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Mathematical Foundations of Probability Theory



Asstract. (English) In the footsteps of the book Measure
Theory and Integration By and For the Learner of our series
in Probability Theory and Statistics, we intended to devote
a special volume of the very probabilistic aspects of the first
cited theory. The book might have assigned the title : From
Measure Theory and Integration to Probability Theory. The
fundamental aspects of Probability Theory, as described by
the keywords and phrases below, are presented, not from ex-
periences as in the book A Course on Elementary Probability
Theory, but from a pure mathematical view based on Mea-
sure Theory. Such an approach places Probability Theory
in its natural frame of Functional Analysis and constitutes a
firm preparation to the study of Random Analysis and Sto-
chastic processes. At the same time, it offers a solid basis
towards Mathematical Statistics Theory. The book will be
continuously updated and improved on a yearly basis.
(Frangais)

Keywords. Measure Theory and Integration; Probabilistic
Terminology of Measure Theory and Applications; Probabil-
ity Theory Axiomatic; Fundamental Properties of Probabil-
ity Measures; Probability Laws of Random Vectors; Usual
Probability Laws review; Gaussian Vectors; Probability In-
equalities; Almost sure and in Probability Convergences; Weak
convergences; Convergence in Lp; Kolmogorov Theory on se-
quences of independent real-valued random variables; Cen-
tral Limit Theorem, Laws of Large Numbers, Berry-Essen
Approximation, Law of the iterated logarithm for real valued
independent random variables; Existence Theorem of Kol-
mogorov and Skorohod for Stochastic processes; Conditional
Expectations; First examples of stochastic process : Brown-
ian and Poisson Processes.

AMS 2010 Classification Subjects : 60-01; 60-02; 60-
03;GOAxx; 62GXX.
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General Preface

This textbook is one of the elements of a series whose ambition is to
cover a broad part of Probability Theory and Statistics. These text-
books are intended to help learners and readers, of all levels, to train
themselves.

As well, they may constitute helpful documents for professors and
teachers for both courses and exercises. For more ambitious people,
they are only starting points towards more advanced and personalized
books. So, these textbooks are kindly put at the disposal of professors
and learners.

Our textbooks are classified into categories.

A series of introductory books for beginners. Books of this series
are usually destined to students of first year in universities and to any
individual wishing to have an initiation on the subject. They do not
require advanced mathematics. Books on elementary probability the-
ory (See Lo (2017a), for instance) and descriptive statistics are to be
put in that category. Books of that kind are usually introductions to
more advanced and mathematical versions of the same theory. Books
of the first kind also prepare the applications of those of the second.

A series of books oriented to applications. Students or researchers
in very related disciplines such as Health studies, Hydrology, Finance,
Economics, etc. may be in need of Probability Theory or Statistics.
They are not interested in these disciplines by themselves. Rather,
they need to apply their findings as tools to solve their specific prob-
lems. So, adapted books on Probability Theory and Statistics may be
composed to focus on the applications of such fields. A perfect example
concerns the need of mathematical statistics for economists who do not
necessarily have a good background in Measure Theory.

A series of specialized books on Probability theory and Sta-
tistics of high level. This series begins with a book on Measure
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2 GENERAL PREFACE

Theory, a book on its probability theory version, and an introductory
book on topology. On that basis, we will have, as much as possible, a
coherent presentation of branches of Probability theory and Statistics.
We will try to have a self-contained approach, as much as possible, so
that anything we need will be in the series.

Finally, a series of research monographs closes this architecture.
This architecture should be so diversified and deep that the readers of
monograph booklets will find all needed theories and inputs in it.

We conclude by saying that, with only an undergraduate level, the
reader will open the door of anything in Probability theory and sta-
tistics with Measure Theory and integration. Once this course
validated, eventually combined with two solid courses on topology and
functional analysis, he will have all the means to get specialized in any
branch in these disciplines.

Our collaborators and former students are invited to make live this
trend and to develop it so that the center of Saint-Louis becomes or
continues to be a re-known mathematical school, especially in Proba-
bility Theory and Statistics.



Introduction

Mathematical Foundation of Probability Theory.

In the introduction to the book Measure Theory and Integration By
and For The Learner, we said :

Undoubtedly, Measure Theory and Integration is one of the most impor-
tant part of Modern Analysis, with Topology and Functional Analysis
for example. Indeed, Modern mathematics is based on functional anal-
ysis, which is a combination of the Theory of Measure and Integration,
and Topology.

The application of mathematics is very pronounced in many fields,
such as finance (through stochastic calculus), mathematical economics
(through stochastic calculus), econometrics [which is a contextualiza-
tion of statistical regression to economic problems], physic statistics.
Probability Theory and Statistics has become an important tool for the
analysis of biological phenomena and genetics modeling.

This quotation already stressed the important role played by Proba-
bility Theory in the application of Measure Theory. So, Probability
Theory seems to be one of the most celebrated extensions of Measure
Theory and Integration when it comes to apply it to real life problems.

Probability Theory itself may be presented as the result of modeling
of stochastic phenomena based on random experiences. This way is
illustrated in the element of this series : A Course on Elementary
Probability Theory.

But for theoretical purposes, it may be presented as a mathematical
theory, mainly based on Measure Theory and Integration, Topology
and Functional Analysis. This leads to impressive tools that reveal
themselves very powerful in dealing real-life problems.



4 INTRODUCTION

In this book, we tried to give the most common elements of the Theory
as direct rephrasing and adaptation of results Measure Theory accord-
ing to the following scenario.

Chapter 1 is devoted to a complete rephrasing of the Measure Theory
and Integration Terminology to that of Probability Theorem, moving
from a general measures to normed measures called Probability Mea-
sures.

Chapters 2, 3 and deal with a simple fact in Measure Theory and Inte-
gration, namely the image-measure, which becomes the most important
notion in Probability Theory and called under the name of Probability
Laws. Chapter 2 includes a wide range of characterizations for Prob-
ability Laws of Random vectors we might need in research problems
in Probability Theory and Mathematical Statistics. In particular, the
concept of independence is visited from various angles, which leads to
a significant number of important characterizations of it. In Chapter
3, usual and important probability Laws are given and reviewed in this
chapter in connection with the their generations described made in Lo
(2017a). Finally Chapter 3 presents the so important Gaussian random
vectors.

Chapter 5 is concerned with the theory of convergence of sequences
of (real-valued, mainly) random variables. The three types of Conver-
gence : Almost-sure, in Probability and in LP.

It is important to notice the the book Weak Convergence (IA). Se-
quences of random vectors (See ?) has its place exactly here, within
the global frame of the series. Due to its importance and its size,
we preferred to devote a booklet of medium size (about two hundred
pages) to an introduction to weak convergence.

Because of the importance of Inequalities in Probability Theory, we
devote Chapter 6 to them. This chapter will continuously updated and
augmented on a yearly basis.

In Chapter 7, we presented the main results of the study of sequence
of independent random variables which occupied the researchers in a
great part of the 19th century. The laws that were studied are until
now the most important ones of the theory, although they are exented
to the non-independent cases nowadays. But there is no way to join the
current studies if the classical main tools and proofs are not mastered.
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We introduce to the Kolmogorov Strong Law of Large numbers, the
Central Limit Theorem, the Berry-Essen Approximation and the Law
of the Iterated Logarithm.

Chapter 8 uses the Radon-Nikodym Theorem to found the important
notion of Mathematical Expectation which is the main tool form mov-
ing to independent to dependent data.

Finally, Chapter 9 presents the Fundamental Theorem of Kolmogorov
which is considered as the foundation of Modern Probability Theory.
Versions of the Theorem are given, among them, the Skorohod Theo-
rem. This chapter is the bridge with the course on Stochastic processes.

The place of the book within the series.

While the book A Course on Elementary Probability Theory may read
at any level, the current one should no be read before the full exposi-
tion of Measure Theory and Integration (Lo (2017b) or a similar book).
Indeed, the latter book is cited in any couple of pages. The demonstra-
tions in that book are quoted in the current one. Without assuming
those demonstration, this textbook would have a very much greater

number of pages.

Reading the textbook ? is recommended after Chapter 5 of the current
book.

Now, this book combined with Lo et al. (2016) open the doors of many
other projects of textbooks, among whom we cite :

(a) Asymptotics of Sequences of Random Vectors
(b) Stochastic Processes

(c) Mathematical Statistics

(d) Random Measures

(e) Times Series

(f) etc.
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Consequently, the series will expand to those areas.



CHAPTER 1

An update of the Terminology from Measure
Theory to Probability Theory

1. Introduction

This course of Probability Theory is the natural continuation of the
one on Measure Theory and Integration. Its constitutes the very min-
imal basis for a fundamental course which enables to prepare for more
advanced courses on Probability Theory and Statistics, like Stochastic
Processes, Stochastic Calculus or to prepare specialized Mathematical
statistics, etc.

The book A Course on Elementary Probability Theory (Lo (2017a)) of
this series concentrated on discrete probability measures and focused on
random experiences, urn models, generation of random variables and
associated computations. The reader will not find such results here.
We recommend him to go back to this book or to similar ones which
directly deal with Probability Theory related to real experiences. This
textbook treats the mathematical aspects of Probability Theory, as a
branch of Measure Theory and Integration as exposed in Lo (2017b),
where the Measure Theory terminology can be found.

This course begins with new expressions and names of concepts intro-
duced in Measure Theory and Integration. Next, a specific orientation
will be taken to present the base of modern Probability Theory.

2. Probabilistic Terminology
2.1. Probability space.

A probability space is a measure space (£2,.4,m) where the measure
assigns the unity value to the whole space €2, that is,

m(§2) = 1.

7



8 1. FROM MEASURE THEORY TO PROBABILITY THEORY

Such a measure is called a probability measure. Probability measures
are generally denoted in blackboard font : P, Q, etc.

We begin with this definition :

DEFINITION 1. Let (€2, .A) be a measurable space. The mapping
P: A - R
A — P(A)

is a probability measure if and only if P is a measure and P() = 1,
that s :

() 0 <P <P(Q) =1,

(b) For any countable collection of measurable sets {A,,n > 0} C A,
pairuise disjoints, we have

P> A,) =) P(A,).

n>0 n>0

We adopt a special terminology in Probability Theory.

(1) The whole space € is called universe.

(2) Measurable sets are called events. Singletons are elementary events
whenever they are measurable.

Example. Let us consider a random experience in which we toss two
dies and get the outcomes as the ordered pairs (¢, j), where ¢ and j are
respectively the number of the first and next the second face of the two
dies which come out. Here, the universe is Q = {1, ...,6}%. An ordered
pair {(¢,7)} is an elementary event. As an other example, the event :
the sum of the faces is less or equal to 3 is exactly

A={(1,1),(1,2),(2,1)}.

(3) Contrary event. Since P(Q2) = 1, the probability of the complement
of an event A, also called the contrary event to A and denoted A, is
computed as

P(A) =1 - P(A).
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The previous facts form simple transitions from Measure Theory and
Integration terminology to that of Probability Theory. We are going
to continue to do the same in more elaborated transitions in the rest
of that chapter.

2.2. Properties of a Probability measure.
Probability measures inherit all the properties of a measure.

(P1) A probability measure is sub-additive, that is, for any countable
collection of events {A,,,n > 0} C A, we have

P(|J An) <) P(An).

n>0 n>0

(P2) A probability measure P is non-decreasing, that is, for any ordered
pair of events (A, B) € A? such that A C B, we have

P(A) < P(B)

and more generally for any ordered pair of events (A, B) € A?, we have

P(B\ A) = P(B) — P(AN B).

(P3) A probability measure P is continuous below, that is, for any
non-decreasing sequence of events (A, ),>o C A, we have

P(| ) An) = lim P(4,),

n—-4o0o
n>0

and is continuous above, that is, for any non-increasing sequence of
events (A,)n>0 C A, we have

P(()An) = lim P(4,)

n—-4o0o
n>0

The continuity above in Measure Theory requires that the values of
the measures of the A,’s be finite for at least one integer n > 0. Here,
we do not have to worry about this, since all P(A,)’s are bounded by
one.
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2.3. Random variables.

Measurable mappings are called random variables. Hence, a mapping
(2.1) X: (A4 — (E,B)

is a random variable, with respect to the o-algebras A and B if and
only if it is measurable with respect to the same o-algebras.

Probability law.

There is not a more important phrase in Probability Theory that Prob-
ability law. 1 dare say that the essence of probability Theory is finding
probability laws of random phenomena by intellectual means and the
essence of Statistical theory is the same but by means of inference from
observations or data.

Suppose that we have a probability measure IP on the measurable space
(Q,.A) in Formula 2.1. We have the following definition.

DEFINITION 2. The Probability law of the random wvariable X in
Formula 2.1 is the image-measure of P by X, denoted as Px, which is
a probability measure on E given by

B>B+—Px(B)=P(X €B). 0

Such a simple object holds everything in Probability Theory.

Classification of random variables.

Although the space E in Formula (2.1) is arbitrary, the following cases
are usually and commonly studied :

(a) If E is R, endowed with the usual Borel o-algebra, the random
variable is called a real random variables (rrv).

(b) If E'is R’ (d € N*), endowed with the usual Borel o-algebra, X is
called a d-random vector or a random vector of dimension d, denoted
X = (X1, Xo, ..., Xy)t, where X' stands for the transpose of X.
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(c) More generally if E is of the form RT, where T is a non-empty set,
finite or countable infinite or non-countable infinite, X is simply called
a stochastic process. The o-algebra on R”, which is considered as the
collections of mapping from 7" to R is constructed by using the funda-
mental theorem of Kolmogorov, which generally is stated in the first
chapter of a course on Stochastic processes, and which is extensively
stated in Chapter 9.

In the special case where T'= N, X is a sequence of real random vari-
ables X = {X1, Xy, ....}.

(d) If E is some metric space (5, d) endowed with the Borel o-algebra
denoted as B(S), the term random variable is simply used although
some authors prefer using random element.

2.4. Mathematical Expectation.

It is very important to notice that, at the basic level, the mathemat-
ical expectation, and later the conditional mathematical expectation,
is defined for a real random variable.

(a) Mathematical expectation of rrvs’s.

Let X : (Q,4,P) = (R, B(R) be a real random variable. Tts math-
ematical expectation with respect to the probability measure P or its
P-mathematical expectation, denoted by Ep(X) is simply its integral
with respect to

P

whenever it exists and we denote :
Ep(X) = / X dP.
0

The full notation Ep of the mathematical expectation reminds us to
which probability measure the mathematical expectation is relative to.
In many examples, it may be clear that all the mathematical expecta-
tions are relative to only one probability measure so that we may drop
the subscript and only write

E(X) = /Q X dP.
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Also, the parentheses may also be removed and we write EX.

(b) Mathematical expectation of a function of an arbitrary
random variable.

For an arbitrary random variable as defined in Formula (2.1) and for
any real-valued measurable mapping

(2.2) h: (E,B) — (R,B.(R),

the composite mapping
h(X)=hoX:(Q,AP) =R

is a real random variable. We may define the mathematical expectation
of h(X) with respect to P by

Eh(X) = / h(X) P,

whenever the integral exists.

(c) Use of the probability law for computing the mathemati-
cal expectation.

We already know from the properties of image-measures (See page Lo

(2017b), Doc 04-01 Point (V)), that we may compute the mathematical
expectation of h(X), if it exists, by

(2.3) E(h(X)) = /

R /Q h(z) dPx (x).

If X is itself a real random variable, its expectation, if it exists, is

(2.4) E(X) = /R z Py (x).

(d) Mathematical expectation of a vector.

