17] "

If () =

so the corresponding line integral is estimated by

< constant -e” Y1 — 0 for y; — +o0.

’ " f(z)dz

Z1

Then by taking the limits 1 — +o00 and x5 — +00 and y; — +00,

“+o0 xeiz T
/ ——dr =i .
—oo (22 +1) 2e

We conclude from

/+°° x e 2dx/+°° xcosx2 dz+i/+oo acsinx2 dr = 2 /+°° :Usina:2 dr.
—oo (2241) —o (2241) —o (2241) 0 (2 +1)

that

/+°° T sinx T
IR =
o (z2+1) de
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Example 5.23 Given the function
ze??
flz) = ——.
(2) (22 4 4)
Denote by I'y = 7, + C;r the simple closed curve run through in the positive direction, consisting of
Vo, the line segment [—p, +o| on the real axis and the half circle C; in the upper half plane of centrum
0 and radius o.

1) Find the isolated singularities and their types of f in C.
2) Prove for ¢ > 2 that

.
jggf(z)dz:z@.
3) Prove that

(2)dz — 0 as 0 — +oo.
cs

4) Compute the improper integrals

oo peiw T g sina
p.. —dx og —— dx.
—oo (22 44) o (22+4)

-2

Figure 11: The closed path of integration C, and the two singularities +2.

1) The function f(z) has the two double poles £2i.
2) When p > 2, only the double pole 2i lies inside I',. Hence by Cauchy’s residuum theorem,

. z et ‘ o1 .. d z e’
T, f(z) dz = 2mires (m 3 2Z> =271 - F ZILHZIZ E {m}
e'* n ize'* _ 2z e?*
(z+20)2  (24+2)2 (2+2i)3

_ o e_2+i~2i~e_2 4i - e72 _ 2mi 1+1+1 .
=M\ @2 T T @i @3 [~ e \ 16 8 16 "4

= 2w lim {

z—21
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3) A parametric description of CZ{ may be chosen as z(t)oe®, t € [0,7], so we get the following

estimate when p > 2,

/C+ f(z)dz

4

- _ ¢+ sint 2 d
/ elexp(iofoost+isinth)] @72/ exp(—o - sint) dt
0 (varrho? — 4) (0*=4)"Jo

7'("Q2

m—?() fOYQ—>+OO.

4) Both the improper integrals are trivially absolutely convergent, so it is not necessary to write
“p.v.” (= “principal value”) here.
It follows by a residuum formula, where we use the limits above,

+oo T el ) »et? ) T
72(,{]}: lim —dZ:Z'—

e @4 et S, (214

and then by a reflection argument,

Too gosing 1 (T zsinz 1 Too getn
—dr = - ————dr=;Im ———dx
o (a2+4) 2 )00 (22 +4) 2 —o (2% +4)

1I { 77} T
= —-Imqi-—5}=—.
2 4e2 8e2
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6 Improper integrals, where the integrand is a rational func-
tion times an exponential function

Example 6.1 Given a €]0,1], prove that

+oo azx +oo h
(a) / e do — s ) / cosh ax do — 7r7m.

T : ’
o €¥+1 sin Ta oo Coshz cos -

az

HINT: Integrate the function

1 along a rectangle with the corners —R, R, R+ 2mi and — R+ 271,

eZ

and then let R — +o00. The integral of (b) is found analogously, but it can also be derived from (a).

Figure 12: The curve Cs,; and the simple pole 7 inside Cs;;.

(a) Since e* 4+ 1 =0 for z = 7 + 27i, p € Z, it follows that zo = 7 is the only singularity inside Cg
for R > 0, and this singularity is clearly a simple pole. Then we get by the residuum theorem,

eU.Z e(lZ e(lZ 1 X .
dz =2mi-res | ——; mi | =27 lim =2mi- — - e = 2 e,
Cr ez +1 ez +1 z—Ti €7 -1

On the other hand,

e0% R £0T 2m ea(R+iy) -R ea(z+2mi) 0 ea(—R+iy)
dz = d ————idy+i —d ————idy.
%cRez‘i‘l z /_Rem_|_1 x+/o cRriy 41" y'H/R crt2mi 4 | x+/27re—R+zy+1Zy
Using that 0 < a < 1, it follows by some trivial estimates (though with a different argument) that

the second and the fourth integral tend to 0 for R — 4oc0. Furthermore, by some trivial estimates,
each of the two remaining integrals converges for R — 400, and we have

i ) Pl +oo ea . +oo e
—2mie = lim dz = dr —e dx
R—+oo Jo, €% +1 Coo €1 Co €1
+oo ax
. e

— 1— 2ams dx.

( € ) /700 er + 1 z
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Finally, by a rearrangement,

T = -
T 2ami __
o €e*+1 e 1

Foo  gaw 2mi e™ T ™
sinmwa’

? (eaﬂ'i _ efaﬂ'i)
7

(b) It follows from

1 1-—
2:0) exp < > a 2:5)

coshar e e 9  elathz 4 g(lmajz exp (

coshz =~ e +e =@ e2r 41 - e2r 41 e2r 41 ’

and
1 1—

0<% 1 and 0<%,
and (a) that

T cosh ax 1 [T eslatl)t 1 [T ez(l-a)t 1 T 1 s
[T, 1 pmden, 4l 1 e 1 g
—so Coshz 2/ o et+1 2 ) o e+1 2 Sln(%ﬂ) 2 sm(T‘lﬂ)
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Example 6.2 Prove that
+o00 1 2 3
[Ty, 2

0

by using the path of integration sketched on the figure ant then let R — 400 and § — 0+.

[

0.5 1 15

Figure 13: The curve C 5 1 and the simple pole i.

Let Log*z denote the branch of the logarithm, which is given by

T 3T
Im{Log* -, —

i.e. we choose the branch of the logarithm, for which the branch cut lies along the negative imaginary
azis. Then

(Log*2)

fz) = 14 22

is analytic in the open upper half plane with the exception of the simple pole z = i. Therefore, if
R >1and ¢ <1, and we denote the curve by Cg s, then

L * N2 L * \2 L * 2 3
% Mdz:%m’-res M;i :2m-@:w-(ﬂ) -
Crs 112 1+2 141

which in particular shows that the value of the line integral is independent of R > 1 and § < 1.

The curve Cg s is composed of the interval [0, R], the circular arc Cg, the interval [—R, —4] and the

circular arc Cs (with obvious notations). If we put t = —x, then we get on the interval [—d, —R],
/5 (Log*z)? i — /5 In |z| + im)? dx = /R (Int + im)? dt
R 14 22 —R 1+ 22 5 1+¢2

R 2 R R
(Int) ) / Int 2/ 1
dt + 2 dt — ——_dt.
/5 el N e A s
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On the circular arc Cr we put z = Re®, 6 € [0, 7], and then
ILog*z|* = |In R+ > = (In R)? + 6°.

We get the following estimate

L * _\2
/ (Log 22) dz
Cr ].+Z

Analogously we get the following estimate of the circular arc Cs,

Log*2)?
/(ngz) & <
Cs 1+Z

(In R)? + w2
R2 -1

< TR — 0 for R — +o0.

(In6)% + 72
1-62

-6 — 0 for § — 0+,

because

1 2
In =
: (“6)

)
Summing up we have for R > 1 and 0 < § < 1,

3 Log™ 2
o f‘ (Log™2)”
CRr,s

for%—wi—oo, ie.for 0 —0+.

4 1+ 22
R (Inx)? R (Int)? R Int
= d dt +2mi | ——— dt
/5 1+ 22 x+/5 et m/5 1+ 12
R * _\2 * \2
_ﬁ/ 1 ﬁ+/£2&1@+/ﬁkgiﬁ
5 1+t2 Cr 1+22 Cs 1+Z2
R 2 R * \2
1 dt L
=2 <“>2d%ﬂ2/ ) (Log’2)"
5 1—|—.’L‘ E) 1+t Cr 1+Z

Log*z)” B Int
+/ dem/ LI
Cs 1+Z 5 1+t

Then by a rearrangement,

B (Inz)? R Int Boa 72 (Log*z)” Log*z)?
— 9 _ 2 g = (Log"z)
2/ 1+x2dx_2”/ 1+t2dt_”/ 1+ 4 _/ 1+ 22 d’z_/ 112 @

5 5 5 Cr Cs

Here the left hand side is separated in its real and imaginary part.
This equation now holds for every R > 1 and § €]0,1[. The right hand side has a limit value for
R — +00 and § — 0+, independent of each other,

3
b
hence the limit value of the left hand side must also exist, and it is equal to T Hence by separating

into the real and the imaginary part we get

+o0 1 2 3 +o0 1
/ (Inz) dmzw— og / id:zczO.
0 1+l’2 8 0
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Example 6.3 (a) Given the function

1 tanhy/z 1 sinhy/z 1
z Nz  z Jz coshyz’

Prove that F(z) is an analytic function in a domain

Q=C\{z, | neNpy},

F(z)=

independent of the choice of the branch of the square Toot.
(b) Find the poles {z, | n € No} of F(z), as well as their orders.

(c) Let Cp, p € N, denote the simple, closed curve in the z-plane, which is composed of the line
segment

z=1+1t, [t] < /ptmd —1,
and the circular arc
T,: |z| =p*r?, Re(z) <1
Find for every fized t > 0 the value of the line integral
1 1 zt tanh
T €ZtF(Z)dZ:T 6_4311 \/de
mi Je, miJe, = VZ
(d) Given that
| tanhw| < 2 forw=pre?, 0ecR, peN,

prove that for every fixed t > 0,

zt
lim

p—+oo r, Z\/_

(e) Using that F(z) has an inverse Laplace transform given by

tanh+/zdz = 0.

1 1+i 00 1 +o00 )
0 =50 [ e F@ = o [ igas, 120
1 —00

21 )1 s 27

where the integral is convergent, find f(t) expressed by a series and prove that this series is con-
vergent for every t > 0.

(a) We use that (v/z)” = z, no matter the choice of the branch of the square root. Then by some
series expansions,

on+1 1 n 1 n
Vi VEE (n+l) (v2) 72(2n+1) Vi Z (2n+1)!
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Figure 14: The path of integration C), for p = 1.

so we have indeed defined a analytic function, which is independent of the choice of the branch of
the square root. Notice in particular that

. . sinh4/z
(4) lim coshy/z=1  and lim NG 1.

We therefore conclude that

_ 1tanhy/z 1 sinhy/z 1
2z Jz  z Jz coshyz

is analytic in a domain €, which does not contain z = 0 or the zeros of cosh 1/z.

F(z)

(b) The zeros of cosh y/z are found in the following way,

ﬁ=i(g+pﬂ), pEZ,
thus

2
z:—<g+p7r>, pEZ.

Then note that p and —p — 1, p € Ny give the same z, so we can now replace Z by Ny

When p is replaced by p — 1, then the singularities become
2 7

eN.
4 p

z0=10 and zp=—(2p—1)

Then we determine the order of z,, p € Ny. Since

1 1 sinh v/z
z coshy/z  z

we conclude from (4) that zp = 0 is a simple pole.

F(z) =
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When

5T
ZP:_(Qp_l) Ia peNa

we get

sinh ,/Z
VP £0
Zpr\/Zp

and since

og cosh /z, = 0,

d 1 sinh ,/z
lim — coshy/z = lim sinhy/z - —= = — Y2 £,
z—zp dz z—2zp 2z 2\/Zp

we conclude that every z, is a simple pole.

2
1
(c) Using that z, = — (p — 5) 72, it follows from Cauchy’s residuum theorem that

1 o 1 e*' tanhy/z L »
9 C,,e F(z)dz:% Cp7-7dz:nz:%reb(e F(2); zp)
because only zg, 21, ..., 2p lie inside C).
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Then by RULE 1A,

2t . _ N Zt,Sinh\/z, 1 —1. 1
res (e*' F(z); 20) = ;li%e i cohvE 1 ,

where we again have used (4).

In the computation of
res (e” F(2); z,) n €N,

we shall use RULE II, because z, is a simple pole. We put

zt inh
Az) = 67 : sm\/g\/z and  B(z) = cosh/z,
and get by RULE II,
Az, #t ginh 1 2e%t 2
res (¢*' F(2); z) = ,(Z ) _ lim {6—-Sm \/E} 7 = lim =S
B’ (z, 2oz | 2 NE sinh /7 - 2>z % Zn
2Vz
hence by insertion,
1 £ "2
— et F(2)dz = Z res (e” F(z); 2,) =1+ Z — et
2m Cyp n=0 n=1""
8 <& 1 1?
= 1-=Y — —An—=% 7%,
(5) 71_2;::1(271_1)2 exp( {n 2} T )

(d) If 2 € Ty, then |z| = p?n? and |/z| = pm. According to the given formula,
(6) |tanh/z| <2 for |z| = p*n?.

We have on I'), that Re(z) < 1 and |z| = p?72, so we get by (6) for every fixed ¢ > 0 the following

estimate,
ezt ezt et-l 9 o
/Fp T tanh/zdz| < grgpj NG -tanh v/z| - £(T},) < 23 -2 2mpim
4 t
- 2 0 for p — 400,
p
thus
ezt
7) tanh y/z dz = 0.
0 ] e
(e) We conclude from (5) that
1 1 1+i\/p4ﬂ'471 1
— et F(2)dz = — e F(2)dz + — e*' F(2)dz
2 Je, 27 1—iy/pimi—1 2mi Jr,
8 < 1 1n?
=1—- — S _ I 2¢
W2;(2n—1)2 eXp< {" 2} i )
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hence by a rearrangement,

1 ettt 8 & 1 1%, 1 »
T J1—i/pimio1 T n:l( n—1) mi Jr,

Then by (7) by taking the limit p — +o00, p € N,

1 [l g I 1 1° ,
8 t) == — F(2)dz=1—- — —_— — - = t].
(8) f(t) omi | e F(z)dz 7727;(271—1)2 exp {n 2} T
Clearly,
112
exp({ni} 7r2t>§1 fort >0 and n € N,

so we have the estimate

PR o
— — exp|—<3n—=( 7
2n—1)2 P 2

T4 (2n-12 087

and the series is absolutely and uniformly convergent for ¢ > 0.

n=1

Remark 6.1 This example is a simplified version of a problem connected with oil drilling in the
North Sea. One wanted to find the inverse Laplace transform of

F(z; M\ w) = % —tanh(p(f)(z),

where

SO(Z) = (P(Z, )‘7"‘)) =zZ= ﬁa

and where A and w are two positive parameters, which are fixed by some practical measurements. The
principles for solving this original problem are the same as the simplified example presented here, but
one must admit that the computations are far more difficult that in this special case, where ¢(z) = z.

¢

Remark 6.2 All though it is not required we shall here also prove (5), i.e.
(9) |tanhw| <2 forw=pr-e?’ HcR, peN.

We first introduce for p € N a real auxiliary function %, by

(10) %,(0) = cosh(2pm - cos§) + cos(2pm - sin6), 0 eR.

Then we prove that

1
(11) cos(2pm -sinf) >0 for Arcsin (1 - %) <16] <

ol 3
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Since cos(—u) = cosu, we may assume in (11) that

. 1 T
RS {Arcsm (1 — @) ,5} .

Since sin @ is increasing in this interval, we get

1
2pmsinf € |2pm (1 — — |, 2pm| = [2p77 — 37 2p77} ,
4p 2

and since cosu > 0, when v = 2pm sinf € [2p7r — % , Qpﬂ'}, we have proved (11).

Then we prove that
1

(12) cosh(2pm cos ) > cosh (g \/8p — 1) for |0 € [O, Arcsin (1 - @)] .

1

We may again assume that 6 € {0, Arcsin (1 — 2
p

)} and using that cos@ is decreasing in this

interval, it follows that
. 1 . 9 . 1
cos | Arcsin (1 — — = +4/1 —sin® [ Arcsin [ 1 — —
4p 4p
2
Y U TR D T I I T 4
4p 2p  16p? 4p

and since cosh is increasing in R, we get

V8p—1
cos(27m cos ) > cosh (2p7r : SZ—) = cosh (g 8p — 1) .
D

Y

cos 6

Now,
Yp(8 + 1) = cosh(—2pm cos ) + cos(—2pm sinB) = P, (6),
and

cosh (g \/Sp—l) >2 for alle p € N,

so we conclude in general by (11) and (12) that

cosh0+0=1,
¥p(8) = cosh(2pm cos B) + cos(2pm sinfh) >

cosh (g V=1 1) S1>1,

where at least one of the two estimates holds for any 6.
Summing up we have proved that

(13) %, (0) = cosh(2pm cosf) + cos(2pm sinf) > 1.
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Then we use the definitions of the hyperbolic function of a complex variable,

9 |sinhw|?>  cosh®u — cos?v cos? v — sin® v
[tanh w|® = Tl = 5 —1— T 1T o3
| cosh w| cosh? u — sin® v cosh®u — 5 + 5 —sinv
2 cos2v 2 cos 2v
— 1- _ =1
(2 cosh —1) + (1 — 2 sin v) cosh 2u + cos 2v
Then put

w=pre? =pr cosO +iprsinh = u+ v,
and apply (13) to get

2 cos(2pm sin 6) 14+ 2 <3

L 0N 12 —1_ <
|tanh (pme') | cosh(2pm cosf) + cos(2pm sinf) — Pp(0) ~

thus
|tanh (pme'?)| < V3 (<2),

and we have proved (9) with the even smaller constant /3. ¢
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Example 6.4 Compute

/*“’;ex x+3i i
oo T2H49 Plaz T '

3
It follows from Z2++ ; =5 that this function can be extended analytically to —3i, so we get the
z z—3i

estimate

z+ 3 1 4

= < — fi >4

49| T pom S erklz4

hence

z+ 3t 1 4
)< — < — < fi > 4.
(55| 2o () <o () = il

Then we estimate the integrand by

1 z+ 3 k
— e — || < — for |z| > 4.
2249 Xp<z2—|—9> ~ |2]? 2 =
The singularities are z = +3i, where none of them lies on the real axis. We conclude that the improper
integral is convergent and that its value can be found by a residuum formula,

/+<>0 1 e T+ 30 dr = 2mwires 1 [S 1 3
——— ex =27 X ; .
e 249 P\az g 219 P\ T3 )

The idea here is that the sum of the residues is 0. Since oo is a zero of second order, we have

1 1
res (22—_’_9 exp (m) ,OO) =0.