The notion of mathematical expectation may be extended to random
vectors by considering the vector of the mathematical expectations
of the coordinates. Let us consider the random vector X such that
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X' = (X1, Xs, ..., X4). The Mathematical vector expectation E(X) is
defined by

(E(X))' = (EX1,EXs, ..., EXy).

A similar extension can be operated for random matrices.

(e) Properties of the Mathematical expectation.

As an integral of real-valued measurable application, the mathematical
expectation inherits all the properties of integrals we already had in
Measure Theory. Here, we have to add that : constant real random

variables and bounded random variables have finite expectations. The
most important legacy to highlight is the following.

THEOREM 1. On the class of all random variables with finite math-
ematical expectation denoted L1(Q, A, P), the mathematical expectation
operator :

(a) is linear, that is for all (o, B) € R?, for all (X,Y) € LY(Q, A, P),

E(aX 4+ 8Y) = aE(X) + SE(Y),

(b) is non-negative, that for all non-negative X random variable, we
have E(X) >0

(¢) and satisfies for all non-negative X random variable : E(X) = 0 if
and only if X =0, P-a.e.

(c) Besides, we have for all real-valued random wvariables X and Y
defined on (52, A),

<|X| <Y, YeL (A, IP)) = X € L}(Q, A, P).

and

'/XdP'§/|X|dIP§/YdIP.
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The first formula in the following Lemma is often used to comput-
ing the mathematical expectation of non-negative real-valued randoms
variables. We generalize with respect to the counting measure. For ex-
ample, this will render much comprehensible the proof the Kolmogorov
Theorem 17 (Chapter 7, page 228) on strong laws of large numbers.

Let us define, for a real-valued random variable X, its lower endpoint
lep(X) and the upper endpoint uep(X) respectively by

lep(X) =inf{t e R, P(X <t) >0}, uep(X) =sup{t € R, P(X <)< 1}.

This means that P(X <) = 0 for all ¢ > uep(X) and similarly, we have
P(X <t)=0forallt <lep(X). Actually, we have uep(X) = || X || in
the L space. The values space of X becomes Vy = [lep(X), uep(X)].

We have :

PROPOSITION 1. Let X be any real-valued and non negative random
variable, we have

uep(X)
E(X) = /0 P(X > t)dt, (CF)

and

1+E(X]l)= Y PX=>n), (DF1)
n€l0, [uep(X)]+]
where [x]4 (resp. [x]1) stands for the greatest (resp. smallest) integer
less or equal (resp. greater or equal) to x € R. Also, for any a.s finite
real-valued random variable, we have

1+ Y P(X|zm)<EX[< > P(X|>n). (DF2)

nel0, [uep(X)]+] n€l0, [uep(X)]+]

Since P(X > t) = 0 for all t > uep(X), extending the integration do-
main to +00 does not effect the value of the integral.

Proof.

Proof of (CF). The function ¢ — P(X > t) is bounded and has at
most a countable number of discontinuity. So its improper Riemann
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integral is a Lebesgue’s one and we may apply the Tonelli’s Theorem
(See Chapter 8, Doc 07-01 in Lo (2017b)) at Line (L13) below as follows

uep(X) uep(X
/ P(X > t)dt = / P(X > t)dA(t)
0

_ /(t o ( / L dIP’X(:):))d)\(t)

_ / Lo dPx (2)dA(1)
t€]0,uep(X)])

- / ( / 1(x>t>)dPX<x> (L13)
Vx \ J/(t€]0,uep(X)])
min(z,uep(X)
_ / < / dA(t))dIPX(x)
Vx 0

= | min(z, uep(X)dPx ()
= E(min(X,uep(X))) = E(X),

o

since X < uep(X) a.s.

Proof of (DF1). We use the counting measure v on N and say

Z P(X >n) = / P(X > n) dv(n)
[0, [uep(X)]*]

n>0, n<[uep(X)]*t
— / (/ 1(m2n) dPX(I)) dV(n) (L22)
[0, [uep(X)]T] Vx

(] ) ar) (52
-/ (0, max(r, [wep (X)) dB(z) (121)

_ /O +Oo([max(x, [uep(X)ﬁ)} + 1) dPx ()

— E({max(X, [uep(X)]+)]+) +1.
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We conclude that
> P(X >n) = E[X];+1.

n>0, n<[uep(X)]*

Proof of (DF2). The left-hand inequality is derived from (DF1)
when applied to non-negative random variabe |X|. To establish the
right-hand inequality, suppose that X is non-negative. Let us denote
A, = (X >n), n >0 with Ay = Q clearly. We have for any n > 1,
A1\ Ay) =(n—1< X <n). If uep(X) = +oo, the sets |n — 1, n],
n > 1, form a partition of Ry. If uep(X) if finite, the sets |n — 1, n],
1 <n <N = uep(X)|+ + 1 for a partition of [0, N] which covers X
a.s.. So we have

> (An_l \ An) =Q.

1<n<N+1

By the Monotone Convergence Theorem when N = +o0, but by finite
additivity for N finite, we have

E(X) = IE(X > 1An1\An) (L31)

1<n<N+1
— Z E(XlAnl\An)
1<n<N+1
= ) E(Xl(n—1>X|<n>>
1<n<N+1
< :E: nE:(l(n—lszﬁﬂ>
1<n<N+1
< Y (P -Ba)) @)
1<n<N+1

Suppose that N is infinite. By developing the last line, we have for

> onPA) —PA) = > P(A) = (k+ 1)P(Agp)

1<n<k+1 0<n<k

< ) P(4,). (L42)

0<n<k
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By letting k — 400 in Line (42) and by combining the results with
Lines (L31) and (L36), we get the inequality.

If N is finite, the last line is exactly

37 P(4) - NP(Ay < Y P(A,),

0<n<N 0<n<N

and hence, is less or equal to 3 i cfep(x), P(An) and we conclude
that o

EX)< Y P4

0<n<[uep(X)]+

To get the right-hand inequality in (DF2), we just apply the last for-
mula to | X|. B

An easy example. Suppose that X is Bernoulli random variable
withP(X =1)=1—-P(X =0) =p, 0 <p <1l We have E(X) = p,
uep(X) = 1, Juep(X)]+ = 1, P(4p) = 1, P(A;) = p and we exactly
have

> PA)=1+p=EX)+1

0<n<[uep(X)]+

2.5. Almost-sure events.

In Measure Theory, we have studied null-sets and the notion of almost-
everywhere (a.e) properties. In the context of probability theory, for
any null-set N, we have

P(N)=1-P(N) = 1.

So, the complement of any null-set is an almost-sure (a.s.) event. Then,
a random property P holds a.s. if and only if

P({w € Q, P(w) true }) = 1.

An almost-everywhere (a.e.) property is simply called an almost-sure
(a.s.) property. Let us recall some properties of a.e. properties.
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(P1) If A is an a.e. event and if the event B is contained A, then B is
an a.s. event.

(P2) A countable union of a.s. events is an a.s. event.

(P3) If each assertion of a countable family of assertions holds a.s.,
then all the assertions of the family hold simultaneously a.s.

2.6. Convergences of real-valued random variables.

We may also rephrase the convergence results in Measure Theory as
follows.

(a) Almost-sure convergence.
Let X and X,,, n > 0, be random variables defined on the probability
space (€2, A,P). The sequence (X,,),>0 converges to X almost-surely,
denoted
X, — X, a.s.,
as n — +oo if and only if (X},),>¢ converges to X a.e., that is
PH{we Q, X, (w) = X(w)}) =1.
(b) Convergence in Probability.
The convergence in measure becomes the convergence in Probability.
Let X be an a.s.-finite real random variable and (X,,),>¢ be a sequence
of a.e.-finite real random variables. We say that (X,,),>o converges to
X in probability, denoted
X, — X,
if and only if, for any € > 0,

R(|X,, — X| >¢) = 0 as n — +oo.

We remind that the a.s. limit and the limit in probability are a.s.
unique.
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We re-conduct the comparison result from Measure Theory.
(c) Comparison between these two Convergence types.

Let X be an a.s.-finite real random variable and (X,,),>o be a sequence
of a.e. finite real random variables. Then we have the following impli-
cations, where all the unspecified limits are done as n — 400 .

(1) If X, > X, a.s., then X,, — X.

(2) If X,, I X, then there exists a sub-sequence (X, )k>0 of (Xn)n>o0
such that X,,, — X, a.s., as k — +o0.

Later, we will complete the comparison theorem by adding the conver-
gence in the space

P={Xel’ E|XP<x}, p>1.

The weak convergence also will be quoted here while its study is done
in Lo et al. (2016).

3. Independence

The notion of independence is extremely important in Probability The-
ory and its applications. The main reason that the theory, in its earlier
stages, has been hugely developed in the frame of independent random
variables. Besides, a considerable number methods of handling depen-
dent random variables are still generalizations of techniques used in
the independence frame. In some dependence studies, it is possible to
express the dependence from known functions of independent objects.
In others, approximations based on how the dependence is near the
independence are used.

So, mastering the independence notion and related techniques is very
important. In the elementary book (Lo (2017a)), we introduced the
independence of events in the following way :

Definition. Let A;, Ay, . . . , A, be events in a probability space
(Q,P(Q2),P). We have the following definitions.
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(A) The events Ay, Ay, . . . , A,_1 and A, are pairwise independent
if and only if

(B) The events A;, Ay, . . ., A,_1 and A,, are mutually independent if

and only if for any subset {ij is...,ix} of {1,2,...,n}, with 2 < k < n,
we have

(C) Finally, the events Ay, Ay, . . ., A, and A, fulfills the global
factorization formula if and only if

P(A; N Ay (.. N Ay) = P(A) P(A,). P(A,).

We showed with examples that none two definitions from the three def-
initions (A), (B) and (C) are equivalence. It is important to know that,
without any further specification, independence refers to Definition (B).

Measure Theory and Integration (MTI) gives the nicest and most per-
fect way to deal with the notion of independence and, by the way, with
the notion of dependence with copulas.

3.1. Independence of random variables.

Let X4, ..., X,, be n random variables defined on the same probability
space
Let (X7, ..., X,,) be a the n-tuple defined by

(X1> ) Xn)t : (Qa A) = (Ea B)

where E/ = Il;<;,<, E; is the product space of the E;’s endowed with
the product o-algebra, B = ®;<;<,;. On each (E;, B;), we have the
probability law Py, of Xj.

Each of the Py,’s is called a marginal probability law of (X, ..., X,,)".

On (E, B), we have the following product probability measure
Py, ® ... ® Py,,
characterized on the semi-algebra
S = {Ii<i<n Ai, Ai € B}
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of measurable rectangles by

(3.1) Px, ® ... ® Py, ( IT 4= 1] IPXZ.(AZ).

1<i<n 1<i<n

Now, we have two probability measures

Py, ®...® Py,

that is the product probability measure of the marginal probability
measures and the probability law

IP)(XI ,,,,, Xn)(B) = ]P)((Xla 7Xn) S B)

of the n-tuple (X7, ..., X,,) on (E,B), with is the image-measure of P
by (X1, ..., X,,). The latter probability measure is called the joint prob-
ability measure.

By the A\-m Lemma (See Lo (2017b), Exercise 11 of Doc 04-02, Part
VI, page 228), these two probability measures are equal whenever they
agree on the semi-algebra S.

Now, we may give the most general definition of the independence of
random variables :

DEFINITION 3. The random variables X, ..., and X,, are indepen-
dent if and only if the joint probability law Px, . x,) of the vector
(X1, ..., Xp) is the product measure of its marginal probability laws Py, ,
that s :

For any B; € B;, 1 <1 <n,
(32)  P(Xy€B1,X2€B,,.. X, €B,) = [] Px.(B)).

1<i<n

For an ordered pair of random variables, the two random variables
X: (A — (E B

and

Y (A4 — (F,G)
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are independent if and only if A € B et Be G,
P(X € BY e G)=P(X € A) xP(Y € B).

Important Remark. The independence is defined for random vari-
ables defined on the same probability space. The space in which they
take values may differ.

Formula (3.2) may be rephrased by means of measurable functions in
place of measurable subsets. We have

THEOREM 2. The random variables X1, ..., and X,, are independent
if and only if, for all non-negative and measurable real-valued functions

hi: (E;, B;) = R, we have

(33) E( 1T hz-(X») = [[ Er(xy).

1<i<n 1<i<n

Proof.

We have to show the equivalence between Formulas (3.2) and (3.3). Let
us begin to suppose that Formula (3.3) holds. Let us prove Formula
(3.2). Let A; € B and set h; = 14,. Each h; is non-negative and
measurable. Further

hi(Xi) = 14,(X) = Lixieny)-

and then
(3.4) E(hi(X;)) = E(1(x,ea,) = P(X; € 4).

As well, we have

1<i<n 1<i<n

and then

(3.5) E( ] m(X) = E(lxe..x.ea.)
1<i<n

= P(X;€A,..,X,€A).

By putting together (3.4) and (3.5), we get (3.2).
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Now, assume that (3.2) holds. Let h; : (E;,B;) — R be measurable
functions. Set

<1<11nh ) E(h(X1,..., X)),

where h(xy,...,2,) = hy(x1)he(x3)...h,(z,). The equality between the
joint probability law and the product margin probability measures leads
to

E(h(Xl, >Xn)) = /h([lfl, ,Z’n) d]P)(Xl 7777 Xn)(h,(l’l, ,Z’n)

= /h(l’l, ,l’n) d{]P)Xl X ... ®]P)Xn} (1’1, ,l’n)

From there, we apply Fubini’s theorem,

E(h(Xy, ..., X,))

- /Q dIPXl(:cl)/Q2 dIP’X2(x2)/...

APy (2 1) / W1, 20) Py (1)
_ / (o) / Py o) [ @) [ () ba(en) dx, (o)
- /Q 1 hi(z1) dPy, (z1) / ho(22) dPx,(x2).. / P () dPx, (1)

- H/ () dPy, (1) = H/

1<i<n 1<i<n

= ][ E(u(x

1<i<n

This demonstration says that we have independence if and only if
Formula (3.3) holds for all measurable functions h; : (E;,B;) — R
Px,-integrable or simply for all measurable and bounded functions
h; : (F;,B;) — R or for all non-negative measurable functions h;,

ie{l,..,n}.

Let us come back to independence of events.
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3.2. Independence of events.

Independence of events is obtained from independence of random vari-
ables.

(a) Simple case of two events.

We say that two events A € A and B € A are independent if and
only if the random variables 14 and 15 are independent, that is, for all
h; : R — R (i=1,2) non-negative and measurable

(3.6) Ehy (14)he(1) = Ehy (14)Eha(1p)

As a direct consequence, we have for h;(x) = z, that Formula 3.6
implies that

E(141p) = E(lap) = E(14)E(1p),
that is

(3.7) P(AB) = P(A) x P(B).

Now, we are going to prove that (3.7), in its turn, implies (3.6). First,
let us show that (3.7) implies

(3.8) P(A°B) = P(A°) x P(B),

(3.9) P(AB¢) =P(A) x P(B°)

and

(3.10) P(A°B¢) = P(A°) x P(B°).

Assume that (3.7). Since,
B =AB+ A°B,
we have
P(B) =P(AB) + P(A°B) = P(A)P(B) + P(A°B).
Then
P(A°B) =P(B) — P(A)P(B) =P(B)(1 — P(A)) = P(A°)P(B).
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Hence (3.8) holds. And (3.9) is derived in the same manner by ex-
changing the role of A and B. Now, to prove (3.10), remark that

A°B°= (AU B) = (AB°+ A°B + AB)".
Then, we get

P(A°B°) = 1—P(AB)—P(A°B) — P(AB)

Hence (3.10) holds.
Finally, let us show that Formula (3.7) ensures Formula (3.6). Consider

two non-negative and measurable mappings h; : R — R, (i=1,2). We
have

hl(lA) — hl(l)lA —|— hl(o)lAC
and

h2(13> - hg(l)lB -+ hQ(O)ch.
As well, we have

hi(1a)ho(1p) = hi(1)ha(1)1ap + hi(1)ha(0)1ape
b ha(0)ha(1)1aes + b1 (0)ha(0) 1 sepe.