Now z = —3¢ is a simple pole, so

(L . 1 N L 1 i (i
res | —— ex i =3i)=—expl——=)==-exp|=].
249 P\ ) “6i P\ 76 ) T P \6

The sum of the residues is zero, so it follows from the above that

1 L\, i i
r ———exp| —— | ; =——exp|=].
S\ 2o P T3 ) 6 Pl\6

Finally, by insertion
/*"O 1 k. W B i s i
——— ex x =274 —= exp | = =—exp|=].
219 TP\ 6 “P\G6 3 PG
Remark 6.3 We notice by separating the real and the imaginary part that it follows from this that
/+°° 1 T 3 Vire ™ cost
ex cos r = — COS—
o219 P\ 2249 3 ‘%%

/+Oo —1 e x sin 3 dz T sin1 O
X =3 rs
219 P\ 22+ 9 36
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ALTERNATIVELY one may compute the residuum at z = 3¢ directly.
We get by the change of variable w = z — 3¢ that

1 1 2 1 1 0
res [ ——— ex ; =res | ————exp|(—);0]).
S\ P\ o= ) es w(w+6i)ep w)’

Here wy = 0 is an essential singularity, so we must find the Laurent series expansion and find the

coefficient a_; of . When 0 < |w| < 6, then
+oo +oo
1 1 1 1 1 w\P 11
ol (y_1r1 S ey il
w(w + 6i) P (w> w 61' 1w Z PRI {61' Z;O( ) 67 HZ:O n! w”}

It follows immediately that a_; is the constant term inside the parenthesis, so a_1 is found by putting
p = n, thus

o0 . .

1 1 1 11 1 1 i i

_— -3 :_E —_1)". L= ) == Z
res<z2+9 b <z3z> ’> 6i £ (=1) 6" !l 6i eXp( 6i> 6 eXp(G)’

and we get as previously that

/-HX);eX z+ 30 dm—ZeX 3 _T cosl—l—isinl
o 2249 P 22 9) T3P 6) T3 16 6/
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Example 6.5 Given the function

eiz e* + e F
= , h hz = ——.
f(z) p— where cosh z 5

Define for every R > 0 the den simple closed curve
Tr=Tkp+T%+T% +T%

which is the sides of the rectangle shown on the figure.

Figure 15: The curve I'p is composed of the four straight line segments: I‘}% = [-R, R] on the z-
axis, ' = R + i[0, 7], parallel with the y-axis, '} = [~R, R] + im parallel with the z-axis, and
I'h = —R +i[0, 7] parallel with the y-axis, and with the given sense of direction.

1) Find all isolated singularities of f in C.
Determine for each of them its type and its residuum.

2) Prove that

f(2)dz =27 exp (—g) .

I'r

3) Prove that the line integrals along I'% and I'} tend to 0 for R — +oc.
HINT: One may use that

| cosh(z + iy)| = \/sinh? z + cos? y.

4) Prove that the improper integral

T cosx
dx
o coshx

s convergent, and find its value.
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1) The numerator and the denominator are both analytic in all of C, and the numerator is # 0
everywhere, so the singularities are given by the zeros of the denominator cosh z, i.e.

™
zp:i{§+p7r}, p € Z.

It follows from

d .

e cosh z, = sinh z;, # 0, for alle p € Z,
that they are all simple pole of f(z).

Finally,

(1,2 er)) [}M

sinh z R

= (=P liexp (*{%erﬂ}), peZ.

2) For every R > 0 the curve I'g surrounds only the singularity zg =i

o 3

Then we use the residuum theorem,
f(z)dz = 27i - res (f, ) I) = 27 - exp (_f) )
g 2 2

3) The vertical line segment I'% (possibly I'},) has e.g. the parametric description
z(t) = R+ it, t € 0,7,
so we obtain the estimate
T gi(Rit) ™ ot
(z)dz /0 m~idt‘</o mdt

Ik
From
| cosh(R + it)] = V/sinh® R + cos?t > | sinh R|,

we get the estimate

4 1 T
dz| < dt = fi .
J(z)dz */0 | sinh R smng 0 for oo

2
1—‘R

We have only assumed in the argument above that R € R, so we also have

f(2)dz| < —

— —0 for R .
~ |sinh R| - or i = oo

Ik

112
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Improper integrals,, where the integrand is a rational function times ...

1
4) Now coshz > 1+ 3 22, s0 it follows from the estimate

+oo b +oo C
‘/ a cosx + smscdx‘ S/ dz < o0,

cosh x 1+ % 2

— 00

that the improper integral is convergent.

When we return to the complex problem, then we get by the symmetry that

f(z)dz/R e dm/R Costrisinxdx/R CcoS & dz,
Tk

_pcoshz _R coshz _pcoshz

and analogously,
R

—R i(z+im) R P
f(z)dz:/ e . dx:+e*”/ cosz + 1 sinx dx:e*’r/ cos de,

+r cosh(z 4+ im) _R cosh x _p coshz

I

sinx

because an integration of an odd function (her ) over a symmetric interval [—R, R] is

cosh x
always 0.

Then we get by taking the limit R — +oo in (2),

R +o00
27 exp (_f) — lim / cosz o _ (1+ e_ﬂ)/ CoS T de.
2 R—+oo J_p coshzx oo COshzx

SO cos T being even, we get by a reflection argument that
coshz
0 T
/+oo COS T . 1 /+oo COS T ; 2m exp (—5) . 1 T exp (—5)
T = - x = =— = .
o coshz 2 J_o coshz 2(1+e ™) 2 cosh (Z) 14+e ™
2
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7 Cauchy’s principal value

Example 7.1 Compute the (important) improper integral
+oo o
/ sin x .
0 x

It is not possible directly to apply the analytic function

sin z

in the various solution formulee, because

z

it does not fulfil any of the inequalities required for the legality of some relevant residuum formula.
Another problem is that we here only shall integrate along the positive real axis, i.e. not a “closed
curve” in C*, and we cannot talk of a domain which is surrounded by the path of integration.

Instead we shall rewrite the integrand by means of Euler’s formulz. In order to avoid the singularity
at the point 0 we shall integrate over an interval of the form [, R]. Then we get

R R iz —iz R -R ix —€ R i
/ szda::i, £ ¢ dx:i, / —/ e—dx:l, / +/ € da.
c 2i /. z x 2i | J. e x 2i | J_gr - z

If the right hand side has a limit value for ¢ — 04 and R — +o00, then the limit of the left hand side
does also exist, and we have

+oo 3 +oo iz
sin x 1 e
/ dr = — vp./ —dz.
0 T 24 e X

114
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Cauchy’s principal value

1 .
The analytic function — e** has only the simple pole at z = 0, and this lies on the real axis, so it will

z
contribute to Cauchy’s principal value with the amount

eiz
mires | — ; 0 ) = me.
z

1 . 1 1
Since we have the structure — e'* = = "% of the integrand, where m = 1 > 0 and — has a zero of first

z z z
order at co, taking the limit R — +o0o will not cause any problem, and we have checked the conditions
for the application of the residuum formula for Cauchy’s principal value. Finally, the integrand does
not have any other singularity that z = 0, so we conclude that

oo 3 +oo iz
sin x 1 e 1 LT
/ da;:—,vp./ —dr=— -mi=—.
0 i x

x 2 - 2 2

Example 7.2 Compute

% dz
vp. — =
P s 222 4322

Figure 16: The circle |z| = 2 with the evasive circular arc 'z around the point —2, and the singularity

3 inside the curve.

We first note that the denominator 2z2 + 3z — 2 is 0 for
-2

)

27731\/9+167 —3+5
o 4 -4 1

1
We see that the pole z = —2 lies on the path of integration, while the pole z = 3 lies inside the curve.
It follows by a decomposition that
1 1 1 1

2 —9 o N\ 92
2224+ 32—2 2 (Z+2)(Z§) 2

1 11 1 11
5y z+2 5 1 5 242
- 5

o oy =
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and hence
7{ dz 7{ 1 1 1
vp. _ = vD. — -
P e 224322 i 2_} Z+2
3 M o 1S U -
= - hm dz ¢,
|z|=2 2 — 5E—>0 C.+T. r. Z+2
where

C.={z€C||z|=2,|z+2| > ¢}
and
IF.={ze€C||z+2|=¢, |2| <2}

It follows from Cauchy’s integral theorem that

d
Lo 230
c.4r. 2 +2

so we get the following reduced expression

dz 211 o1 1
vp. s Ta 5= = + lim ¢ dz.
|z|=2 2z +32—2 5 e—0+ D FEZ+2

We choose for T'. the following parametric description,

z=—-24¢-¢" for 0 € [O(e),O1(e)],
where

@o(e)—>—g and @1(5)—>+g for e — 0,

and where the interval of the path of integration is run through in the opposite direction of the

direction of the plane. Then we get by insertion and taking the limit,

v e _ omi 1 [P0ded®d) _omi i g
p]{2=2222+3z2 = 5 TEM o, @ T 5 151900
_ 21 7 T _2m' ﬂ'i_m'
= Srsls=5 5%

Example 7.3 Let C' denote the square with the corners 1, i, —1, —i. Compute

j{ dz
vp. —_—.
P 02471

O1(e)}

It is obvious that the corners of C are the poles of the integrand, so for given € > 0 we define the

auxiliary curves

C.={z€Cl|zeC,|z—a|>¢c,a=1,1, —1, —i}
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05 1

Figure 17: The curves C and C. with the arcs of evasion.

and

Ipe={2€C||z—a|] =¢, zinside C}, a=1,1, -1, —i,

of positive direction. Then

% dz . dz . / dz n Z / dz
vp. = lim = lim —_— -
C Z4 - 1 € Z4 - 1 € Cs_Fl,s_Fi,s_Ffl,s_Ffi,e 24 - 1 a:]_ﬂ‘)f]_,,i Fa,s Z4 - 1
dz
= i =
oY [

a=1,7,—1,—1
By a decomposition,

1 1 1 1 a
-1 Z res<z41,a)~za—z Z z—a

a=1,i,—1,—i a=1,i,—1,—i

Then we use the parametric descriptions
To.: z=a+ee® 6e¢ [@(a),@(a) + g] L a=1,i, —1, -,

)

in order to get
O(@)+3 ¢ jeif

dz 1 dz 1
. — — = — . d9
Vp]{)z‘lfl 4 Z a/F z—a 4 Z ,a/@(a) et

a=1,i,—1,—1 a,e a=1,i,—1,—1

1 . T T
= 1 Z az-§:§ Z a=0.
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Example 7.4 Compute

Foo dx
Vp./_oo et

The integrand

1
f(Z):m

is a rational function, and we have the three simple poles 0, i and —i. Of these, only 0 lies on the real
axis, i.e. on the path of integration. Since

23

ZBf(Z) = m —1 for z — o0,

there exists an R > 1, such that

23
— <2 f >
z(22+1)‘_ or |z| > R,
thus
1 2
) |—5——|< = for|s| >R
14 z(z2+1)’_|z|3 or |+l =
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It follows that vp. fj:; exists and that it can be computed by a residuum formula,

dx
z(xz?2+1)
teo 4d 1 1
Vp./ 796:27”'1"65 ——— 1t +mires| ——; 0,
oo T(2241) z2(2241) z(2241)

because z = i lies to the left of the path of integration seen in its direction, and because its weight
is 2m¢, while the residuum at the pole z = 0 on the z-axis roughly speaking is halved with only part
going to the upper half plane and the other half to the lower half plane.

In the present case it suffices to convince oneself that the integral is convergent, because the integrand
is an odd function, so the only possible value is 0, i.e.

/+°° dx 0
vp. ——— =0.
P oo T (2 +1)

For COMPLETENESS we compute

1 1
- i) =1limE = = - REGEL II
e (z (22+1) Z) Imo ==y )

1
where P(z) = 2 and Q(z) = 22 + 1, and

1 . 1
res (m 3 0) = ll_)n% 22—_“ = 1, (REGEL ]:A)7

and we have (CONTROL),

/+00 du 2mires 1 i | + mires ! 0
vp. —— = 27 _— 0 —_—
P oo T(2241) 2(2241) 22(22+1)°

Example 7.5 Compute

/+°° dx
vp. —_— .
P oo T (x®+1)

The integrand

1
f(Z)Zm

is a rational function with a zero of fourth order at oco. It is analytic in all of the complex plane except
for the simple poles

N | —
N |
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Figure 18: The four poles, of which two are lying on the path of integration, i.e. the real axis.

cf. the figure. We conclude from
4
4 B z

that there exists an R > 0, such that

1 for z — oo,

2
|24 f(z)| <2, dvs. |f(2)] < g for |z| > R.
2

Now, a = 4 > 1, so Cauchy’s principal value exists. In fact, we have simple poles on the x-axis, and
a > 1 in (15). The value is given by the residuum formula

/+°° dx o o 1 1+,\/§
vp. ———— = 2mites | ———; = +i-——
P o T(x341) 2(z2+1)7 2 2

. 1 ) 1
—+mires <Z(Z3_|_1), 0) —+ mires (Z(Z:?‘—'—l) y _1) .

Then by RULE 1A,

1 1
——0) =lim ——=1
res(z(23+1), ) 200 28 11
The other two poles satisfy the equation 2§ = —1. Putting

PE) =1

and Q(z) =2 +1,

then P(z) and Q(z) are analytic in a neighbourhood of zp, and since

1 P(z)

S Q)
it follows from RULE II that

1\ (P \ Pl 1 1 1 1 1
o (cri=) == (0 *) oy "% w1 E
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1 3
This is true for both zy = —1 and for z5 = 3 +1 g, so it follows that at

v /+DOL = 2mires ;1—&-2@
P- oo T(x341) 2(z3+1)7 2 2
1
+7T7;I'es (m 0)+7T’LI'QS< 23+1 >

= i (s ) i () =i (-2 41 = 0.
—7T7/37T’L7T23—7T23 3

Note also that since the integrand is real, the result shall also be real.

Example 7.6 Compute

Too dy
vp. w7

Figure 19: The poles of the integrand. Two of these, 1 lie on the path of integration.

The integrand f(z) =

is a rational function with a zero of order 6 at oo, i.e.

26 _
6
Af(2) = 5 1—>1 for z — oo.
Hence there exists an R > 0, such that
1 2
f(2)| = Zﬁ—l‘W for |z| > R.

Since f(z) has only simple poler and da a = 6 > 1, it follows that Cauchy’s principal value exists and
is given by the following residuum formula,

too g ) 1 1 V3 1 1 3
VP./ﬁOo 26 — 1 = 2ﬂz{reS<z6_1;§+ZT + res m,_i_FZT
. 1 1
i e (1) e (g 1) |
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If 2§ = 1, then we have by RULE 11,

1 1 1z 1
res c20 )= — =22 =2 2.
S-1"7) 765 628 67

We can compute all four residues by this rule, so

+oo 2
Vp'/,oo xﬁd—1 - M%{(%”?)*(%“?)}er'%{w(1)}

27rx/§__7r

6 V3

As a very weak control we see that since the integrand is real, the result is also real.

1
= 2m-az‘\/§+0=—
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Example 7.7 1) Prove that the Cauchy principal value

2)

+oo eiaw -1

K(a) = Vp./ ———dx

o x
exists for every real number a, and show that

K(a) = —7lal.

Compute the integral

2 )

T cos ax — cos bx
SORAL — S BY
x

— 00

expressed by K (a) and K (b).

First note that the integrand

etaz _ 1

22
has only the pole z = 0 (and oo as an essential singularity). The numerator has a zero of first
order at z = 0, hence z = 0 is a pole of first order. From ’ei‘”| <1 for a > 0 and Im(z) > 0,
follows the estimate
eiaz -1

5 7 for |z| > R and Im(z) > 0,
z

<

where we also have assumed that a > 0. Thus the conditions of the existence of Cauchy’s principal
value are fulfilled for a > 0, and it is given by a residuum formula,

+oo ia:cil iiazil 1 d )
K(a) = Vp/ioo %dzﬂ’lres(%,o)WZFZII_)I%E(EZGZ].)
= 7ilimiae'** = —7ra=—nlal.
z—0
If a <0, ie. a= —|a|, we get by a complex conjugation and the result above that
oo jiaz _ +oo ila| _
1 1

K(a) = vp./ﬁOo eravzvp./iOo erx:K(|a|):—7r|a\.

Summing up,

+oo eiaac -1

K(a) = K(|a]) = vp-/ ———dr=—nla, ack.

—00

The result is real, so

+oo Jiax o0
-1 3 -1
vp. Re{/ erx}z vp./ %dm

/+°° cos(az) — 1

2

K(a)

dx = —ml|al.
—0o0
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cos(az) — 1
2

has a removable singularity at x = 0, and we can remove “vp.” in front of the integral, and we

have the estimate

The numerator cos(az) — 1 has a zero of at least second order at 0, so the integrand

cos(azx) — 1 < 2
2 = 22

for |z| > 1.
x

x
2) Clearly, the zero of the numerator at = 0 has order 2, so the singularity at 0 is removable. Since

cos(ax) — cos(bx)

2
<= for x # 0,
x x

and the integrand is continuous with a continuous extension to 0, we conclude that the improper
integral exists and that it is given by

/+°° cos(ax) —2 cos(bx) dr — Tim e /+°° Cos(ax) - cos(bac) iz
PN e—0+
—  m e /+°° cos(ax) da: ~ tm e /+°° cos( b:c -1 de
e—0+ e—0+
+oo - —+oo b
= Vp./ 7(:08(&? dr — Vp./ 7%8( 172) dx
oo x o x
_ /+°° cos(aa;) -1 d — /+°° cos(bxz) -1 i
oo x oo x

— K(a) — K(b) = —n(la] - b)) = 7(|b] — [a]).

Example 7.8 1) Find the poles, their order and their residuum for the function

Log =

fz) = (z-12(:—2)(z—3)°

2) Use the calculus of residues to find Cauchy’s principal value of the integral
—+o0
vp. / f(z) dx,
— 0o

and then compute the integral

/0 da
oo (= 1)2(x — 2)(z —3)

1) We have a branch cut along R_ U {0}, so it only makes sense to find the poles of the function
outside this half line. It follows immediately that z = 2 and z = 3 are simple poles. Furthermore,
(2 —1)? has a zero of order 2, while Log z has a zero of order 1. Hence, z = 1 is also a simple pole.
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The residuum at z = 1 is computed by considering z = 1 as a pole of at most order 2,

: _ 1 imi o bosr N\ Ly 4 1 1
res(fil) = H;Huh(@—QXz—@>_iﬂ{hgzch(@—@ﬂz—@>+z@—2Xz—$}
1 1
- O+1-(1—2)-(1—3):5'
Then we get
oy Log 2 -
res(f,2)——(2_l)2.(2_3)_ In2,
and
res(f;3) = Log 3 _1 In3.

B3-12-3-2) 4

Figure 20: The path of integration Cr . = C47%.