Then, we have
E(h1(14)) = hi(1)P(A) + hi (0)P(A°)

and

E(h2(1p)) = ha(1)P(B) + hao(0)P(B°).

We also have

Ehi(14)h2(15) = hi(1)ho(1)P(A)P(B) + hi(1)he(0)P(A)P(B)
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+h1(0)ha(1)P(A)P(B) + h1(0)h2(0)P(A°)P(B).

By comparing the three last formulas, we indeed obtain that
Ehi(14)ha(1p) = Ehy(14)Ehs(1p).

The previous developments lead to the definition (and theorem).

DEFINITION 4. (Definition-Theorem). The events A and B are
independent if and only if 14 and 1g are independent if and only if

(3.11) P =(AB) = P(A) x P(B).
(b) Case of an arbitrary finite number k£ > 2 of events.

Let us extend this definition to an arbitrary number %k of events and
compare it with the definition (B) in the preliminary remarks of this
section.

Let A;, 1 <i<k,bekevents and h; : R - R, (i =1, ..., k), be k non-
negative and measurable mappings. The events A; are independent if
and only if the mappings 14,, 1 < < k, are independent if and only if
for all measurable finite mappings h;, 1 <1 < k, we have

(3.12) E( [] ni(ta) = J] E(r(1a).

1<i<k 1<i<k

Let us put for each s-tuple of non-negative integers 1 < iy < iy < ... <
i<k 1<s<k,
hi(x) =2, j=1,..,s

and

hi(z) =1 for i & {iy,ia,...,1s}.

Hence, by Formula (3.12), we get for any subset {i; is ..., 9} of {1,2,....,n},
with 2 <k <n

(3.13) P( () 4y =[] P4

1<j<s 1<j<s

This is Definition (B) in the preliminary remarks of this section. By the
way, it is also a generalization of Formula (3.7) for two events ensem-
bles. We may, here again, use straightforward computations similar to
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those done for the case k > 2, to show that Formula 3.13 also implies
Formula 3.12. This leads to the definition below.

DEFINITION 5. (Definition-Theorem) The events A;, 1 < i < k,
are independent if and only if the mappings 14, are independent if and
only if for each s-tuple 1 < i1 < 15 < ... < iy < k, of non-negative
mtegers,

(3.14) IP( N A,-J.) = I ®).

1<j<s 1<j<s

(c¢) An interesting remark.

A useful by-product of Formula (3.12) is that if {A;, 1 <i <n}, isa
collection of independent events, then any elements of any collection of
events {B;, 1 <i <n}, with B, = A, or B; = Af, are also independent.

To see this, it is enough to establish Formula (B). But for any {i; is,..., i }
of {1,2,...,n}, with 2 < k < n, we make take h;,(z) = v if B;, = A;,

or hij(x) = 1 —wif B, = Af for j = 1,...k and h;j(x) = 1 for

i ¢ {iy,...,1;} in Formula 3.12 and use the independence of the A;’s.

We get, for {iyis....,ix} C {1,2,...,n}, with 2 < k <n, that

P( () B,) =[] PB;,). O

1<j<s 1<j<s

3.3. Transformation of independent random variables.
Consider the independent random variables

Xi: (AP — (E,B),

i=1,..,nand g; : (F;, B;) — (F;, F;), n measurable mappings.

Then, the random variables g;(X;) are also independent.

Indeed, if h; : F; — R, 1 < ¢ < n, are measurable and bounded
real-valued mappings, then the h;(g;) are also real-valued bounded and
measurable mappings. Hence, the h;(g;(X;))’s are P-integrable. By
independence of the X;, we get
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1<i<n 1<i<n

and this proves the independence of the h; o g;(X;)’s. We have the
proposition :

PROPOSITION 2. Measurable transformations of independent ran-
dom variables are independent

3.4. Family of independent random variables. .

Consider a family of random variables
Xt (Q,A, IP)) g (Et,Bt), (t c T)

This family {X;, ¢t € T} may be finite, infinite and countable or infi-
nite and non countable. It is said that the random variables of this
family are independent if and only the random variables in any finite
sub-family of the family are independent, that is, for any subfamily
{ti.to, ..., t,} € T, 2 < p < +oo, the mappings Xy, Xy,,..., X, are
independent.

The coherence of this definition will be a consequence of the Kolmgorov
Theorem.

4. Pointcarré and Bonferroni Formulas

Poincarré or Inclusion-exclusion Formula.

In Lo (2017b), we already proved these following formulas for subsets
Ay, o, Ay of Qo >2:

U
W - SNt Y
1<j<n r=2 1<ii<..<tr<n

and
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(4.2)
Card( | ] Aj)= > Card(A)+> (=1)"" >~ Card(A;..Ay).

1<j<n 1<j<n r=2 1<ip<...<t,<n

In the cited book, Formula (4.1) is proved and very similar techniques
may be repeated to have Formula (4.2). The same techniques also lead
the formula

n

3) P 4)= D PA)+Y (-0 > P4 Ay,

1<5<n 1<j<n r=2 1<ii<..<tr<n

if Ay, ..., A, are events.

These three formula are different versions of the Pointcarré’s Formula,
also called Inclusion-Exclusion Formula.

Bonferroni’s Inequality.

Let Ay, ..., A, be measurable subsets of €2, n > 2. Define

a = > P(4))

Q= Oy — Z P(AilAi2)

1<ii<ta<n

Qo = o1+ Z ]P)(A“AZS)

1<in<...<tz<n

o, = OKT_1+(—1)T+1 Z ]P)(A“AZT)

1§i1<---<t'r§n

o, = OKT_l+(—1)n+1P(A1A2A3...An)

Let p = nmod 2, that isn = 2p+ 1+ h, h € {0,1}. We have the
Bonferroni’s inequalities : if n is odd,

Qg1 < P( U An) <ag, k=0,..,p(BFI)

1<j<n
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and if n is even,
Qopt1 < P( U Aj) <ag, k=0,.,p—1. (BF2)
1<j<n

We may easily extend this formula to cardinalities in the following
way. Suppose the A;’s are finite subsets of {2 and one of them at least
is non-empty. Denote by M the cardinality of Qy = |, <j<n An. Hence

P(Q) 2 A— P(A) = %Card(/l),

is a probability measure and the Bonferroni inequalities hold. By mul-
tiplying the formulas by M, we get

Bor+1 < C’ard( U An) <ag, p=0,1,..

1<j<n
where the sequence (fs)o<s<n is defined sequentially by

Bo= Y Card(4;)

1<j<n

and for r > 0,

Br=oa,+ (-1 Y Card(4;,..A,).

1< <..<tr<n

The extension has been made in the case where one of A;’s is non-
empty. To finish, we remark that all inequalities hold as equalities of
null terms if all the sets A;’s are empty.

Remark also that for 0 < s < n, we have
ag= Y PA)+D (-0 > P4, Ay)
1<j<n r=2 1< <. <tr<n

and

S

Bo= > Card(A)+> (=11 Y Card(4;,..Ay).

1<j<n r=2 1<ip <...<tr<n



CHAPTER 2

Random Variables in R?, d > 1

This chapter will focus on the basic important results of Probability
Theory concerning random vectors. Most of the properties exposed
here and relative to discrete real random variables are already given
and proved in the textbook Lo (2017a) of this series. The new features
are the extensions of those results to vectors and the treatment of the
whole thing as applications of the contents of Measure Theory and in-
tegration.

Three important results of Measure Theory and Integration, namely
L? spaces, Lebesgue-stieljes measures and Radon-Nokodym’s Theorem
are extensively used.

First, we will begin with specific results for real random variables.

1. A review of Important Results for Real Random variables

First, let us recall inequalities already established in Measure Theory.
Next, we will introduce the new and important Jensen’s one and give
some of its applications.

Remarkable inequalities.

The first three inequalities are results of Measure Theory and Integra-
tion (See Chapter 10 in Lo (2017b)).

(1) Holder Inequality. Let p > 1 and ¢ > 1 be two conjugated
positive rel numbers, that is, 1/p+ 1/¢g = 1 and let

X,Y: (AP — R

be two random variables X € LP and Y € L?. Then XY is integrable
and we have

31
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[E(XY)[ < X1, < Y]],

where for each p > 1, || X]|, = (inf | X[?)"/7.

(2) Cauchy-Schwartz’s Inequality. For p = ¢ = 2, the Holder
inequality becomes the Cauchy-Schwartz one :

[EXY)] < [1X Iy > []Y]], -

(3) Minskowski’s Inequality. Let p > 1 (including p = +00). If X
and Y are in LP, then we have

X+ YL, < (X, + 1Y), -

(4) C, Inequality. Let p € [1,+oo[. If X and Y are in LP, then for
C, =271 we have

X+ Y5 < GoUIXE + Y115

(5) Jensen’s Inequality.

(a) Statement and proof of the inequality.

PROPOSITION 3. (Jensen’s inequality). Let ¢ be a convex function
defined from a closed interval I of R to R. Let X be a rrv with values
in I such that E(X) is finite. Then E(X) € I and

P(E(X)) < E(o(X)).

Proof. Here, our proof mainly follows the lines of the one in Parthasarathy
(2005).

Suppose that the hypotheses hold with 0 € I and ¢(0) = 0. That
E(X) € I is obvious. First, let us assume that [ is a compact interval,
that is, [ = [a,b], with a and b finite and @ < b. A convex function
has left-hand and right-hand derivatives and then, is continuous (See
Exercise 6 on Doc 03-09 of Chapter 4, page 191). Thus, ¢ is uniformly
continuous on /. For ¢ > 0, there exists § > 0 such that

(1.1) [z =yl <0 =|o(x) —dy) <e.
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We may cover / with a finite number of disjoint intervals E; (1 < j <
k), of diameters not greater than 0. By using the Choice’s Axiom, let
us pick one z; in each Ej. Let p be a une probability measure on /.
We have

o) du— > )| = | Y. [ b@)du— Y é(x;) p(Ey)| (J02)
! 1<j<k 1<j<k” Fi 1<j<k

= o(x) du — ¢(x;) d

< 3 [ lo@) - o)l dn< 3 en(Ey) <=

We also have

/$@r—§:$HK@)

= 21L$W—§:%M@)

! 1<j<k 1<j<k 1<j<k
DN RXED N
1<j<k v Ei 1<j<k v Ei
< 2{: u/~|a:—-xj|dp
1<j<k / E
< Z 6 p(E;) <6
1<j<k

Then, by uniform continuity, we get

(12) ‘cb ([aau) -0 ( 3 xjuwj))

1<j<k

<e.

By applying the convexity of ¢, we have

¢</deu) §a+¢<z x; M(EJ)) <e+ Y olxy) w(Ey).

1<j<k 1<j<k

By applying Formula (J02) to last term of the right-hand side, we have
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o) </Ix du> §25+/1¢(93) dj,

for any € > 0. This implies

(13) ¢<[xwgfgﬁa@dw

Now let I be arbitrary and g be a probability measure on R. Put,
for each n > 1, I, = [a,,b,] with (a,,b,) — (=00, +00) as n — oo
and u(l,) > 0 for large values of n. Let us consider the probability
measures i, on [, defined by

pn(A) = p(A)/ p(ln), A C .

Let us apply the inequality (1.3) to have

du, | < du,,.
cb(/lx u)< Incb(:r) v

But, by the Monotone Convergence Theorem, we get

/z dp = liTm x dp = lim u([n)/ x dpiy,
ntoo Jr I,

ntoo
and

IWMM%#WWM:/W@W-

nfoo
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By using the continuity of ¢, and the the Monotone Convergence The-
orem, and the fact that [ xzdu exists, we conclude by

¢</deu) = Jgrgo¢(/lnz dp)

— lim é(u(l,) / © dpy)

n—o0

— lim G(u(Z) / v dp + (1= (L)) % 0)

n—oo In
< lm u(fm( / xdun)m—uun)) 6(0) (By convexity)
n—oo I7L

IN

Tim (1) ¢ (/I xdun) < lim p(l,) ¢ (/I xdun)

~ tim (L) /1 6(x) dp, (Since 6(0) = 0)

n— o0

- / o) dps. (J03)

The proof above is valid for any probability measure on R. Since X
is integrable, X is a.e. finite and hence the support of Px is a subset
of R. Hence, by applying (J3) to Py, we have the Jensen’s inequality
with the restrictions 0 € I, ¢(0) = 0. We remove them as follows :

If 0 ¢ I, we may enlarge I to contains 0 without any change of the

inequality. If ¢(0) # 0, we may still apply the inequality to the convex
function () = ¢(x) — ¢(0) which satisfies 1 (0) = 0 and get the result.

(b) Some applications of the Jensen’s Inequality.

The following stunning results on LP hold when the measure is a prob-
ability measure. They do not hold in general.

(b1) Ordering the spaces L”.

Let 1 < p < q, p finite but ¢ € [1,400]. Let X € L% Then X € L?
and

XL, < 11X -
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For ¢ = 400, the inequality holds for any finite measure.

Proof. We consider two cases.

Case ¢ finite. Set ¢;(z) = 2P, go(x) = x9. Then the function g, o
gy H(x) = 297 is convex on (0, +00) since its second derivative is non-
negative on (0,+o0c). Let us set X = ¢;'(Y). In order to stay on
(0,4+00), put Z = |X| and take Z = ¢g;*(Y), Y € (0,+00). The
application of Jensen’s Inequality leads to

92097 ((E(Y)) < E(g20 g7 (Y)).

Then we have
97 ((E(Y)) < g5 (E(g2 0 g7 (Y)),

that is
97 {(E(g1(2)) < g5 (B(g2(2)).

This is exactly :
X, < 11, -

Case ¢ = +00. By definition, X € L*> means that the set
{M €0, +oc[, | X|< M, P—a.e}

*is not empty and the infimum of that set is || X||o. But for any
0 < M < 400 such that | X| < M, P-a.e. By taking the power and
integrating, we get that

1/p
(/|X|p dIP’) < M.

By taking the minimum of those values M, we get || X ||, < || X -
Conclusion. If we have two real and finite numbers p and ¢ such that
1 < p < g, we have the following ordering for L” spaces associated to
a probability measure :

L*cLicrrclLh.

(b2) Limit of the sequence of LP-norm.

We have
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X1l 7 [[X[oc as p /7t +00. (LN)

Proof. If || X]||,, = +oo for some p, > 1, the results of Point (b2)
above imply that ||X||oc = +o00 and || X||, = +o0 for all p > py and
the Formula (LN) holds.

Now suppose that ||.X||, < 4+oo for all p > 1. By definition, || X ||« =
+oo0 if the set
{M € [0, 4], |X| <M, P—a.c}

is empty and is its infimum in the either case. In both cases, we
have P(|X| > ¢) > 0 for all ¢ < ||X||o (as a consequence of the
infimum). We get the following inequalities, which first exploit the
relation : | X| < || X||oo, a.e.. Taking the powers in that inequality and
integrating yield, for ¢ < || X||oo,

1/p 1/p 1/p
1 X oo 2</|X|” dIP’) z(/ | X|P dIP’) > C(IP’(|X| > c)) :
(1X[=¢)

By letting first p — +00, we get

¢ <liminf || X||, <limsup || X, < || X|c-
p——+00

p——+o00

By finally letting ¢ 7 || X ||, We get the desired result.