2) Choose the path of integration Cr . as the one given on the figure, where 0 < ¢ <1 <3 < R. We
shall allow the path of integration to pass through the simple poles at z = 1, 2 and 3, and they
contribute to the integral with 7 times their residues. We shall further assume that the part of
the path of integration which runs along the negative and real axis, actually lies in the upper half
plane above the branch cut. It follows from these assumptions that

(2)dz = w{res(f;1) + res(f;2) +res(f;3)} = i {l —In2+ ! ln3} .
CRr.e 2 4

We get the following estimate along the circular arc |z| = R, z = Re®, for R — oo,

g Log = InR+m
dz| < -mR— 0.
/9:o C-DG-2):-3) |~ R-1ER-2E-3 "
Along the circular arc |z| = ¢, i.e. z = ce’?, we get the following estimate for £ — 0+,
/7r Log z &l < |[Ine| 4+ 7 .
-
=0 (2 =1)2(z = 2)(z = 3) T 1-e)32@2-5)B-e)
e|lne| + e
= '(1_75)2(2*5)(3*5)H07
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where we have used that ¢|lne| — 0 for ¢ — 0+ due to the rules of magnitudes.

Hence we conclude by taking the limits ¢ — 04 and R — +oo that

oo 1 1
vp./ f(x)dac:wi{i—an—i—ZlnS}.

This implies that

= 12+113
miy; o 1o

L . - Log x R Log z
B slir(glJrRLlrJIrloo {/R (x —1)%(z — 2)(x — 3) da:—|—/€ (x—1)%2(x—2)(z —3) d:z:}

I I /€+/R In |z| dr+i /75 dx

im  lim x +im .
e=0+R—+too | J_p  Jo (x—1)2%(x—2)(z—3) _g (z=1)2(z —2)(x - 3)
Then by taking the imaginary part and then the limits,

0
dx 1 1
=——In2+ - 1n3.
/_m<x—1>2<x+2><x—3> g gl

126
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Cauchy’s principal value

As a CHECK we see that the latter result can also be derived by a decomposition and a simple
integration. It follows from

1

(x —1)2(z — 2)(x — 3)
B 1 1 A
T 0-20-3) @-1? z-1

,_.
—
—
—

o122 =3 s—2 B-12B-2) z-3
11 A 1 11
B §(x71)2+m71_x72 40-3
that
A 1 11
xfl_x72+1x73
B 1 1 1 o 2—(z—=2)(x—3)
(=12 -2)(x—-3) 2 (z—-12 2(x—-1)2(z-2)(z-3)
—(z—-1)(z—-3)+r—-3+2 —z+3+1
20z —1)2(z —2)(x —3) = 2(x—1)(z —2)(z - 3)
_ —zr+4
2@ —1)(z—-2)(z - 3)
B ~1+4 1 —244 1 344 1
T 1-2)(1-3) -1 20-1)2-3) z-2 2B-D(B-2) z-3
_ 3 1 L1

4 2-1 z2-2 4 -3

3
hence A = T and then by insertion and a usual integration,

/0 dz /011+311+11dx
oo (T —1)2 2) 3)  Jowo\l2(@-12 42-1 -2 4z-3

(z —2)(z -
11 3 1 0
= REIEDO {—5 "1 In|z—1|-In|z—2| + 1 ln|x—3|}R
11 1 . 11 1, |(z=1)3(x-3)
= ——.— 4+0-In2+-In3— 1 R oY AR a2
3y PO metg xiriloo{ 2a—1 4™ (@—2)
1 1
= §—ln2—|—11n3,
in accordance with the previous result.
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Example 7.9 Compute
+o00 eia:ﬁ
vp./ﬁoo —:v(x2+7r) i

Then prove that the improper integral

/+°° sin (V)

oo X (%24 m)

exists and find its value.

The integrand

eizﬁ
f(z):z'(z'Q——l—ﬂ')

has the three singularities (they are all simple poles),

0, iV, —i/T,

and it is analytic in any other point of C. If Im(z) > 0, then [e?* V™| < 1, and since
3 i 2 /T 22
= |e'*VT|. <C fi > Rand I >0
|z f(z)’ e P or |z| > R and Im(z) > 0,

where R > /7 is fixed, we conclude that

(15) [f(2)l < z£|3 for [2| > R and Im(z) > 0,

(note that we cannot here allow Im(z) < 0).

Remark 7.1 By a more careful analysis, which shall not be given here, one can show that one can
choose

RQ
C= ,
R2 -7
because
22 24r—7 s ™
2 = 2 R = |22 -1
ze+m 24+ 24+ Ze+T

is maximum for z = i R. {

The pole 0 on the real axis is simple, and we have ¢ = 3 > 1 in (15). This implies that Cauchy’s
principal value exists and that it can be computed by a residuum formula,

400 eia;ﬁ p o eizﬁ \/_ ) eizﬁ 0
Vp\/_()o m XL — 2T 1Tres m,Z T +7TZI'€S m,
elzVT eiz VT _ 2me-e "

=27i lim ———— i =
ﬂ-zzi%z(quiﬁ)_H”z%z?—Hr -2

o1 -
+7rz~;—z-{l—e }
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Now

I sin (/7 x) 1

im ————= = ,
=0z (2?2 +7) /7
so we conclude that the integrand

+oo 1
[ e f
—o00 —1

because we have for |z| > 1,

sin (/7 x)

X

is continuous, so

sin (/7 - x)
+

x(z?+ )

sin (/7 x)
x(x?+m)

sin (/7 x)
x(x2+m)

1
dx+/ 5 dzx,
|z|>1 &7+ T

<1, z €R.

It follows from the continuity that the former integral exists, and the latter integral is of Arctan type,
i.e. in particular convergent. Hence we conclude that the improper integral

/+°° sin (vz) |

oo X (224 m) “

is convergent and that its value is given by

+oo —& +oo
vp. / sin (ﬁx) dr = lim / / sin ( dCL’ .
o (224 M) e—0+ x2+7r

We have
) ol too gievT B 20 cos (z /7)) + i sin (z /7)
(16){1—6 } = Vp./_oo —I(IQ—FTF)dw—VP-/_OO PP dx
B +20 cos (z 1/7) . +° sin (x /7) . ; +°0 sin (z \/7)
R e LA e LU N7

because “vp” is superfluous on the sine integral according to the above. If one wants to be particular
careful, then notice that we have by the definition,

o () B

because the integrand is an odd function in z, and because the improper integrals f:; ---dxr and

f;_oo .-+ dx clearly exist.

Then we conclude from (16) that

/+°° sin (2 \/7)

oo (224 T)

r=1—e".
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8 Sum of special types of series

Example 8.1 Find the sum of the series

+oo

and then derive the value of the important sum

—+oo

1
2 2n+1)2

n=0

1\ 2
Putting f(z) = (z - —) , 1t is obvious that f(z) satisfies an estimate of the type |f(z)| < ‘%
z

[\)

1
for |z| > 1. Since zg = = ¢ Z is the only pole, the conditions for the application of some residuum
formula are satisfied. The auxiliary function

cot(mz)
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1
has at most a double pole at zp = 2 so we may apply Rule I with ¢ = 2. This gives

res

(C:W;Z))Q; - ﬁ Zlﬂ%{@- %)Qg(z)} = lim (= {1+ cot?(r2)} 7) = -
2

2
Finally, by insertion into the residuum formula for the sum of a series of this type,

It follows by a small rearrangement that
, X 1 R = R
S ) = ) R (1) =22 i
2 2 2
and then finally
400

Z;Jﬁ
(2n+1)2 8"

n=0

Remark 8.1 Since any number m € Z can be written as

m=2"2n+ 1), for uniquely determined r € Ny and n € Ny,

1
and since the series Z:ﬁ — 1s absolutely convergent, it is easy to derive that the sum is given by
n

“—n? B —(2n+1)? 0 22 £ (2n+1)? (22)? = (2n+1)?
too 2 2

1 1 1 1 1 ™ ™
D N R N I — L
{+4+42+43+ };(Zn—&—l)Q L8 6

which is a very important result in the applications. ¢
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Example 8.2 Find for every given constant a > 0 the sum of the infinite series

2 2"
n:On +a

We can obviously for e.g. |z| > 1 find a constant ¢ > 0, such that we have the estimate

1
22 4+ a?

Cc

2%

IN

[f(2)] =

which proves one of the assumptions. Since f(z) has only the two simple poles z = +ia ¢ Z, the
other assumption for the application of the residuum formula is also fulfilled. Since cot(+ima) # 0, it
suffices to compute the residues

1 1 1 1
res m Jwa | = % and res m, —ia | = —%

Then we get by the residuum formula,

+o0
1 1 . 1 .
Z m = -7 % COt(Zﬂ'a) — % COt(*Zﬂ'a)
_ _r. Cf)S(7f7Ta) __r, .co'sh(wa) _ T - coth(ma).
ia sin(ira) ia i-sinh(ra) a
Thus
+oo “+oo
1 1 1 1 1 us
_—_— — —_—— = —= - th .
Z n?+a?  2a? + 2 Z n?+a?  2a? + 2a <° (ma)

n=0 n=-—00
If @ = 1, then we get in particular

Jil 1—&—Wcoth
— ==+ = .
n2 2 2

n=0

Example 8.3 Let a > 0 denote a constant. Find the sum of the alternating series

+ n
ZOO (-1
n2 +a?’

The underlying function f(z) = 5 is the same as in Example 8.2, so we have already checked

22 +a
the assumptions of the relevant residuum formula in Example 8.2. The only difference is that the
auxiliary factor cot(wz) has been replaced by 1/sin(nz), so it follows immediately by insertion into

the residuum formula that

*f (—1)" 1 1 1 1 T 1 ™ 1
= —T - = - - = - —
n? + a? 2ai sin(ima) 2ai sin(—ima) ia sin(ima) a sinh(ma)

n=—oo
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Since

=D (="

(_n)2 +a2 - n2 +a2’

it easily follows that

n?24+a? 2a%2 2
n=0 n=-—oo

+o0 n +oo n
3 (=1) 1 1 > (=1) L 1

n?+a® 2a2 ' 2a sinh(wa)’

If in particular a = 1, then

+i’f(—l)"_1+ 7
n2+1 2  2sinhnw’

Remark 8.2 Even if one may use the theory to find the sum of many convergent series, where the
term has the structure of a rational function in n, one should not be misled to believe that this is true
for every series of this type. The simplest example is

+<>o1

ZF (~1,202),

n=1

the exact value of which is still unknown. ¢

Example 8.4 Let a € Ry \ N. Find the sum of the series

+oo 1

D

n=0

The degree of the denominator is precisely 2 larger than the degree of the numerator, so the series

400 1

D e a

n—=—oo

is convergent when 2a ¢ N, and the value is given by

=1 R | 1 k
Z 7712*(12ZQZO—nQ—a2+a_2:_7TZICOt(ajW) res (f; aj;)
n= =

n=—oo

= -7 {cot(aﬂ) res <%(Z+a)(2a) ; a) + cot(—ar) res (m ; a>}

1 1 T
= —7 {% cos(am) + 5 cos(—aﬂ')} =- cot(am),

hence by a rearrangement,

Jff LI T cot(am)
n2—a2 242 2a '

n=0
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The expression (the series)

+oo

1
> i

n=0

1 1
is continuous in a € R4 \N; so this formula also holds for a = p+ > p € Np. Since cot ((p + 5) 7r> =

0, p € Ny, we obtain in this case

400

3 1 1 _ 1 2 bEN
n=0 + 1 ’ 2 (p+ 2 ’ o (p+ L 2 (2p+1)2 "
mo\PT Y PTy Py
ALTERNATIVELY,

t 1
res ((3(2) (azg ; :I:a) =0 fora=p+ =, peNy,
z—a 2

because the singularity is then removable.
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Example 8.5 Find the sum of the series
— n? +4dn + 5
First we note that

n?+4n+5=(n+2)*+1.

We use that
+oo

Z 1 1+7Tcoth
_ - -4 T
n2+1 2 2

n=0

is the sum of a known series, so by a small rearrangement,

400 1 400 1 400 1 1 400
2 oimis il wi TatX

Example 8.6 Find the sum of the series

—+oo

1
Z n?2+1)(2n+1)"

n=—oo

1 T
nz—H =1 =+ 5 COthﬂ'.

The polynomial of the denominator is of degree 3, and it does not have any zero in i Z. We therefore
conclude that the series is convergent, and its sum can be found by a residuum formula. The poles

are
. 1
i, —1, —5
thus
= 1
n;m (n2+1)(2n+1)

B {cot(M) - Tes (W Z)
1

[EERICFE ‘Z)
wes (e 1))

+ cot(—im) - res (

. cos(im) cos(—im)

- {sin(m) G+0)(2it1)  sin(—im) (=—i)(=2i+1) *O}
. coshm 1 1 coshm 1 1

- {sinhw i 2i(1+2i) ' sinh7 (=) (—2@)(1—%)}

s 1 1 T 14+2i+1-24
g CONIT {1+2i+12i} g 0T 5

™

= — coth.

5
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1 1
Remark 8.3 The function m has a simple pole at z = —5 so the auxiliary function
cot(7mz) . . 1 L . .
——————— has a removable singularity for z = —=. This is in agreement with that the residuum
(z2+1)(22+1) 2
1
of the auxiliary function is 0 at z = —5 O

Example 8.7 Find the sum of the series

i’" o2n + 1
S (P +1)(Bn+1)

The corresponding analytic function is

f Newey )

which has a zero of second order at co, and the simple poles

1
a1 = 755

a2 =1, as = —1,

where 2a; ¢ Z. It follows that the series is convergent with the sum

+oo

2 1 1
n;w o ?)—('_371 - =7 {COS (—g) res (f; —g) + cot(im)res(f;1) + cot(—im)res(f; —z)} .
Here,
2
1\ 1[22+1 1 —3tl
res| f; —= | =3 == = —,
3 3122+1),_ . 3 1 10
=73 - 4+1
9
res(f:1) = 2z+1 2+l 1T
T lE+)Bz+1) ], 2i(3i+1) 20
res(f; —i) = 2z +1 =241 —14T
=)@+ ), —2i(=3i+1) 20
Finally,
' h
cot(im) = C.OS(Z,W) = — C.OS T cothm,
sin (i) sinh 7
and
cot(—im) =i cothm,
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so the sum is
+o00 .
2n+1 1 1 . —-1-T7 ) —1+7
R hr- hr-
n;m(n2+1)(2n+1) 7'('{ 73 10 ZCOtTF( 20 )+Zcot7r( 20 )}

1 , T ™3 Tn
ﬂ{—Jrz cothr - <—)}—+—’00thﬂ~
10V3

Example 8.8 Prove that

—(2n+1)3 24 (2n+1)F 32
When we split the sum and change the variable n = —m — 1, i.e. m = —n — 1, then
+o00 n +oo n —1 n —+o00 n “+o0 —m—
S oot - Yt Y e e t Y e
L (2n+1)? —(2n+1)?  —~ (2n+1)? L= (2n+1)3 0 = (-2m —2+1)°
+oo n +o0 m— +oo n
- S ey S —ey U
e @2n+ 1) T e @m 13 T T 2n )Y
and the first equality follows.
1
We have a triple pole at z = ——, and the series is clearly convergent, so we obtain by a residuum

formula,

= ("

1 1
n;m (2n+1)3 o ((2,2 + 1)3sin(nz) ; 5) '

A small rearrangement gives

1 1 1 1
(2z +1)3sinmz 8 ( 1)3 sinmz’
z

3

SO

= (="

1 I d? 1 T d [ cosmz
C— im — B — = — m m—
2! ,—1.dz? \sinmz 16 -—-1 dz \sin’7z

> GugiE = s
- o= —
S (2n+1) 8
w2 sinz cos? Tz 72 T 3
= = lim {-7 — - = _or0b=1.
16 z%%{ sin® 7z sin37rz} 16 { (-1) } 16
Summing up,
*f -y _1 *f -y _ =
Ze(@n+1)F 2 4 (2n+1)P 32
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Example 8.9 Find

= (D"
Z (2n+1)%

n=0

1
We see that z = —5 is a four-tuple pole of

O

(2z+ 1)1 16 1\
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so the sum is computed by a residuum formula,

P A O o e G ..
(2n+1)* 2 &~ (2n+1)* 2 10\ 2
n=0 n=-00 16 - (z + —)
T cot(7z) 1 T~ 1 ..
— _ﬁ res ﬁ ; —5 = —E . g ZErilé @ COt(ﬂ'Z)
(-3

T . d? 1 w2 ) d ([ cos(mz)
= - lim — -7 —5 = lim §—2m — ( —5—=
6-32 -—-1 dz? sin“(mz) 6-32 -—-1 dz \ sin (rz)

3 ~ 2 4
™ m {_7‘(’ sin(7z) g . 508 (TI'Z)} v

sin®(72) sin?(72)
Remark 8.4 It follows that
400 +o0 400 j +oo
1 1 1 1 1 (1) 1 (—1)"
= d14 - — 4 4 ) il T
S {rEtr et g m 2 () 2

4
n
n=1 n=0
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Example 8.10 Find the sum S of the series
+o00 1

>

—_—
1
n=0 _
<n + 2)
It is well-known that
+oo 1 2

>

2 T Q
—(2n+1) 8
hence

Example 8.11 Prove that the series
+o00 1

D6

is convergent.
Then find the sum of the series.
Finally, find

+oo

1
Z (4n —1)(4n —3)’

n=1

where we only sum over the positive integers.

1 3
Here, <n — —> (n — —) is a polynomial of second degree, which is not 0 for any n € Z. Hence, the

4 4

series is convergent and the sum is given by a residuum formula,

_ thl COt(ﬂ';) N 211313 cot(ﬁlz)
AT T
Then we note that
0 +oo

=6y U IS

n=0
—+o0

n=—

1
Zm(4n—1)(4n—3) - Z(—4n—1)(—4n—3)_ (4n + 3)(4n + 1)

= 2 A{n+1t—1)@{n+1}-3)

n=0

>~ w

(4n —1)(4n — 3)’
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hence
)N S N
— (4n —1)(4n —3) 24~ (4n—1)(4n - 3)
1 X 1

ALTERNATIVELY, use Leibniz’s series,

T arctan 1< S Y
1 rctan 72271—&—1’

n=0

where we have added parentheses in a convergent series, which is always possible without destroying
the convergence or the limit value. Then

w_f(—1)"_11+11+11++1 A
4 2n+1  \1 3 5 7 9 11 4n—3 4dn—1

n=0
= io( 11 ):+W(4n—1)—(4n—3):2+§;
—\dn—-3 4dn-1) <= (4n—1)-(4n-3) “— (4n —1)(4n - 3)’
hence
L B
Z(n-1@n-3) 8
Finally
400 1 +00 1 oo X )
; (n—i) (”_Z) 716,;,:00 rrEm e ek LD B e 7 Rk A Rk
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Example 8.12 Find the sum of the series

+Z 1
1.
n o0 9

Also, find the sum of the series

+oo 1
; (3n)2 -1
Let
B P(2) B 1
fz) = Q(z) 22 1
9
where

P(z)=1 and Q(z)=2*—-=.