2. Moments of Real Random Variables
(a) Definition of the moments.
The moments play a significant role in Probability Theory and in Sta-
tistical estimation. In the sequel, X and Y are two rv’s, X, Xs, ...

and Y7, Ys are finite sequences of rrv’s, aq, s, ... and B, [y are finite
sequences of real numbers.

Let us define the following parameters, whenever the concerned expres-
sions make sense.

(al) Non centered moments of order k£ > 1 :
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miy(X) = E|X[",

which always exists as the integral of a non-negative random variable.

(a2) Centered Moment of order k > 1.
pn(X) = B|X —mi|",

which is defined if If m;(X) = EX exists and is finite.

(b) Focus on the centered moment of order 2.
(b1) Definition.

If EX exists and is finite, the centered moment of second order
2
() =B (X ~B(1))

is called the variance of X. Throughout the textbook, we will use the
notations

pa(X) =: Var(X) =: o%.

The number ox = Var(X)'? is called the standard deviation of X.

(b2) Covariance between X and Y.

If EX and EY exist and are finite, we may define the covariance be-
tween X and Y by

Cou(X,Y) = E((X ~E(X))((Y — IE(Y))) .

Warning. [t is important to know that the expectation operator is
used in the Measure Theory and Integration frame, that is, Eh(X)
exists and is finite if and only if E|h(X)| is finite. Later, when using
Radon-Nikodym derivatives and replacing Lebesgue integrals by Rie-
mann integrals, one should always remember this fact.
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Warning. From now on, we implicitly assume the existence and the
finiteness of the first moments of the concerned real random variables
when using the variance or the covariance.

(b3) Expansions of the variance and covariance.

By expanding the formulas of the variance and the covariance and by
using the linearity of the integral, we get, whenever the expressions
make sense, that

Var(X) = E(X?) — E(X)?,

(In other words, the variance is the difference between the non centered
moment of order 2 and the square of the expectation), and

Cov(X,Y) = E(XY) — E(X)E(Y).

(b4) Two basic inequalities based on the expectation and the
variance.

The two first moments, when they exist, are basic tools in Statistical
estimation. In turn, two famous inequalities are based on them. The
first is the :

Markov’s inequality : For any random variable X, we have for any
A>0

E|X
P(x| > ) < AL

(See Exercise 6 in Doc 05-02 in Chapter 6 in Lo (2017b)). Next we
have the :

Tchebychev’s inequality : If X —E(X) is defined a.e., then for any
A >0,
Var(X)

A2

PX —E(X)[>)) <

This inequality is derived by applying the Markov’s inequality to | X —
E(X)| and by remarking that (] X —E(X)| > \) = (X —E(X))? > \?),
for any A > 0.
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(c) Remarkable properties on variances and covariances.
Whenever the expressions make sense, we have the following properties.
(P1) Var(X) = 0 if and only if X = (X) a.s.

(P2) For all A > 0, Var(AX) = \?*Var(X)

(P3) We have

Var( Z a; X;) = Z Var(X;)a; —|—2ZCOU 5 Yoo

1<i<k 1<i<k i<j
(P4) We also have

(Cov( Z a; X;), Z BiY;) Z Z Cov(X;,Y;) ;.

1<i<k 1<i<e 1<i<k 1<5<¢8

(P5)] If X and Y are independent, then Cov(X,Y) = 0.

(P6) Si Xj, ..., Xj are pairwise independent, then

Var( Z a; X;) = Z Var(X;)a

1<i<k 1<i<k

(PT7) If none of ox and oy is null, then the coefficient

is called the linear correlation coefficient between X and Y and satisfies

lpxy| < 1.

Proofs or comments. Most of these formulas are proved in the text-
book Lo (2017a) of this series. Nevertheless we are going to make
comments of the proofs at the light of Measure Theory and Integration
and prove some of them.

(P1) We suppose that E(X) exists and is finite. We have Y = (X —
E(X))*> > 0 and Var(X) = EY. Hence, Var(X) = 0 if and only if
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Y =0ace

(P2) This is a direct application of the linearity of the integral as re-
called in Theorem 1. []

(P3) This formula uses (P2) and the following the identity :
2
(Zo) =Y @Y us
1<i<k 1<i<k i<j
where a;, 1 < ¢ < k, are real and finite numbers. Developing the
variance and applying this alongside the linearity of the mathematical

expectation together lead to the result. [

(P4) This formula uses the following identity

(E(E9) S5

1<i<k 1<4<0 1<i<k 1<5<0

where the a;, 1 < i < k, and the b;, 1 < ¢ < /¢, are real and finite
numbers. By developing the covariance and applying this alongside
the linearity of the mathematical expectation lead to the result. [

(P5) Suppose that X and Y are independent. Since X and Y are real

random variables, Theorem 3.3 implies that : E(XY) = E(X)E(Y) by.
Hence, by Point (b3) above, we get

Cov(X,Y)=E(XY) —E(X)E(Y) = E(X)E(Y) — E(X)E(Y) = 0.0

(P6) If the X;’s are pairwise independent, the covariances in the for-
mula in (P3) vanish and we have the desired result. [J

(P7) By applying the Cauchy-Schwartz inequality to X —E(X) and to
Y — E(Y), that is the H6lder inequality for p = ¢ = 2, we get

|Cov(X,Y)| < oxoy.

If none of ox and oy is zero, we get |pxy| < 1. O
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3. Cumulative distribution functions

An important question in Probability Theory is to have parameters or
functions which characterize probability laws. In Mathematical Statis-
tics, these characteristics may be used in statistical tests. For example,
if X is a real value random variable having finite moments of all orders,
that is : for all & > 1, E|X|* < 4+o00. Does the sequence (E|X|*)z>
characterize the probability law Px? This problem, named after the
moment problem, will be addressed in a coming book.

The first determining function comes from the Lebesgue-Stieljes mea-
sure studied in Chapter 11 in Lo (2017b). We will use the results of
that chapter without any further recall.

(a) The cumulative distribution function of a real-random
variable.

Let X : (€, 4,P) — R be a random real-valued random variable. Its
probability law Py satisfies :

Ve € R, Px(] — 00, 2]) < +o0.
Hence, the function
R 3>z Fx(z) =Px(] — o0, 2]),

is a distribution function and Px is the unique probability-measure
such that

V(a,b) € R? such that a < b, Px(Ja,b]) = Fx(b) — Fx(a).

Before we go further, let us give a more convenient form of Fx by
writing for any = € R,

Fx(z) = Px(]—o00,2]) = P(X7}(] — 00,2]))
= P{weQ, X(w) <)) =P(X <a).

Now, we may summarize the results of the Lebesgue-Stieljes measure
in the context of probability Theory.
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Definition. For any real-valued random variable X : (Q, A, P) — R,
the function defined by

R 3 Fx(z) =P(X < x),
is called the cumulative distribution (cdf) function of X.
It has the two sets of important properties.
(b) Properties of F.

(1) It assigns non-negative lengths to intervals, that is
V(a,b) € R?* such that a < b, Ay,F = Fx(b) — Fx(a) > 0.

(2) It is right-continuous at any point ¢ € R.
(3) F(—00) =lim, o F'(z) =0 and F(+00) = lim,, 1 F(z) = 1.

Warning. Point (1) means, in the case of one-dimension, that Fy is
non-decreasing. So, it happens that the two notions of non-negativity of
lengths by F' and non-drecreasingness of F' coincide in dimension one.
However, we will see that this is not the case in higher dimensions, and
that non-decreasingness is not enough to have a cdf.

(c) Characterization.

The cdf is a characteristic function of the probability law of a random
variable with values in R from the following fact, as seen Chapter 11
in Lo (2017b) of this series :

There exists a one-to-one correspondence between the class of Proba-

bility Lebesque-Stieljes measures Pr on R and the class of cfd’s Fp on
R according the relations

(Vm eR, Fp(zx) = P(]—oo,x])), (V(a, b) € R), a <b, Pp(la,b]) = Aa,bF)

The cdf is a characteristic function of the probability law of random
variables. The means that two random real variable X and Y with the
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same distribution function have the same probability law.

(d) How Can we Define a Random Variable Associated to a

Cdf.
Let us transform the properties in Point (b) into a definition.

(d1) Definition. A function F': R — [0,1] is cdf if and only if con-
ditions (1), (2) and (3) of Point (b) above are fulfilled.

Once we know that F'is (cdf), can you produce a random variable
X 1 (Q,A,P) — R such that F'y = X7 meaning : can we construct a

probability space (€2, .4, P) holding a random variable such that for all
reR, Flz)=P(X <x)?

This is the simplest form the Kolmogorov construction. A solution is
the following.

(d2) A Simple form of Kolmogorov construction.

Since F'is a cdf, we may define the Lebesgue-Stieljes measure P on
(R, B(R) defined by

P(ly,z]) = Ay F = F(z) — F(y), —oo <y <x<-+oo. (LS11)

By Conditions (3) in the definition of a cdf in Point (b) above, P is
normed and hence, is a probability measure. By letting y | —o0 in
(LS1), we get

Ve € R), F(z) =P(] — o0,x]). (LS12)
Now take Q2 =R, A= B(R) and let X : (2, A,P) — R be the identity
function

Vw € 2, X(w) =w.

It is clear that X is a random variable and we have for x € R, we have

Fx(z) = PH{weR, X(w)<zx})
= PH{weR, w<x})
= B(| - o0,2) = F(a),
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where we used (L.S12). We conclude the X admits F' as a cdf.

Warning. This construction may be very abstract at a first reading.
If you feel confused with it, we may skip it and wait a further reading
to catch it.

(e) Decomposition of cdf in discrete and continuous parts.

Let F be a cdf on R and let us denote by Pr the associated Lebesgue-
measure. We already know from Measure Theory that : = € R is a
continuity point of F' if and only if

Pr({z}) = F(z) = F(x - 0) =0, (CC)

where for each z € R

F(x—l—)EF(:BjLO):}lLi{‘%F(x—I—h)

and

F(:L’—)EF(x—O):flLi{‘r(l]F(x—l—h)

are the right-limit hand and the the left-limit hand of F'(o) at x, when-
ever they exist. In the present case, they do because of the monotonic-
ity of F.

So, a cdf is continuous if and only if Formula (CC) holds for each
x € R. In the general case, we are able to decompose the cdf into two
non-negative distributions functions F,. and Fj, where F, is continuous
and Fj is discrete in a sense we will define. As a reminder, a distri-
bution function (df) on R is a function satisfying only Conditions (1)
and (2) in Point (b) above.

Let us define a discrete df F; on R as a function such that there exists

a countable number of distinct real numbers D = {z;, j € J}, J CN
and a family of finite and positive real numbers (p;);cs such that

Vo €R,Fy(z) = Y  p; <-+oo. (DDF1)

zj<z,jeJ

Let v be the discrete measure D defined by
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Y(y, ) € R?such that y < z,v(]y, z]) = Z p; < +oo. (DDF?2)

zj€ly,x],j€J

By combining (DDF1) and (DDF2), we see thatFy a discrete df is a df
of a counting measure which is finite on bounded above intervals. It
follows that for each j € J,

v({z;}) = Fu(z;) — Fa(x; — 0) = p; > 0.

This implies that a discrete df is never continuous at all points. We
still may call D the support of Fj; by extension of the support of v.

We know that F', as a non-decreasing function, has at most a count-
able number of discontinuity points. Let us denote the set of those
discontinuity points by D = {z;, j € J}, J C N and put p; =
F(xzj) — F(x; —0) > 0. Going Back to Measure Theory (see Solu-
tion of Exercise 1, Doc 03-06, Chapter 4 in Lo (2017b) of this series),
we have that

Y(y, ) € R?such that y < =, Z F(z;)—F(x;—0) < F(z)—F(y).

By letting y | —oo, we have

Vo €R, Fy(z) = Y p; < F(z) < +oo.

z;<z,jeJ

Besides, the set discontinuity points of F}; is D since discontinuity points
x of Fy must satisfy v({z}) > 0.

Next, let us define F, = F' — Fj. It is clear that F, is right-continuous
and non-negative. Let us prove that F. is continuous. By the devel-
opments above, F,. is continuous outside D and for each j € J, we
have

Fo(zj) — Fe(x; = 0) = <F($j) — F(z; - 0)) - (Fd(%‘) — Fy(x; — 0))

= pj—p; =0
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It remains to show F is a df by establishing that : it assigns to intervals
non-negative lengths. For each x € R, h > 0, we have

Ag il = (F(:)s +h) — F(:)s)) - <Fd(x +h) — Fd(x)) .

But, by definition Fy(z + h) — Fy(x) is the sum of the jumps of F'
at discontinuity points in |z, z 4+ h]. We already know (otherwise,
get help from a simple drawing) that this sum of jumps is less than
F(x 4+ h+0) — F(x) which is F'(z + h) — F(x) by right-continuity of
F. Hence for all z € R, for all h > 0, A, ;1 F. > 0. In total, F' is a df.

We get the desired decomposition : F' = F, + F,;. Suppose that we
have another alike decomposition F' = F + F);. Since the functions
are bounded, we get F, — F = I} — F,;. Let us denote by D and D*
and by p, and p’ the supports and the discontinuity jumps (at x) of
F; and F respectively.

If the supports are not equal, thus for x € DAD*, F; — Fj is discon-
tinuous at x.

If D = D* and p, # pi, the discontinuity jump of F; — F; at x is
Py — Pz > 0.

Since none of the two last conclusions is acceptable, we get that the
equation F, — F = F] — I, implies that F; and F,; have the same
support and the same discontinuity jumps, and hence are equal and
then so are I} and F.

We get the following important result.

Proposition. A cdf F is decomposable into the addition of two non-
negative distribution functions (df) F,. and Fy, where F, is continuous
and Fj is discrete and F,(—o0) = Fy(—o00) = 0. The decomposition is
unique.

Warning. Such a result is still true for a df but the condition F,.(—oc0) =
Fy4(—o00) = 0 is not necessarily true.
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NB. We did not yet treat the probability density existence and its use
for real random variables. This will be done in the next section which
is concerned with random vectors.

4. Random variables on ﬁd or Random Vectors

(a) Introduction.

Random vectors are generalizations of real random variables. A random
vector of dimension d > 1 is a random variable

X (Q,A,P) > (R, B (RY.

with values in @d.

Important Remarks. In general, it is possible to have (Ed, Boo (@d>)

as the set of values of random vectors, especially when we are concerned
with general probability laws. But, the most common tools which are
used for the study of random vectors such as the cumulative random
vectors, the characteristic functions, the absolute probability density
function are used for finite component random vectors with values in

(R?, B(RY).

Throughout this section, we use a random vector with d components
as follows. Let

Xy
Xo
Xi1
Xq

From Measure Theory, we know that X is a random variable if and
only if each X;, 1 <17 < d, is a real random variable.

If d =1, the random vector becomes a real random variable, abbrevi-
ated (rrv).

Notation. To save space, we will rather use the transpose opera-
tor and write X' = (X1, Xo,--+, Xy) or X = (X1, Xy, -+, Xg)". Let
(Y1,Ys, -+, Xy)" another be d-random vector and two other random
vectors (Zy, Zo, -+, Z,)" and (11, Ty, - -+, Ts)" of dimensions r > 1 and
s > 1, all of them being defined on (92, .4, P).
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Matrix Notation. To prepare computations on the matrices, let us
denote any real matrix A of r > 1 lines and s > 1 columns in the form
A = (a;j)1<i<r, 1<j<s, Where the lowercase letter a is used to denote the
elements of the matrix whose name is the uppercase letter A. As well,
we will use the notation (A);; = a;;, 1 <i<r, 1 <j<s.