The denominator has a degree which is 2 bigger than the degree of the numerator, and the zeros of
1
the denominator are z = £— ¢ Z. We conclude that the series is convergent, and that is sum can be

found by a residuum formula,

R 1 cot(mz) 1 cot(mz) 1
Z T = 7 res 173 -+ res 1773
n=—oo n% — = 22— = 3 22— = 3
9 9 9
tZ cot ( W)
cot — cot(—=
_ 3 3 _sT T_
= T 5 + 5 = 2 cot 3 = ™3
3 3

= 1 R R |
—TVi= ) =T 2 T="9+18) oo
nffoon2—— — n:1n2—— n:lgn -1
9 9 9
SO
*i 1 7*2’5 1 7177r\/§N01977
= (Bn)?-1 Zom2-1 2 18 = 77
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Example 8.13 Given the function
222+ (20— 1)z —1i
(1624 —1) (22 +1)*

f(z) =

(a) Determine the singular points in C U {oo} of f(2) and their types. Then find the residuum of
f(z) at z = 0.

(b) Compute the complex line integral

fiz|—3 f(z)d=.

(c) Find the sum of the series

Z :
—
= 16n 1

P> S

] \ ]
! ! i i
B ES a5 ]
Y A / !

Figure 21: The four simple zeros and the two double zeros of the denominator of f(z).

(a) The denominator
(1624 —1) (22 +1)" = (422 + 1) (422 — 1) (z2 + 1)

1 1
is zero for z = +i (double zeros), and for z = i§ and z = i§i (simple zeros). The numerator

can be written

222+ (2 — 1)z —i=2(2"+i2) — (2 +1i) = 22 — 1) (2 +1),

i.e. the numerator has the simple zeros z = 3 and z = —i. We therefore see that f(z) can be
reduced in the following way,
£2) 222+ (2i — 1)z —i (22 —1)(z +1)
z) = =
(1624 — 1) (22 +1)° (422 4+1) (22 = 1)(22 + 1) (2 +9)2(z — 1)?
1

(2z+14)(22 — )2z + 1) (z + 1) (2 — )%
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It follows that z =i is a double pole, that

DN | =

Z:_Za_§7 57

1
are simple poles, and that z = 3 is a removable singularity. Finally, we have a zero of order 6 in

oo. In particular,

res(f;00) = 0.
(b) All finite singularities lie inside |z| = 3, so

}1{ f(z)dz:—?{* f(z)dz = —2mires(f;00) =0,
|z|=3 |z|=3

where § * denotes a closed line integral with the opposite direction of the orientation of the plane,

ie. §"=—9§.
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(c) We have 162* — 1 =0 for
1 1 i i
2’ 27 27 2’
where none of the roots belongs to Z. Furthermore, we have a zero of order 4 at oo, so the series
is convergent, and we can use a residuum formula,

z =

LU O o S U S S S S S
Zl6nt—1 2 £ 16n'—1 2 16-01-1 2 32 & 1\*
()
1 > cot(mz) 1
= §—§Zres ﬁ; —q"
n=0 A _ =
(3)
Then consider the function
t 1
_cotmz) =1
1 2
Az
(2)
1 1 . - .
It follows that — and —— are removable singularities, and since also
res cot(mz) e | = cot (7‘;2’”) _ Zncot gﬂzn) _ zncot (72) 4z cot (n2),
. 1 4z3 4z 4. i
= =\3 16

t . . . Cosh_
res Lﬂz)zl;:tz =4~3'cot<7r£>:2i- 7%z2cothz7
e (;) 2 2 2 sinh > 2

hence by insertion,

coth — =~ 0,0718.

I
ol 3

= 1 1 b s T 1
- _ T locoth T 42 th—}:—
;1671471 2 32{ cothg +2cothg =3
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Example 8.14 Given the function

f(z)

9(z) = m>

where f(z) is analytic in a neighbourhood of the points z = +i. Furthermore, it is also given that
f(=i)=—f@)#0, and  f'(=i)=f(i).

1) Show that g(z) has poles at the points z = +i, and indicate in both cases the order of the pole.
2) Prove that

res(g(z);1) = res(g(z); —i).
3) Show that the series

+o0 1

2 2
— (n?2+1)

s convergent and find its sum.

1) The denominator (22 + 1)2 = (2—1)?(2+1)? has the double roots +i, and since f(—i) = —f(i) # 0,
and f(z) is analytic in a neighbourhood of the points z = £4, we conclude that

f(2)

9(z) = m

has double poles at z = =+i.
2) Then we find that

res<g<z>;i>=%gd4‘i((ﬂ—z?):nm,{(f'(Z) Ly 1B }:—lf’u)—if@),

z+41)2 z—i | (z41)2 (z+1)3 4 4
and
1 d (e N [ ()
estoi-) = gy i, () = {2 )
= P = ) = = ) ) = res(o(2)5).

1
3) The poles of Tz Are z = +i (double poles), and none of them lies in Z. Since we have a
z

zero of order 4 > 1 at oo, it follows that the series is convergent, and we can find the sum by a
residuum formula,

= 1 . cot(mz) . cot(mz) .
n;m —(1 n n2)2 = -7 {res <7(22 n 1)2 ; z) + res <—(22 n 1)2 ;1 .
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If we put f(z) = cot(mz), then

and
f(@) = cot(mwi) = —i cothm #£ 0,

f(=1) = cot(—mi) = i cothm = —f(7),

f'i) = == = = f'(=),

~ sin® (i) (i sinhm)?  sinh®7

which is precisely the case of (1) and (2). Hence we get

= 1 cot(mz) . 1 PN ey
Z — = —7 - 2res VR = —2m- 1 ASfG@) i f(i)}
™ s 2 1 s
— ) _ " 4 i.(—icoth = —  —— + — cothw.
2{sinh27r+l (Zico ﬂ)} 2 sinh27r+2 o
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Then finally,

+o00 +oo 0 +oo
1 1 1 1 1 1
- - = =z - - - - v _Z -
r;) (1+n2) 2 {nz—;) (14 n?)® n;oo (1+n2)2} 2 {n_z_:oo (1+n?
2 1 n T thr 4 1
= —+.———+ — cothm + —.
4 ginh?r 4 2

Example 8.15 Prove that

400 1

f(t) = Z (12

n—=—

is convergent for every fized t € C\ {pr | p € Z}.
Then find f(t) for every t € C\ {pm | p € Z}, expressed by elementary functions.

t
We define for every fixed t € C\ {p7 | p € Z}, i.e. for —— ¢ Z, a function F(z;t) by
T

1

f(Z;t):m-

t
Then F(z;t) is analytic for z € C\ {——}.

™
Since for z #£ 0,

2

22 1 1 f
—==|— | - = or z — 00,
(rz+t)2 72 1+i 2

Tz

22F(z;t) =

)2“}

1
we conclude that there exists a constant R, for every ¢ > —, such that |22F(z; t)| < cfor |z] > Ry,
0

ie.
|F(z;t)] < - for |z| > Ry.

|22
t
If —— ¢ Z, then it follows directly that the series
0
00 1

f(t) = Z Tt )2

n=—
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is convergent, and we can find its sum by a residuum formula,

“+o0
flt) = Z F(n;t) = —mres (cot(wz)F(z;t); _E)

s
n=-—00

e cot(mz) Y\ _ . 1 - d . t > cot(mz)
N (rz+t)2" w) 1l .-t dz 7r (mz +1)2
T

= —— lim i(;0t(7rz):—l lim {—L}

71'2 z——1 dz T z2—»—1
E E
1 1

sin?(—t)  sin?¢’

2
t
where we have applied RULE I with ¢ = 2. Note that we shall use the factor <z + —> , and not
T

(72 +t)%, in the denominator. It is of course also possible directly to prove the convergence.

Example 8.16 (a) Prove that
+o0 ¢
ft) = Z 2 _ n2p2
is convergent for every fixed t € C\ {pm | p € Z}.
(b) Express f(t) for everyt € C\ {pr | p € Z}, by elementary functions.

(¢) Finally, find

oo ’
g(t)22m7 teC\{pr|peZ},
n=1

expressed by elementary functions.

t
(a) Since t?> — 2n? # 0 for every n € Z, when t € C\ {pr | p € Z}, it follows that PR is
—72n
defined for n € Z. Furthermore,

¢ |t]
2 _n2n2| = n2 for |n| = N,
so we conclude that
t t t It]
DI 1 R SN -1 IR SO et B 2 S A 20
n=-—0o0 n=-—oo n=—N n=N+1

and we see that we could give a direct proof of the convergence.