A matrix of r lines and s columns is called a (r X s)-matrix, a square
matrix with r lines and r columns is a r-matrix and a vector of r com-
ponents is a d-vector.

The s columns of a matrix A are elements of R” and are denoted by
Al A2 ... A%, The r lines of the matrix A are (1 x s)-matrices denoted
Ay, .. A, that is A%, ... A belong to R®.

So, for 1 < j < s, A = (ayj, a9, - ,a.)" and for 1 < ¢ < r,
A = (ailaai27"' 7ais>-

We also have A = [A', A%, ., A% and A" = [A} AL, .. Al).

Introduce the scalar product in R?® in the following way. Let x and y
be two elements R® with 2! = (21, ,zs) and y* = (y1,- -+, ys).

We define the scalar product < z,y > of  and y as the matrix product
of the (1 x s)-matrix z' by the (s x 1)-matrix y which results in the
real number

<zy>=2y=> zy:.

i=1

With the above notation, the matrix operations may be written in the
following way:.

If (1) Sum of matrices of same dimensions. If A = (a;;)1<i<r, 1<j<s and
B = (bij)1<i<r, 1<j<s are two (r x s)-matrix, then A+ B is the (r x s)-
matrix : A+B = (a,ij—l—bij)lgign 1<j<s; that is : (A—FB)Z] = (A)Z]—I—(B)U
for1<i<r 1<j<s.

If (2) Multiplication by a scalar. If X\ is a real number and if A =
(aij)lgign 1<5<s) then >\A is the (TX s)—matrix : )\A = ()\aij)lgigr, 1<j<s»
that is (>\A>U = A(A)ZJ for 1 < 1 < T, 1 < j < s.
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e i Sty ) >

such that the number of columns of A (the first matrix) is equal to the
number of lines of B (the second of the second matrix), the product
matrix AB is a (r, ¢)-matrix defined by

B i

that is, for 1 <i<r, 1 <5 <g,

d
(AB)i; = (AiB7) = agby;. (MP2)
k=1

(b) Variance-covariance and Covariance Matrices.

(b1) Definition of Variance-covariance and Covariance Matrices.

We suppose that the components of our random vectors have finite
second moments. We may define

(i) the mathematical expectation vector E(X) of X € R? by the
vector

E(X)" = (E(X1),E(X2), -, E(Xy)),

(ii) the covariance matrix Cov(X,Y) between X € R? and Z € R"
by the (d x r)-matrix

Coo(X, V) = Sy = E((X ~E(X)(Z - E(Z»t),
in an other notation

Cov(X,V) = Sy (E<Xz- _E(X))(Z - E(Zm) ,

1<i<d, 1<j<r

(iii) the variance-covariance matrix Var(Y) of X € R? by the
(d x d)-matrix
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Var(X) = Sy = E((X —EX))(X - E(X))t)

_ (E(Xi — E(X)E(X; - E<Xj”) -

=>J =W x>

Let us explain more the second definition. The matrix
(X —E(X))(Z -E(2))

is the product of the (d x 1)-matrix X — E(X), with
(X —EWX))" = (X1 —E(X1), Xz = E(Xa), -, Xa — E(Xy)),

by the (1 x r)-matrix with
(Z —E(2)) = (Z, —E(Z1), Zy — E(Zs),--- , X, —E(Z,)).
The (ij)-element of the product matrix, for 1 <i<d, 1 <j <r, is
(Xi — E(X:)(Z; — E(Z))).

By taking the mathematical expectations of those elements, we get the
matrix of covariances

Cov(X,Y) = ((Cov(Xz-, Yj>)

1<i<d, 1<j<r

For X = Z (and then d = r), we have

Var(X) = Cou(X, X) = (COU(X,-, Xj))

1<i<d, 1<j<d

We have the following properties.

(b2) Properties.

Before we state the properties, it is useful to recall that linear mappings
from R? to R" are of the form

RY> X — AX € R,
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where A is a (r X d)-matrix of real scalars. Such mappings are continu-
ous (uniformly continuous, actually) and then measurable with respect
to the usual o-algebras on R? and R?.
Here are the main properties of the defined parameters.
(P1) For any \ € R,

E(AX) = AE(X).

(P2) For two random vectors X and Y of the same dimension d, AX €
RP and

E(X+Y)=EX)+E(Y).
(P3) For any (p x d)-matrix A and any d-random vector X,
E(AX) = AE(X) € R”.

(P4) For any d-random vector X and any s-random vector Z,
Cov(X,Z) =Cov(Z, X)".

(P5) For any (p x d)-matrix A, any (¢ X s)-matrix B, any d-random
vector X and any s-random vector Z,

Cov(AX,BZ) = ACov(X, Z)B",

which is a (p, ¢)-matrix.

Proofs.

We are just going to give the proof of (P3) and (P4) to show how work
the computations here.

Proof of (P3). The i-th element of the column vector AX of RP, for
1<e<p,is

1<j<d

and its real mathematical expectation, is
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B(AX), = 3 ayB(X;).

1<j<d

But the right-hand member is, for 1 < ¢ < p, the i-th element of
the column vector AE(X). Since E(AX) and AE(X) have the same
components, we get

E(AX) = AE(X). O
Proof of (P5). We have

Cov(AX, BZ) = P ((AX — E(AX))(BZ — E(BZ))!) . (COV1)

By (P5), we have
(AX —E(AX))(BX - E(BZ)) = A(X -E(X))(B(Z-E(2)

- A((X “E(X))(Z - E(Z))t) B,

Let us denote C' = (X —E(X))(Z —E(Z))". We already know that

=(<Xi _E(X))(Z - E(Zm), (i,7) € {1, ).

Let us fix (i,5) € {1,....,p} x {1,...,q}. The ij-element of the (p,q)-
matrix ACB! is

(ACB");; = (AC);(B"Y.

But the elements of i-th line of AC are {A;C*, A,C?, ..., A;CP} and the
column (B')? contains the elements of the j-th line of B, that is b;,
bjg, ...,bjs. We get
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dcmyy = 3 (wey) ()

1<k legs

= > (AiC’f) bk

1<k <s

= > > an(Xn — E(X,))(Zk — B(Z))bji. (COV2)

1<k <s1<p <p

Hence, by applying Formula (COV1), the ij-element of Cov(AX, BZ)
is

E((AC’Bt)ij) = > Y anCou(Xy, Zi)bj. (COV3)

1<k <s1<p <p

Actually we have proved that for any (p x d)-matrix A, for any (d x s)-
matrix and for any (¢x)-matrix, the ij-element of AC'B' is given by

Z Z aihchkbjk. (ACBT)

1<k <sl1<p <p
When applying this to Formula (COV2), we surely have that
Cov(AX,BZ) = ACou(X, Z)B".
(b3) Focus on the Variance-covariance matrix.
(P6) Let A be a (p x d)-matrix and X be a d-random vector. We have
Yax = AXx AL

(P7) The Variance-covariance matrix Yy of X € R? is a positive matrix
as a quadratic form, that is :

Vu € RY, uSxu’ > 0.
If Y x is invertible, then it is definite-positive that is

Vu € R\ {0}, uXyu’ > 0.
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(P8) X x is symmetrical and there exists an orthogonal d-matrix 7" such
that TYXxT" is a diagonal matrix

TUth = diag(él, 52, ceey 5d)>

with non-negative eigen-values 6; > 0, 1 < j < d. Besides we have the
following facts :

(P8a) The columns of T" are eigen-vectors of ¥y respectively associated
the eigen-values ¢; > 0, 1 < j < d respectively.

(P8b) The columns, as well as the lines, of 7" form an orthonormal
basis of RY.

(P8c) T-'=T.

(P8d) The number of positive eigen-values is the rank of ¥x and X
is invertible if and only all the eigen-values are positive.

(P8e) The determinant of ¥y is given by

d
x| = det(Sx) =[] 6.

J=1

Proofs. Property (P6) is a consequence of (P5) for A = B. Formula
(P8) and its elements are simple reminders of Linear algebra and diago-
nalization of symmetrical matrices. The needed reminders are gathered
in Subsection 2 in Section 10. The only point to show is (P7). And by
(P5), we have for any u € R?

uSyu! = ul ((X ~E(X))(X — E(X))t) ut

- E <u(X ~E(X))(X — E(X))tut)

But w(X — E(X))(X — E(X))"u! :<u(X — IE(X)) <u(X — IE(X))) :
Since u(X — E(X)) is d-vector, we have
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(w0x ~ B0 (uix - E(X)))t — (X —E(X)| > 0.
Hence uoxu! > 0. R

(c) Cumulative Distribution Functions.

The presentation of cdf’s on R? follows that lines we already used for
cdf’s on R. But the notations are heavier.

Let us recall the notion of volume we already introduced in Chapter
11 in Lo (2017h).

(c1) Notion of Volume of cuboids by F.

Simple case. Let us begin by the case d = 2. Consider a rectangle
2
]CL, b] :]ah bl] X]CEQ, b2] == H]aiv bl]7
i=1
for a = (a1, as) < b= (by,bs) meaning a; < b;, 1 <i < 2. The volume
of ]a,b] by F' is denoted

AF(G, b) = F(bl, bg) — F(bl,a,g) — F(al,bg) + F(al,ag).

Remark. In the sequel we will use both notations A, ,F and AF(a,b)
equivalently. The function AF'(a,b) is obtained according to the fol-
lowing rule :

Rule of forming AF(a,b). First consider F'(by,by) the value of the
distribution function at the right endpoint b = (b1, by) of the interval
la,b]. Next proceed to the replacements of each b; by a; by replacing
exactly one of them, next two of them etc., and add each value of F' at
the formed points, with a sign plus (+) if the number of replacements
is even and with a sign minus (—) if the number of replacements is odd.

We also may use a compact formula. Let ¢ = (g1,e9) € {0,1}%. We
have four elements in {0,1}* : (0,0), (1,0), (0,1), (1,1). Consider a
particular ¢, = 0 or 1, we have
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bi—l—&'(ai—bi):{ai 'li; =1

So, in
F(bl —+ 81(@1 — bl), bl -+ 82(@2 — bg)),

the number of replacements of the b;’s by the corresponding a; is the

number of the coordinates of € = (g1, £9) which are equal to the unity
1. Clearly, the number of replacements is

s(e) =e1+eg = Zel

We way rephrase the Rule of forming AF'(a,b) into this formula
AF(a,b) = Y (=1)"OF (b +ei(ar — by), by + £2(az — by)).

e=(e1,e2)€{0,1}

We may be more compact by defining the product of vectors as the
vector of the products of coordinates as

(z,y) % (X,Y) = (21 X1, ..., yaYa), d = 2.

The formula becomes

AF(a,b) = Y (—1)®F(b+ex(a—1)).

ee{0,1}

Once the procedure is understood for d = 2, we may proceed to the
general case.

General case, d > 1.

Let a = (a1, ...,aq) < b= (by,...,by) two points of R?. The volume of
the cuboid

by F', is defined by
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AF(a,b) = > (—1)* O F (b +e1(a1—by), ..., ba+er(ag—ba))

or
AF(a,b) = Y (=1)OF(b+ex* (a—1)).
e€{0,1}¢

Similarly to the case d = 2, we have the

General rule of forming AF(a,b). AF(a,b) in formed as follows.
First consider F'(by,bs,...,bq) the value of I at right endpoint b =
(b1, ba, ..., bg) of the interval Ja,b]. Next proceed to the replacement of
each b; by a; by replacing exactly one of them, next two of them etc.,
and add the each value of F' at these points with a sign plus (+) if

the number of replacements is even and with a sign minus (—) if the
number of replacements is odd.

(c2) Cumulative Distribution Function.
In this part, we study finite components vectors.

Definition. For any real-valued random variable X : (€, A, P) — R,
the function defined by

RY> 2z Fy(z) = P(X < z),

where 2! = (21, ..., 74) and
d

FX(xla "'axd) - IP)(‘le < xlaXQ < T, "'aXd < xd) = IP)X(H]_OOa xz]) .
i=1

is called the cumulative distribution (cdf) function of X.

It has the two sets of important properties.

Properties of Fx.

(1) It assigns non-negative volumes to cuboids, that is
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V(a,b) € (RM)? such that a < b, A,y F > 0.
(2) It is right-continuous at any point ¢t € R?, that is,
Fx (t™) | Fu(t)

as
™ ) e W1<i<d ™ |t

(3) Fx satisfies the limit conditions :

Condition (3-i)
lim Fx(tl,...,tk) =0

3i,1<i<k,t;——o00
and Condition(3-ii)

lim Fx(tl,...,tk) =1.
Vi,1<i<k,t;—+o0

As we did in one dimension, we have :
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Definition. A function F' : R? — [0, 1] is cdf if and only if Conditions

(1), (2) and (3) above hold.

(c3) Characterization.

The cdf is a characteristic function of the probability law of random
variables of R? from the following fact, as seen in Chapter 11 in Lo

(2017b) of this series :

There exists a one-to-one correspondence between the class of Probabil-
ity Lebesque-Stieljes measures Pr on RY and the class of cfd’s Fp on

R? according the relations

Vo €RY Fo(z) = (] — 00, ])

and

V(a,b) € (RY), a<b, Pp(la,b]) = A,,F.
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This implies that two d-random vectors X and Y having the same dis-
tribution function have the same probability law.

(c4) Joint cdf’s and marginal cdf’s.

Let us begin by the sample case where d = 2. Let X : (Q, A, P) — R?
be a random coupe, with X* = (X7, X3). We have,

(X1 <2) = X{'(—o0,a]) = X7'(] — 00,2]) N XT(] — 00, +0])
= lim X;'(] - o0, 2]) N X5 —00,y]) = lim (X; <2, Xy <)
yT+oo yT+oo
and by applying the Monotone Convergence Theorem, we have

Vi € R, Fx,(z) = P(X:<z)

= lim P(X; <z,X, <y)= lim F, ,
P s 3 X S y) = o Foax (@)

We write, for each x € R,

FX1 (I) = F(X17X2)(I7 _'_OO)'

The same thing could be done for the X5. We may now introduce the
following terminology.

Definition. F|x, x,) is called the joint cdf of the ordered pair (X, X5).
Fx, and Fl, are called the marginal cfd’s of the couple. The marginal
cdf’s may be computed directly but they also may be derived from the
joint cdf by

Fx (71) = Fix, xy)(71, +00) and Flx, (x2) = Fix, x,)(+00,72), (z1,72) € R?.

The extension to higher dimensions is straightforward. Let X : (Q, A, P) —
R? be a random vector with X! = (X, ..., X,).

(i) Each marginal cdf Fx,, 1 < i < d, is obtained from the joint cdf
FX = F(X1 _____ Xq) by

i—th argument
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or

Fx (x;) = lim F, X1, ..., xq), T; € R.
(@)= o Am 2 1+00) (X1 X0) (@15 )

(ii) Let (Xj,,..., X;,)" be a sub-vector of X with 1 <r <d, 1 <4y <
iy < ... <1,). Denote I = {iy,...,i,}, the marginal cfd of (X, ..., X;,)
is given by

F(Xz‘l,---,Xir) (l’il, ---71%) = lim F(Xl,...,Xd)(xla ceey :L’d), (l’il, ceey ZL’,'T,) - Rr.