ALTERNATIVELY we check the assumptions of the residuum formula, because they at the same
time assures the convergence, and we also obtain the sum.
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Consider for every fized t € C\ {pr | p € Z} the function

t t 1
Fleit)= —— =

12 — 72,2 7?' N
e
s

t t t
This is analytic for z € C\ {— ; ——}. Since we have assumed that £— ¢ Z, and that F'(z) is a
T ow 7r

rational function with a zero of second order at oo, there exist constants ¢ > 5
T

t
andT>’—7
™

such that

IF(z;t)| < - for|2| > R,

|22

and the conditions for the convergence and the residuum formula are fulfilled. Hence

is convergent.

t
(b) Now, =— are at most simple poles, so we bet by the residuum formula and RULE 1I,
s

t t cot(mz t
f(t) = Z 22,2 T\Tes __(7;

t . cot(mz) . cot(mz)
() {35% o Ul o
(o) o ()
cot (m- — cot (m- | ——
¢ n PR
2. t oo
0

us
— -cott 4+ — ~cott} = cot ¢,
us t 2t
2. =2
T

+

2t

and we have proved that

+0oo ¢

n=—oo

(c) Since F(—z) = F(z), it follows from (b) for t € C\ {p7 | p € Z} that

+oo ¢ 1 +o00 ¢ 1 —1 t
g(t) = ZtQ_ﬂ-2n2:§Zt2—7r2n2+§ Z 12 — m2n2
n=1 n=1 n=-00
“+o0
1 t 1 t 1 1
_ 1 _ . = tt— — 5.
2 n;oo 2 —m2n2 2 27202 2 {Co t }
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Example 8.17 Find the sum of the series

Z :
nt +4 '
n=—oo

The corresponding analytic function

1
z) = ———
1) 24+ 4
has the simple poles {1 +4, =1 +4, —1 — ¢, 1 — ¢}, none of which lies in Z. Furthermore, f(z) is a
rational function with a zero of fourth order at co, hence the series is convergent, and its sum is given
by a residuum formula,

= 1 cot( 7rz)
Y i X (S )
Since z§ = —4 for every pole 2, it follows by RULE II that
t 1 1
res <C§4 (—:_T’Z) ; ZO) = cot (TrZo) res <Z4——’_4 ; Zo> = cot (71'20) . 4—z8 = 4z—zog - cot (71'2'0)

1
= 1 cot (mzp) .
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Then by insertion,

“+o0
1 cot(mz) v
Z Pl Z4res( e z0> =1 42:4zocot(7rzo)
zZg=—

n=-—oo Zé:—

— 116 {(1 + ) cot(m + im) + (1 — @) cot(m —im) + (=1 4 @) cot(—m + im) + (=1 — @) cot(—m —im)}

= o {20+ i) cot(m +im) + 2(1 — i) cot(m — im)} = < {(1+i) cot(im) + (1 - i) cot(—i)}

T cosh T
= Z.9;. — _ . coth
8 “ ismhx a4 T
thus
+oo
1 s
n;oo 714—_’_4 = Z . COtth'.

Remark 8.5 In a VARIANT we have the following estimates for e.g. |z] > 2,

1 1 1 1 1 1

1
= < = — .
|24 +4] ~ |2|* =4 |2)*

RER

£ (=)

Q| W~

4
so in particular, C = 3 and a =4 > 2 for |z| > 2. O

Example 8.18 Compute the sum of the series

+oo

Z 1 1 2\
S e ) (54 )

1 2 1 2
then f(z) is analytic in C\ {_§ , —5}7 where ~3' "3 ¢ 7Z. Furthermore,

|22f(z)| —1 for z — oo,
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so we have checked the conditions for the convergence of the series and the sum can be found by a
residuum formula. Hence,

f 1 _ cot(mz) 1 n cot(7z) .2
RNV B NV RS R AN
3 3 3 3 3 3
2
cot (—g) cot (‘?) — cot g cot g -
T 1+2 4 2+1 e S + 1 =m-3-2-cot -
3 3 3 3 3 3
1
= 71-3-2.— =23,
V3

1 2
where we have used that -3 and -3 are simple poles of f(z). Thus we have proved that

+oo 1

=D

=2V3.
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Example 8.19 1) Determine the singular points in C of f, defined by

1
22 (e — 1)’

(17) f(z) = pEN,
and find the residuum of f at every singular point.
HINT: When res(f(2);0) shall be found one may without proof apply the following Taylor series

expansion

z
ez —1

“+o0
B

g P for |z| < 2m,
n!

b=0

where the left hand side of the equality is replaced by 1 for z = 0.

2) Let K,, denote in the (x,y)-plane the boundary of the square
[—=7n, o] X [=Tn, Ta], where r, = 7 + 2nmw, and n € N.

Prove for every (fized) p € N that
f f(z)dz—10 forn — +o00 onN,
K,

where f is the function given by (17).

3) Apply Cauchy’s residuum theorem on the square with the boundary K, and then apply the results
of (1) and (2) above, and the limit n — +oo to prove that

—+o0
1 (27)%P By
— = (—1)pPr AL =P for every p € N.
7;1 n?p (=1) 2(2p)!
Prove also that Ba, By, ..., Bap, ... have alternating signs.

1) The singular points are z = 2in7, n € Z. Of these, z = 0 is a (2n + 1)-tuple pole, while all the
others are simple poles.

2) Putting r, = 7 + 2n7 we get the following estimates,

j{ dz

K, 220 (5 = 1)
< /’”" dy n /T" dy
T S iy ern i — 1] S, = iy e — 1

n dx T dx
+ / S / |
e Jo il et 1] o o= il e — 1]

2, N 2ry 2r n 27"7; _1 21
n
|27 - 1 7|2 - % lrnl ™ o™ 2

2

<

— 0

for n — +o0.

154
Download free eBooks at bookboon.com



Complex Funktions Examples c-7 Sum of special types of series

3) Now, z = 2inn is a simple pole for n € Z \ {0}, so we have the following computation of the

residuum,
) . 1 1 . 1 1
res(f(z);2inm) = z—lgnmw s ﬁ — ZEI%}T( i
R eZ _
dz
1 1 1
= - = (=17
(2inm)?P (2m)2P  n?2p
Since

+oo
z B, .
s RIS
n=0
it follows by a division by 2271,
+oo
1 — Z & Z—n—?p—l.
22P (e# — 1) n!
n=0

We find the term a1 by choosing n = 2p, so
z

By,
(2p)!

Then by Cauchy’s residuum theorem,

res(f(2);0) = a1 =

’I’L

. By, » 1 "1
27T"L % f dz = I"GS(f(Z); szﬂ—) = (2;)| +2- (_1) ’ (27T)2p Z k‘Tp7

k=—n

hence by a rearrangement,

~ 1 (=17 (27m)*" By,
= )d 1P+t .
Z k2p 2 o j{ fz)dz+ (1) C2(2p)! nel
k=1
Since p € N, the left hand side converges, when n — +o00. Then by (2) it follows from taking this
limit,
+00 2
1 (27‘(’) p32
— (_1\pt1. D
321 = (-1) 22p) for every p € N.

The left hand side is always positive, so the factor (—1)?*! on the right hand side causes that

>0 for p odd,
By,
<0 for p even,
and the sequence Bs, By, ..., By, ... has alternating sign.
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Example 8.20 Given the function

f(2) =

22sinz’
1) Find all the isolated singularities in C of the function f, and determin the type for each of them.

2) Find in a neighbourhood of zo = 0 the principal part of the Laurent series of f, i.e. that part of
the series which contains terms of the type

b
-, n > 0.
Zn

(HINT. Use the Taylor series of sinz with zo = 0 as expansion point).
3) Find the residues in the isolated singularities of f.

4) Denote by N a positive integer, and let Cy denote the curve run through in a positive sense, which
is bounding the square

e[ (s ()

Compute §.  f(2)dz.

{z:x—i—iy

5) When z = x + iy, then |sinz|> = sin® z + sinh®y. It follows that
|sin z| > |sin x| and |sin z| > | sinhy|.

Prove that

(2)dz — 0 for N — +o0.
CnN

6) Prove that

Ji’f (_1)n+1 _ 7T_2
— 12

1) We have poles at z = pmr, p € Z. When p = 0, we see that the pole z = 0 is a triple pole; any other
pole is simple.

2) Now, f(z) is an odd function with the triple pole at z = 0, so the principal part must have the
structure

1 a_s a—q
5o, 3 T T )
z28in z z z
hence
sin z .
1 = a_3- +a_1-zsinz+ terms of order > 3

22 5
= a_3~{1€+-~}+a_1{z 7...}+...

1 2
a_3 + a_l—ga_g 254
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Then it follows by the identity theorem that

1

a_3=1 og a_1 = 6,

so the principal part is

3) We have in the triple pole zg = 0,

1 0 1
res [ ——: =q_1 = —.
z2sin z 76

When z, = pm, p € Z \ {0}, the pole is simple, thus

2% sin z z—pr 22 COS 2 T

1 1 1 -1)P 1
res(—;pw)zlim—' :( )—
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Figure 22: The curve Cy for N = 2 and the singularities inside.

4) Using Cauchy’s residuum theorem,

N | 9 N )
= 3 (gt =+ 536
p=—N n=1
5) Then we have the estimates
d 1
/ %§(2N+1)-7—>0 for N — +o0,
r, 2%sinz

1 2
<N+§> 772

where I"y is anyone of the vertical line segments of Cy.
In instead I'Y; is one of the horizontal segments, then

/ dz
3
1mn
1‘\3\/] zesmz

for N — +oc.
Summing up we get

<(2N+1)- . -0

1 2 X (-
yim ¢ fE)dz=F+ :2

Finally, by a rearrangement,

too (_1)n+1 -

> T 1

n=1
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