Vie{l,...,d}\I, zjT+oco

(iii) Let XM = (X;,..., X,)" and X® = (X,,1,..., X3)! be two sub-
vectors which partition X into consecutive blocs. The marginal cdf’s
of XM and X are respectively given by

Fyow(z) = Fix,,..x,) | z,+00, ..., 400 | , 2 € R’
N—_— —
(d—r) times
and

Fyo(y) = Fix,..xp) | +oo,...,+0,y |, y € R4,

r times

After this series of notation, we have this important theorem concerning
a new characterization of the independence.

THEOREM 3. Let X : (2, A, P) — R be a random vector. Let us
adopt the notation above. The following equivalences hold.

(i) The margins X;, 1 <1i < d are independent if and only if the joint
cdf of X is factorized in the following way :

d
Y(z1,....7a) €RY, Fix,..xp(@1, .. 7a) = [ [ Fx,(2:). (FLMO1)

J=1

(i) The two marginal vectors XM and X are independent if and only
if the joint cdf of X is factorized in the following way : for (z™M), 2?) €
R?, we have
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Fixy.xp (@ 29) = Fyo) (2W) Fye (2®). (FLMO02)

Proof. This important characterization follows as a simple result of
Measure Theory and Integration. The proof of the two points are very
similar. So, we only give the proof of the first one.

Suppose that the components of X are independent. By Theorem 9 in
Section 3 in Chapter 1, we have for any (21, ..., 74) € R%,

d
F(X1 ,,,,, Xd)(l’l, ...,(L’d) = P(Xl S xy, ...,Xd S xd) = E(H 1]—oo,xj}(Xj))
j=1

_ ﬁlE(h_m,xﬂ(Xj)) _ 15[1ij<9:3->.

Conversely, if Formula (FLMO01) holds, the Factorization Formula (FACT02)
in Part (10.03) in Doc 10-01 in Chapter 11 in Lo (2017b) of this series,
we have : for any a = (ay, ...,ax) < b= (by, ..., bg),

AosFx = ] (Fx.(b:) = Fx, ().

1<i<k

By using the Lebesgue-Stieljes measures and exploiting the product
measure properties, we have for any (a,b) € R?, a <,

Pr(at]) = T] Px(anb]) =(®;Ll Pxi)qa, B).

1<i<k

So the probability measures Py and ®?:11P x, coincide on the m-system

of rectangles of the form ]a, b] which generates B(R?). Hence they sim-
ply coincide. Thus the components of X are independent.

One handles the second point similarly by using Formula (FACTO05)
in the referred book at the same part, in the same document and the
same section.

(c5) How Can we Define a Random Variable Associated to a

Cdf.
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As on R, the Kolmogorov construction on R%, d > 2, is easy to perform.

For any cdf F on R? we may define the Lebesgue-Stieljes measure P
on (Rd, B (Rd) defined by

P(ly,z]) = Ay F, (y.2) € (RY)? y < 2. (LS21)

Now take Q = RY, A = B(R?) and let X : (2, 4,P) — R? be the
identity function

Yw e Q, X(w) =w.

Thus we have :

Vo € RY, F(z) = P(] — 00, 2]). (LS22)

Particular case. In may situations, the above construction is stated
as following : let n > 1 and Fy, Fy, ..., F,, be n cdf’s respectively
defined on R%, d; > 1. Can we construct a probability space (€, A, P)
holding n independent random vectors Xy, ..., X,, such that for any
1<i<n, Fx, =F,.

The answer is yes. It suffices to apply the current result to the cdf F
defined on R?, with d = d; + ... + d,, and defined as follows :

d d
V(@1 oz) [[RY, Fay, . za) = [ [ Fi(a).
j=1 j=

Using Formula (FACTO05) in Part (10.03) in Doc 10-01 in Chapter 11
in Lo (2017b) of this series, we see that F' is a cdf. We may consider
the identity function on R? as above, form X; by taking the first d;
components, X5 by the next dy components, ..., Xy by the last d,, com-

ponents. These subvectors are independent and respectively have the
cdf’s Fi, ..., F,.
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5. Probability Laws and Probability Density Functions of

Random vectors

Throughout this section we deal with random vectors, like the d-random
vector (d > 1)

X1 (Q,AP) = (R, Bo(RY),

with Xt = (Xl,Xg, s ,Xd).

A- Classification of Random vectors.
(a) Discrete Probability Laws.

Definition. The random variable X is Eaid to be discrete if it takes at
most a countable number of values in R denoted Vx = {29, j € J},

0 +#JCN.

NB. On R, we denote the values taken by such a random variable by
sub-scripted sequences z;, j € J. In R? d > 2, we use super-scripted
sequences in the form zU), j € J, to avoid confusions with notation of
components or powers.

Next, we give a set of facts from which we will make a conclusion on
how to work with such random variables.

We already know from Measure Theory that X is measurable (Se Chap-
ter 4, Doc 08-03, Criterion 4) if and only if

VieJ (X =a2D)e A
Besides, we have for any B € B, (Ed),

(XeB)= > (X=2z9) (DDo1)

jeJx(ieB
Now, we clearly have

> P(X =2Y) =1 (DD02)

jed

From (DDO01), the probability law Py of X is given by
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jedx@eB
for any B € By (@d). Let us denote the function defined on Vx by
Vx € z = fx(z) =Px({z}) = P(X = 2W).

Next, let us consider the counting measure v on R? with support Vy.
Formulas (DD02) and (DD03) imply that

/fX dv = 1. (RDO1)

and for any B € By, (@d), we have

/B dPy = /B fx dv. (RD02)

We conclude that fx is the Radon-Nikodym derivative of Py with
respect to the o-finite measure v. Formula (RD02) may be written in
the form

/ hdPy = / hfx dv. (RDO3)

where h = 1g. By using the four steps method of the integral con-
struction, Formula (RD03) becomes valid whenever Eh(X) = [ h dPx
make senses.

We may conclude as follows.

Discrete Probability Laws.

If X is discrete, that is, it takes a countable number of values in R’
denoted Vx = {zV),j € J}, its probability law Py is also said to be

discrete. It has a probability density function pdf with respect to the
counting measure on R? supported by Vx and defined by

fx(x) =P(X =2), 2 € R,

which satisfies
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fx(@W) =P(X = 2Y) for j € J and fy(x) =0 for z ¢ Vx.
As a general rule, integrating any measurable function A : By, (@d) —

B (R) with respect to the probability law Py is performed through
the pdf fx in the Discrete Integral Formula

Eh(X) = /hfxdu = h(z;)fx(z¥). (DIF1)

jeJ
which becomes for h = 15, B € By, (Rd),

Px(B)=P(X €B)= Y fx(aV).(DIF2)

jed @)

Some authors name pdf’s with respect to counting measures as mass
pdf’s. For theoretical purposes, they are Radon-Nikodym derivatives.

(b) Absolutely Continuous Probability Laws.
(b1) Lebesgue Measure on R

We already have on R the o-finite Lebesgue measures Ay, which is the
unique measure defined by the values

)\d<i112]ai,bi]) = f[(bi —a;), (LMO1)

for any points a = (ay,...,aq)! < b = (by,...,bq)" of R% This formula
also implies

d
)\d<Hal, ) H)\l a;, b)), (LM02)
=1

Let us make some Measure Theory reminders. Formula (LM02) ensures
that Ay is the product measure of the Lebesgue measure A\; = A, that
is

VD
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Hence, we may use Fubini’s Theorm for integrating a measurable func-
tion function h : By, (@d) — By (R) through the formula

/hd)\d:/dk(xl)/..../d)\(xd_l)/h(xl,...,xd)fX(xl,...,xd)dk(xd),

when applicable (for example, when h is non-negative or h is inte-
grable).

(b2) Definition.

The probability Law P is said to be absolutely continuous if it is con-
tinuous with respect to A\;. By extension, the random variable itself is
said to be absolutely continuous.

NB. It is important to notice that the phrase absolutely continu-
ous is specifically related to the continuity with respect to Lebesgue
measure.

In the rest of this Point (b), we suppose that X is absolutely continuous.

(b3) Absolutely Continuous pdf’s.

By Radon-Nikodym’s Theorem, there exists a Radon-Nikodym deriv-
ative denoted fx such that for any B € B, (Ed),

/ dPx = / fx dha.
B B

The function fx satisfies
fxz()and /fX d)\dzl
R

Such a function is called a pdf with respect to the Lebesgue measure.
Finally, we may conclude as follows.

As a general rule, integrating any measurable function h : R? — R
with respect to the probability law Py, which is absolutely continuous,
is performed through the pdf fx with the Absolute Continuity Integral
Formula
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Eh(X) = / hfx d\g. (ACIF)

Since Ay is the product of the Lebesgue measure on R d times, we may
use Fubini’s Theorem when applicable to have

Eh(X):/d)\l(:)sl)/..../d)\l(:):d_l)/h(:rl,...,xd)fX(:)sl,...,:):d)d)\l(:):d).

In particular, the cdf of X becomes

Fx(z) = /_Ooxdd)\(xl)/_ooxz
/_oo Tg_1dN(T4-1) /_oo xah(xy, .oy xq) fx (21, .0y mg)d A (x4)

for any = = (21, ...,24)" € R

(b4) Criterion for Absolute Continuity from the Cdf.

In practical computations, a great deal of Lebesgue integrals on R are
Riemann integrals. Even integrals with respect to the multidimensional
Lebesgue Measure can be multiple Riemann ones. But we have to be
careful for each specific case (See Points (b5) and (b6) below).

Let be given the dcf Fx of a random vector, the absolute continuity of
X would give for any x € R?

Fy(x) = / Y () / Y (). A () /_ Y e, ) (). (ACOD)

—00 —00

If fx is locally bounded and locally Riemann integrable (LLBRI), we
have

8kFx<.fC1, T2y eny xk)
fx(x1,$2a"'>zk) - ax18$28xx

, (AC02)

Ag-a.e.. (See Points (b5) and (b6) below for a more detailed explana-
tion of LLBRI functions and for a proof).
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From a computational point of view, the above Formula quickly helps
to find the pdf, if it exists.

(b5) Cautions to be taken when replacing Lebesgue integral
by Riemann ones.

Let us consider that we are on R and let X be a real random variable
with an absolutely pdf f. For any measurable function h from R to R,
the expectation

is defined with respect to the Lebesgue measure. It happens that for
computation such an integral, we lean to use the improper Riemann
integral

E(h(X)) = / " h(a)f(x) dx. (ER)

o0

Although this works for a lot of cases, we cannot use the just mentioned
formula without a minimum of care, since in Riemann integration we
may have that [, h(x)f(x) du is finite and [, | f(2)| dz infinite, a situ-
ation that cannot occur with Lebesgue integration.

We may use the results of Doc 06-07 in Chapter 7 in Lo (2017b) of this
series to recommend the following general rule that we will follow in
this book.

Let us suppose that the function hf is LLBRI (implying that hf is
A-a.e. continuous on R). We have :

(a) If E(h(X)) exists and is finite, then Formula (ER) holds as an
improper Riemann integral (as an application of the Dominated Con-
vergence Theorem), that is

E((X) = lim [ A(z)f(z) de, (ER02)

n—-4o0o an
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for any sequence (ay, b, )n>0 such that (a,,b,) — (—o0, +00) as n —
+o00. In such a case, we may chose a particular alike sequence to com-
pute E(h(X)).

To check whether E(h(X)) is finite, we may directly use Riemann in-
tegrals (which are based on the Monotone Convergence Theorem)

B-(X) = [ ()@ e (ENPa)

o0

and

B-(X) = [ () ) ) do, (ENPY

o0

and apply the classical Riemann integrability criteria.

(b) If the Riemann improper integral of |hf| exists and is finite, then
the Lebesgue integral of h f exists (by using the Monotone Convergence
Theorem on the positive and negative parts) and Formula (ER) holds.

(c) Even if E(h(X)) exists and is infinite, Formula (ER) still holds, by
using the Monotone Convergence Theorem on the positive and nega-
tive parts and exploiting Formula (ENP).

Finally, such results are easily extended in dimension d > 2, because
of the Fubini’s integration formula.
(b6) Back to Formula (ACO01).
Dimension one. If f is LLBRI, we surely have that f is A-a.e. con-

tinuous and we may treat the integrals [*_ fx(¢) dA(t) as a Riemann
ones. By the known results for indefinite Riemann integrals, we have

<‘v’x ER, Fy(z) = / Fe(®) d)\(t)) N dd% ~ fcA—ae.

Remark that the constant resulting in the solution of the differential
equation in the right-hand assertion is zero because of Fx(—o00) = 0.
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Dimension d > 2. Let d = 2 for example. Let fx be LLBRI. By
Fubini’s theorem,

Y(z,y) € R? Fx(x,y) = /_OO d)\(s)(/_: fx(s,t) dA(t)).
The function,
- /_ : Fa(s8) dA()

is bounded (by the unity) and continuous. By, returning back to Rie-
mann integrals, we have

V(z,y) € R?, w = /_: Fx(z,t) dA(2).

By applying the results for dimension one to the partial function fx(x,t),
for z fixed, which is (LBLI), we get

V(z,y) € R?, agxazy / fx(z,t) A —a.e.

The order of derivation may be inverted as in the Fubini’s Theorem.

The general case d > 2 is handled by induction. H

(c) General case.

Let us be cautious! Later, we will be concerned by practical computa-
tions and applications of this theory. We will mostly deal with discrete
or absolutely continuous random variables. But, we should be aware
that these kind of probability laws form only a small part of all the
possibilities, as we are going to see it.

By the Lebesgue Decomposition Theorem (Doc 08-01, Part III, Point
(05-06), Chapter 9), there exists a unique decomposition of Py into an
absolutely continuous measure ¢,.., associated to a non-negative Radon-

Nikodym f, x and \g-singular measure ¢, that is, for any B € By, (@d),

:/f,,X dAg + ¢s(B).
B
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The A-singularity of ¢s means that there exists a Ag-null set N such
that for all B € B, (@d),

¢s(B) = ¢s(BNN)

Suppose that none of ¢, and ¢, is the null measure. If N is countable
that is N may be written as N = {2, j € J}, 0 # J C N, the measure

is discrete and for any B € B, (@d), we have

¢s(B) =Y fax (@),
jeJ
where

fax(x9) = ¢(z)), je T

We have 0 < a = (bac(ﬁd), b= (bs(ﬁd) <1,and a+b = 1. Let us
denoting by v the counting measure with support N. Then f)((l) =
fr.x/a is an absolutely continuous pdf and f)(? ) = fax/b is a discrete
pdf and we have for all B € B, (Rd),

IPX(B):a/Bf)((I) dAd+(a—1)/Bf§§> d.

Hence, Px is mixture of two probability laws, the first being absolutely
continuous and the second being discrete.

We may be more precise in dimension one.

More detailed decomposition on R. We already saw that a real
cdf Fmay be decomposed into two df’s :

F:F0+Fd7

where F, is continuous and Fy is discrete. Surely, the Lebesgue-Stieljes
measure associated with Fy, denoted by ¢y, is discrete. The Lebesgue-
Stieljes measure associated with F., denoted by ¢., may decomposed
as above into

¢c = ¢ac + ¢s
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where ¢, is absolutely continuous and ¢y is singular. Since F,.(—o0) =
Fy(—o00) = 0, we may go back to the df’s to have :

F:Fac+Fc+Fda

where F,. is df of measure absolutely continuous, Fj is a discrete df
and F. is a continuous and, unless it is equal to the null measure, is
neither discrete nor absolutely continuous.

This fact is obvious since F. is continuous and cannot be discrete. Also,
it is singular and cannot be absolutely continuous.

We have the following conclusion.

Position of any probability law with respect to the Lebesgue
measure. Any probability law is a mixture of an absolutely continuous
probability measure P,. x, associated to a pdf f.. x, a discrete distri-
bution probability measure P; x, which is a A-singular measure Py x
which has a countable strict support V,; x and of a A-singular probabil-
ity measure P, x which has a non-countable A\-null set support, respec-
tively associated to p; > 0, po > 0 and py > 0, with p; + ps + p3 = 1,
such that

Px = pilPuc x + p2lPa x + psPe x.

The probability measures are respectively associated to the df’s F.,
F,, F, so that we have

FX:Fac_l'Fd_l'Fca

dF,.(x)
dx

= fac,Xa )\ — a.e,

Vi x is the set of discontinuity points of F', and F, is continuous but
not \-a.e. differentiable.

By strict countable support of Py x, we mean a support such that for
any point z in, we have Py x({z}) > 0.

Warning. If the decomposition has more that one term, the corre-
sponding functions among F., F; and F,. are not cdf’s but only df’s.
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(b7) Marginal Probability Density functions.

Let us begin, as usual, by the simple case where d = 2. Let X
(2,A,P) — R? be a random couple, with X! = (X}, X5). Let us
suppose that X has a pdf fix, x,) with respect to a o-finite product
measure m = m; ® my on R?. Let us show that each X;, ¢ € {1,2},
has a pdf with respect to m. We have, for any Borel set B,

P(X; € B) = P((X1,X:) € BxR)

= /1B><Rf(X1,X2)(xvy> dm(z,y)

= /B</Rf(Xl’X2)(x’y> dm2(y)) dm; ().

By definition, the function
Fia(o) = [ fosxy(aw) dmaly), m—ac inz € R
R

is the pdf of X with respect of my, named as the marginal pdf of X;.
We could do the same for X;. We may conclude as follows.

Definition. Suppose that the random order pair X* = (X, X3) has a
pdf f(x,,x,) with respect to a o-finite product measure m = m; ®m; on
R%. Then each X;, i € {1,2}, has the marginal pdf’s fy, with respect
to m;, and

o) = [ Sy (aw) dma(y).m —ac. € x € R
R

and
fx,(z) = / fixxo) (@, y) dmi(z), me —ae. € x € R.
R

The extension to higher dimensions is straightforward. Let X : (Q, A4, P) —
R? be a random vector with X! = (X, ..., X;). Suppose that X has a

.....

(i) Then each Xj, j € {1,d}, has the marginal pdf’s fx, with respect
to m; given m;-a.e., for x € R, by
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Rd-1

fXj (I) = f(Xl,...,Xd) (ZE1> e l”d) d(®z’<i<d, i;«éjmi) (931, vy Lj—15 Ljg1y -

(ii) Let (Xj,,..., X;,)" be a sub-vector of X with 1 <r <d, 1 <4 <
iy < ... <i,). Denote I = {iy,...,i,}, the marginal pdf of (X; Xi,)
with respect to m = ®j_;m;; is given for (z1,...,7,) € R" by

19 00y

f(Xilv---7XiT.)(I1a sy zr’) -

f(Xl,...,Xd)(Il, ~-~>Id) d( X1 i<d, i¢l mi) (Ij>J € {1a ,n} \ [)-

Rd—T

Let XM = (X, ..., X,)' and X® = (X,,1,..., X;3)! be two sub-vectors
which partition X into two consecutive blocs. Then X ™ and X® have
the pdf fxa) and fye with respect to ®7_;m; and m = ®?:T+1m]‘
respectively, and given for x € R" by

fX<1>(1') = . f(Xl,...,Xd)(ﬂfl, ---,Id) d( Or+1<i<d mi) (IL"r+1, ~~>Id),
Rd—T

and for r € R4 by

fxo (@)= [ fxi,..x)(@1, . 24) d( R1<i<r mz’) (T1, .00y ).

R’l‘

After this series of notations, we have this important theorem for char-
acterizing the independence.

THEOREM 4. Let X : (2, A, P) — R be a random vector. Let us
adopt the notation above. Suppose that we are given a o-finite product
measure m = ®?:1mj on RY, and X has a pdf fx with respect to m.
We have the following facts.

(i) The margins X;, 1 <i < d are independent if and only if the joint
pdf of X 1is factorized in the following way :

d
Y(zy,...,xq) € RY, fxnx)(@1, . 2q) = fo(xl), m.a.e. (DLMO1)

j=1

axd)-
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(i) The two marginal vectors X1 and X® are independent if and
only if the joint pdf of X is factorized in the following way : for all
(W, 2%) e R,

fxrxn @D, 2?) = fxo (@) fxo (2®), m.a.e. (FLMO02)

Proof. It will be enough to prove the first point, the proof of the
second being very similar. Suppose that the X, are independent. It
follows that for any Borel rectangle B = By x ... X By, we have

P(X € B) = /fX ) dm(z

= X1 EBl,.. XdEBd)
d

= [P, e B))

i=1

= ljl/Bj fx; (i) dmy(z;)

N /le de(HfXJ xl) )

Thus the two finite measures

B /B fx(z) dm(z) and B v /B (ljl fXj(:)s,-))dm(:B)

coincide on a m-system generating the whole o-algebra. Thus, they
coincide. Finally, we get two finite indefinite integrals with respect to
the same o-finite measure m. By the Radon-Nikodym Theorem, the
two Radon-Nikodym derivatives are equal m-a.e.

Suppose now that Formula (DLMO01) holds. Thanks to Fubini’s The-
orem, we readily get the factorization of the joint cdf and get the
independence through Theorem 3.
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6. Characteristic functions

After the cdf’s, are going to see a second kind of characterization func-
tion for probability laws.

I - Definition and first properties.

It is important to say that, in this section, we only deal with finite com-
ponents random vectors with values in spaces R?, d > 1, endowed with
the Borel o-algebra B(R?) = B(R)®¢ which is the product o-algebra of
B(R) d times.

(a) Characteristic function.

DEFINITION 6. For any random variable X : (Q, A, P) — R?, the
function

U = ¢X(u) — E(6i<X’u>),

is called the characteristic function of X. Here, i is the complex number
with positive imaginary part such that i = —1.

This function always exists since we interpret the integral in the fol-

lowing way

E(e'<~X*>) = E(cos < X,u >) + i E(sin < X, u >),

which is defined since the integrated real and imaginary parts are
bounded.

The role played by the characteristic function in Probability Theory
may also be played by a few number of functions called moment gen-
erating functions. These functions do not always exist, and if they do,
they may be defined only on a part of R?. The most used of them is
defined as follows.

(a) Moment Generated Function (mgf).

The following function

ur px(u) = E(e=H"), u € R,
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when defined on a domain D of R? containing the null vector as an
interior point, is called the moment generating function (mfg) of X.

If px exists on some domain D to which zero is interior, we will prefer
it to ®x(u), to avoid to use the complex number i involved in ®y.
Non-mathematician users of Probability Theory would like this.

Besides, we may find the characteristic function by using the moment
generating functions as follows :

<I>X(u) = QOX(ZU),U c Rd.
The characteristic function has these two immediate properties.

PROPOSITION 4. For all u € RY,

[ox(u)] <1 =[lox(0)].

Besides ¢x (u) is uniformly continuous at any point u € RY.

This proposition is easy to prove. In particular, the second point is an
immediate application to the Dominated Convergence Theorem.

Here are the :

IT - Main properties of the characteristic function.

THEOREM 5. We have the following facts.

(a) Let X be a random variable with value in R?, A a (k x d)-matriz
of real scalars, B a vector of R¥. Then the characteristic function of
Y = AX + B € R* is given,

R* > u s ¢y (u) = e~P*>px(AM), u € RE.

(b) Let X and Y be two independent random variables with values in
R?, defined on the same probability space. The for any u € R?, we have

Oxyy(u) = ox(u) x ¢y (u).

(c) Let X and Y be two random variables respectively with values in
R? and in R* and defined on the same probability measure. If the
random variables X and Y are independent, then for any u € R? and
for v € R*, we have

(6.1) dx,v)(u,v) = dx(u) X ¢y (v).
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Let us make some remarks before we give the proof of the theorem. In
Part A, Section 3, Chapter 6, the characterization (c) was stated and
quoted as (CI4), and admitted without proof. Here, the proof will be
based on a characterization of product measure.

Point (c¢) provides a characterization of the independence between X
and Y. But the decomposition in Point (b) is not enough to ensure the
independence. You may consult counter-examples book of Stayonov
(1987) or the monograph Lo (2017a) of this series, Part A, Section 3,
Chapter 6, where is reported a counter-example from Stayonov (1987).

Proof of Theorem 5.

Point (a). By definition, we have < AX + B,u >= (AX + B)u =
tX(ATu) + BTu. Hence,

Saxep(u) = E(eXAWBY _ <Bu> o R <XAw)

— 6<B’u>¢x(

Alu).

Point (b). Let X and Y be independent. We may form X + Y since
they both have their values in R? and they are defined on the same
probability space. We have for any v € R,

Oxiy(u) = E (esXTV>) = F (e5¥>e<V>) = F (X)) xE (e=V) .

Point (¢). Let X and Y be two independent random variables with
values in R? and R*. Let u and v be two respectively elements of R?
and R¥. We have

<(X),(u)>:<X,u>+<Y,v>.
Y v

x,v)(u,v) = <exp < ( i/( ) ( ) >)
B(e<Xm>
%

Then

=F (6<X u>+<Yv> _

—¢X()

The proof is over. .
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Now, we want to move to next very important other characterization.
When d = 1, we have an explicit inversion formula which expresses the
cdf of a probability law on R? by means of its characteristic function.
The characterization of a probability law on R by its characteristic
function follows from this inversion formula.

But when d > 1, things are more complicated and we may need a
non-standard version of the Theorem of Stone-Weierstrass Theorem.
In that case a more general characterization of probability measures in
metric spaces may be useful. So we begin with general characteriza-
tions.

III - Characterization of a probability law on a metric space.

Let us suppose that we are working on a metric space (F, p) endowed
with the metric p. We are going to use the class C(E) of real-valued
continuous and bounded functions defined on E. Let us begin by re-
minding that, by the A-m Lemma (See Lo (2017b), Exercise 11 of Doc
04-02, Part VI, page 228), the class of open sets O is a determining
class of probability measures since it is a m-system, containing £ and
generating B(E), that is, for two probability measures P; (j € {1,2})
on (E,B(E)), we have

(6.2) (Py =Py) & (VG € O, P1(G) = P2(G)).
Actually, this characterization can be extended to integrals of f €

Cy(FE). For this, we need the following tool.
LEMMA 1. Let G be a non-empty open in E. There exists a non-
decreasing sequence of functions (fy,)m>1 such that :
(1) for each m > 1, f,, is a Lipschitz function of coefficient m and
0< fm<lg.
and f,, =0 on 0G and

(2) we have
fm T1g, as m T +oc.

The proof is given in the Appendix Chapter 10 in Lemma 15 (page 330).
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This lemma may be used to get the following characterization : for two
probability measures P; (j € {1,2}) on (E, B(E)), we have

6.3) (Pi=Py) < <erob /deP’l /deP’Q)

To establish this, we only need to show the indirect implication. Sup-
pose that right-hand assertion holds. For any G € O, we consider the
the sequence (f,)n>1 in Lemma 1 and we have

By letting m 1 +o00 and by applying the Monotone Convergence The-
orem, we get Py(G) = Po(G). Since this holds for any G € O, we get
P, = Py by Formula .

IV - Characterization of a probability law on R? by its char-
acteristic function.

We are going to prove that characteristic functions also determine prob-
ability laws on RY.

THEOREM 6. Let X and Y be two random variables with values
in R, Their characteristic functions coincide on R if and only if do
their probability laws on B(RY), that is

Oy = by & Py = Py.

Proof. We are going to use an approximation based on a version of
the theorem of Stone-Weierstrass. Let us begin by reminding that the
class of intervals of R?

d
a b:HaJa '> aﬁb,(a,b) € (Rd)2}
7j=1

is a m-system, contains £ = R? and generates B (Rd). By the the A-7
Lemma, it constitutes a determining class for probability measures.

Fix G =|a, b] with a; < b;, forall1 < j < d. Forany j € {1,---,d} and
consider the sequence (fj)ms0 C Cyp(R?) constructed for G; =|a;, bj|
in Lemma 1. The numbers f;,,(a;) and f;,(a;) are zero. So the
functions
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d
ful@) =[] fim(@)). 2 = (z1,....20)" €R?, m > 1,
j=1
vanish on the border 0G of G since

0G={redG, Fje{l,--- ,d}, xj=aj or x; =b;}
It becomes clear that for any probability measure L on (R?, B(R?)), we
have

V]CL, b[G Id7 fm T 1}a,b[ and /fm dIL T H‘(]aa bD? as m T +00.
We may seize the opportunity to state a new characterization of prob-
ability measures of R%. Let Cjo(R?) be the class of functions f for

which there exists |a, bl€ Z; such that 0 < f < 1 and f = 0 outside
la,b[. We get that :

For two probability measures P; (j € {1,2}) on (R? B(R?)) :

(6.4) P, =P,) & <erob70(Rd), /f dIP’lz/f dm).

Now fix f € Cyo(R?) associated with [a,b]. Let e €]0,1[ . Fix r > 0

and K, = [—r,7]?. We choose 7 such that
(6.5) —r <min(ay, ..., aq) and r > max(by, ..., by)
and
€
6.6 Py(K:) +Py(K:) < ——.
(6. ©(KE) + (KD < g

Now consider the class H of finite linear combinations of functions of
the form

o oo

where n; € Z is a constant and ¢ is the normed complex of angle 7/2
and let H, be the class of the restrictions h, of elements h € H on
K, = [-r 1]
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It is clear that #, is a sub-algebra of Cy(K,) with the following prop-
erties.

(a) for each h € H, the uniform norm of h on R? is equal to the uniform
norm of A on K,, that is

[fllse = sup |a(z)] = sup |h(z)] = [[f] .-

zeR4 €Ky

This comes from that remark that A is a finite linear combination of
functions of the form in Formula 6.7 above and each factor exp (in;mx;/r)
is a 2r-periodic function.

(b) H,. separates the points of K.\ 0K, and separates points of K, \0K,
from points of OK,. Indeed, if x and y are two points in K, at the
exception where both of them are edge points of K, of the form

(z,y) € {(51,...,8q) € K, Vi €{1,....d}, s; =1 ors; = r}2,

there exists jo € {1,---,d} such that 0 < |z;, — yj,| < 2r that is
|(z;, — Y;0)/7| < 2 and the function

he() = exp(ima;, /1)

separates x and y since h, (x) = h,(y) would imply exp(im(x,—x;,) /1) =
1, which in term would imply x, — z;, = 2¢r, ¢ € Z. The only possible
value of ¢ would be zero and this is impossible since zj, — y;, # 0.

(c) For all the points in t € JK,, the function g(t) = 0 € H,. converges
to f(t) = 0.

(d) H, contains all the constant functions.

We may then apply Corollary 2 in Lo (2018b) (Corollary 4 in the
appendix, page 330) to get that : there exists h, € H, such that

(6.8) If = ek, < e/4.

and by Point (a) above (using also that the norm of f € Cyq less or
equal to 1), we have

(6.9) [Plloe = 1hrllse) < N[ flloo +e/4 <1 +e.
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Now, y the assumption of equality of the characteristic functions, we
have

We have have

E(F(X)) - E(f(Y)) = (/f dIPX—/hdIPX>+</hdIPX—/hdIPy>
+ (/hdIP’y—/deP’y)
- (/deP’X—/hdIP’X)+</hdIP’y—/dePy).

The first term satisfies

(6.10)E’/f dPy — /hT dPx

< / If — hy| dPy
r)

+/ f — h| dPx

e/ =+ (11 + ADPx (K5,
e/d+ (2+¢)Px(KY),

IA A

where we used Formulas 6.8 and 6.9.

By treating the second term in the same manner, we also get

E/deP’y—/hdIPy

By putting together Formulas (6.10) and (6.11) and by remembering
Formulas (6.5) and (6.6), we get

(6.11) <e/4+ (2+¢)Py(K;).

[E(f(X) —E(f(Y))] <e/2+ (2+¢)(Px(KT) + Py(K7)) <

for any € €0, 1[. So, for all f € Cj(R?),

[ saex = [ say.

We close the proof by applying Formula (6.4) above.
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V - Inversion Formula on R and applications.

Here, we consider the characteristic function of a Lebesgue-Stieljes
measures on R, not necessarily a probability measure. After the proof
of the following proposition, we will get another characterization of

probability laws by characteristic functions by means of cdf’s. Let us
begin to state the

PROPOSITION 5. Let F' be an arbitrary distribution function. Let
@(x)::j/exp@tr)dkp(x% reR

where A\ denotes the Lebesque-Stieljes measure associated with F'. Set
for two reals numbers a and b such that a < b,

(6.12) LI~J(b%—1/U(m_€M¢()d
. U = Jul\a, _27'(‘ . P x\u U.

(a) Then, we have, as U — 400, Jy converges to

1

(6.13F (b—) — F(a) + 3 (FX(a) — F(a—)+ F(b) — F(b—)))

(b) If a and b are continuity points of F, then

(6.14) F(b) — F(a) = lim Jy.

U—+o00

If ' is absolutely continuous, that is there exists a measurable \-a.e.
finite function f such that for v € R,

(6.15) F(z) = / " f(d(),

then, we have A-a.e.,
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Proof. Recall Dirichlet’s Formula

O ¢inz T sinx
de = dx
0o T 0 x

b

sin x

= lim

dx =m/2,
b—+o00 0

which can be proved, for example, using complex integration based on
residues. We deduce from it that the numbers

b - 0 - b -
SN T SN T SIn r
/ d:L':/ dft—i—/ dr, a<0<b
a x a x 0 x

are uniformly bounded in a and b, say by M. By using Fubini’s theo-
rem, we have

1 U _—iau __ ,—ibu )
Jy = S (/ ewdeP’X(:c)) du
U

2r )y

1 U _—ila—z)u __ ,—i(b—z)u
_ /dIP’X(d:L")XQ—/ ‘ _° du

T J_y i

~ [ 30.3) dx(a),

where

1 U e—i(a—x)u _ e—i(b—x)u

JWU,z) = e ” du
_ b U cos(u(a — z)) — cos(u(b — :B))du
2m J_y U
N % Y sin(u(b — z)) ; sin(u(a — x))du

But, we also have

= 0.

/U cos(u(a — x)) — cos(u(b — :c))du

U u

Since the integrated functions are odd and the integration is operated
on a symmetrical compact interval with respect to zero. We get
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J(U.z) — 2i U sin(u(b — z)) — sin(u(a — x))du
T J_u u
_ 1 U(b-2) sinvdv 1 Ula—z) sinvdv.
20 ) vp—a) 21 ) Ua—w) V

Thus, J(U, z) uniformly bounded bounded by M /7. Next by consider-
ing the position of z with respect of the interval (a, ) and by handling
accordingly the signs of (b — z) and (a — z), we easily arrive at the
following set of implications :

(r<aorx>b)=JUzx) —0as U — +o0,
(x=aorxz=0)=JUz)—1/2as U — +0
(a<z<b)=JUzx) —1asU — +o0.

Then

1 1
J(U, x) — 1}a,b[ + 51{(1} + 51{[,}.

From there, we apply the Fatou-Lebesgue Theorem to get

1 1
Juy — / (1]%5,[ + il{a} + 51{b}) dPx (x)

= F(b-) = Fla)+ (F(a) — Fla—) + F(b) — F(b—)).

This proves Point (a). O

Point (b) If a and b are continuity points of F', the limit in (6.13) re-
duces to F(b) — F(a). O

Point (¢) Now, from (6.14), we deduce that F'is continuous and next,
the derivative of F' at x is f(z) when f is continuous. But a measurable
function that is integrable is A-a.e. continuous. So,

dF(z)
dx

= f(x), A —a.e.

Also, by (6.14), we have for all h > 0,
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F(a + h) . F(a) . 1 /U e—tau _ e—i(a—i—h)u
6.16 = 1 P du.
( ) h U-oo 21 U thu x(u) du
Then for any a € R,
F h) — F(b
fla) = tm FOTDZEO)
h—0
1 U _—iau _ _—i(a+h)u
—  lim lim S O(u) du
27 h—0U—+o0 | s thu
1 U e—lau _ e—i(a—l—h)u
B % Ugr-lr-loo ilgr(l) ihu (u) du
e—lau _ —z(a—i—h)
= — lim / lim O (u) du;
27‘(‘ U—+o00 y h—0 hu

where the exchange between integration and differentiation in the last
line is allowed by the use the Fatou-Lebesgue theorem based on the
fact that the integrated function is bounded by the unity which is in-
tegrable on (=U,U), U fixed.

So, we arrive at

1 U p—iau _ o—i(a+h)u
fla) = or fim [ lim ihu (u) du
© [,
1
= 5 N e P (u) du.
Ma.e. B
Application.

Now, let us use this to prove Theorem 6 for k = 1.

Let X and Y be two rrv’s with equal characteristic functions. By
(6.14), their distribution functions Fx and Fy are equal on the set
Dxy of continuity points of both Fx and Fy. The complement of
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that set is at most countable. So, for x € Dy y fixed, we may find a
sequence of numbers (z,),>o such that

(Zn)n>0 C D, such that z,, — = as n 1 +oo.
So, we will have for any n > 0
Fx(z) — Fx(a,) = Fy(x) — Fy(ay,).
By letting n — 400, we get for all x € Dxy
Fx(z) = Fy(x).

For any = € R, we also can can find monotone sequence (z,),>o such
that

(Zn)n>0 C D, such that x, | x as n T +oo.

By right-continuity at x of Fx and Fy, we have

Conclusion Fy = Fx. Thus by the first characterization, X and Y
have the same probability law.H

IV - A characterization of independence.

We are going to see that Point (c¢) of Theorem 5 is a rule for indepen-
dence because of Theorem 6. We have

THEOREM 7. Let X and Y be two random wvariables respectively
with values in R? and in R¥ and defined on the same probability mea-
sure. The random wvariables X and Y are independent if and only if
for any u € R? and for v € R*, we have

(6.17) Pxyy(u,v) = dx(u) X ¢y (v)

Proof. We need only to prove that (6.17) implies independence of X
and Y. Suppose that (6.17) holds. It is clear that the left-hand member
of (6.17) is the characteristic function of the product measure Py @ Py-.
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Since the characteristic functions of the probability laws P(xy) and
Py ® Py coincide, we get

Pxy) = Px ® Py,

which is the definition of the independence between X and Y. B

V - Characteristic functions and moments for rrv.

We are going to see how to find the moments from the characteristic
function in the following. Let us write

by (u) = /ei““’dIP’X(x), u € R.

The function
g(u, x) = cos(uz) + isin(uz) = "

is differentiable with respect to u and its derivative is

g (u,z) = iz(cos(uz) + isinuz)) = ize™”

It is bounded by Y'(z) = |z|. The integral of this function Y (z) is the
mathematical expectation of X, that is,

/ 2)dPx (z /|x|dIP’X — B|X].

Suppose that the mathematical expectation is finite. Then, by the
Dominated Convergence Theorem (See Point 06.14 in Doc 06.14, Chap-
ter 7, in Lo (2017b) of this series), we may exchange integration and
differentiation. The method may be repeated by a second differentia-
tion and so forth. We conclude this quick discussion in

PROPOSITION 6. If E(X) exists and is finite, then the function
u— ¢x(u) is differentiable and we have

& (1) = / {6 Py (z).

And we have

i x E(X) = ¢y (0).
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More generally, if for k > 1, E|X|* exists and is finite, then the func-
tion u — ¢x(u) is differentiable k times with

®)(y) = ik / Fe P ()

and
EX" = —i*  ¢(0).

7. Convolution, Change of variables and other properties

I - Convolution product of probability density functions on R.

Let X and Y be two real-valued random variables which are defined on
the same probability space (£2,.A,P) and mutually independent. Set
Z = X +Y. By definition, the probability law of Z is called the
convolution product of the probability laws of Px and of Py, denoted
as

(71) ]P)Z :]P)X >I<]P)y.

Now, suppose that X and Y have probability density functions fx and
fy with respect to the Lebesgue measure A\. Then Z has an absolutely
probability density function f; denoted as

Ixiy = [x * fyr.

We have the following

PROPOSITION 7. Let X and Y be to real-valued and independent
random variables, defined on the same probability measure (€2, A, P),
and admitting the probability density functions fx and fy with respect
to a o-finite product measure v =v; @ vo. Then Z has a pdf f; which
has the two following to expressions :

Fx % fr(z) = / fx(z— ) fr(z) dN(a).



92 2. RANDOM VARIABLES IN R%, d > 1

Proof. Assume the hypotheses of the proposition hold. Let us use the
joint probability law of (X, Y") to have

(z+y<2)

Since X and Y are independent, we have

Pxy)=Px ®Py.

We may apply Fubini’s Theorem to get

P9 = [ o = [ s [ de

- / Fx()dv (y) < /y . fr(y) de(y))-

We recall the the Lebesgue measure is invariant by translation. Let us
make the change variable u = y + z, to have

P = [ e an( [ =) )
_ /fX(x) do </_;fy(u—x) du).

Let us use again the Fubini’s Theorem to get

Fo) = [ [ pvtuma) pewy asay = [~ ( [ =) 1x@ dx) du.

Taking the differentiation with respect to z, we get
fz(2) = /fY(Z — 1) fx(z) du.

For such a formula for discrete random variables, the reader is referred
Lo (2017a) of this series, Formula (3.24), Part D, Section 3, Chapter 6.

IT - Change of Variable by Diffeomorphisms and Introduction
to the Gauss Random variables.



7. CONVOLUTION, CHANGE OF VARIABLES AND OTHER PROPERTIES 93

(a) Recall of the Change of Variable Formula for Riemann In-
tegrals on R? (See Valiron (1946), page 275, for double integration).

Suppose we have the following Riemann integral on R,
]:/ f(x17x27"' 7Id> dxldxz"'dxd’
D

where D is a domain of R%. We will write for short with 2! = (21, 2, -, 24),

]:/Df(x) dx.

Suppose that we have a diffeomorphism A from an other domain A of
R¥ to D. This means that the function

h:Aw D
(a) is a bijection (one-to-one mapping).

(b) h and its inverse function g = h~! have continuous partial deriva-
tives (meaning that they are both of class C1).

Let us write h as :

D>xz=h(y) «—yeA.

The components of h are denoted by h; :
ri = hi(y) = hi(y1, -, Ya)-

The d-square matrix of elements

Ox; o hi(y1, s Ya)

dy; y;

- [(32) |

is called the Jacobian matrix of the transformation. The absolute value
of its determinant is called the Jacobian coefficient of the change of
variable. We way write it as

written also as
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J(h,y) = det <[<g;)]) |

The change of variable formula is the following

1= /A Fhw)) 1T (hy)] dy.

We replace x by h(y), the domain D by A, but we multiply the inte-
grated function by the Jacobian coefficient (depending on y).

(b) An example leading to the Gaussian probability Law.

Let us give a classical example. Suppose we want to compute

I :/ e~ @) dy dy.
[0,400[Xx[0,+00[

Let us the polar coordinates of (x,y) in (R, )? :

y =rsinf

{ xr =1rcosb

with
(z,y) € D = [0, +00[x[0, +00[¢+— (r,0) € [0, +00[x[0, 7/2].

The Jacobian coefficient of the transformation is

Oz _ag cosf) —rsinf
g 9

oy oy

or 00

sinf rcosf

J(r,0) =

‘ =rcos’f+rsin?6 =r.

We apply the change of variable formula to have

I :/ re " dr df :/ de/ re " dr = L.
[0,-00[x[0,7/2] [0,7/2] [0,400] 4

By the Fubini’s Formula, we have

+00
I= / e du / eV dy = (/ e~ du)?.
[0,+00] [0,+00[ 0

Then, we have
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+oo
/ e duy = ﬁ
0 2

Finally, by a new change of variable, where we take the evenness of the
function u — exp(—u?/2), leads to

L[ g, — g
— e u = 1.
V2T ) oo

This is a probability density function. Compare this with the lengthy
proof in Section 5, Chapter 7, in Lo (2017a) of this series.

Let us apply this Formula to finding new density functions.

(c) Finding a probability density function by change of vari-
ables.

Let X be a random variable in R? of probability density function fx

with respect to the Lebesgue measure on R¥, still denoted by \.(z) =
dx. Suppose that D is the support of X. Let

h:A— D

be a diffeomorphism and

Y =h ™ (X)

be another random vector. Then, the probability density function of
Y exists and is given by

fr(y) = fx(h(y)) |J(h)] 1aly). (CVF)

This follows from an immediate application of the variable change for-
mula. Let B be a borel set of R?, we have

/ fx(x) dz = / fx(x) dz.
z€h(B) h=1(z)eB

Let us apply the variable change formula as follows :
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P(Y € B) = / elh(0) 12 1700 dy

- /B{fX(h(y)) 1a(y) |J(h, )|} dy.

We deduce from this that

fr(y) = fx(h(y)) 1a(y) [J(h, y)|

is the probability density function of Y.

In Mathematical Statistics, this tool is extensively used, especially for
Gaussian random variables.

(d) Important example.

This example is important for two reasons. First, we will have to ap-
ply many of the techniques used in the this chapter and secondly, the
object of the example is the starting point of the study of stable laws.

Let us consider two independent &£(\)-random variables X; and Xo,
A > 0 on a same probability space (such a construction is achieved
through the Kolmogorov construction method) and let us set X, =
X1 — X5, The pdf of X, is the convolution product of fx, and f_x,.

The pdf f_x, is

f-x:(y) = Aexp(Ay), y < 0.

So, we have for all z € R,

fx. ()

(fx; * [-x,) ()
/fX1 r—y)f-x,(y) dy

A2 /(eXp( ANz = y)) - yZO)) (eXp(Ay)l(ysm) dy
A2/<exp(—k($—y))1(y<x>) (exp(ky)l(ym)) dy.

If x <0, we have
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fo(x) = A2 / rexp(—Az — ) exp(hy) dy

= Azexp(—A:c)/ rexp(2\y) dy

—0o0
62Ay

e [2]

= %exp(kx).
If x > 0, we have
frlo) = [ 0esp(-Aw - ) exph) dy

0

= )\Qexp(—)\x)/ exp(2Ay) dy

A
= 3 exp(—Ax).
In total, we have
A
(7.2) fx.(x) = §exp(—)\|at|), r eR.

Next, let us see an interesting application of the inversion formula. The
characteristic function of X, is

Px,(u) = Px,_x,(u) =Px, x,(u)
= ®X1 (U)Q)XQ(—U)
1 1
1—it/N1+ it/ \

which leads to

)\2

Now let us apply the inversion formula to this characteristic function.
We have M-a.e. for all z € R
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A 1 —iux
iexp(—)\|at|) = 5 /¢ Oy (u) du
1 —iux )\2
= 5 /¢ "% oy du,

and by dividing both members by by (A/2) we get

—tux >\

and by replacing x by —x, we conclude that we have A-a.e. for all
r eR,

/6 m du = exp(—)\|x\)

It happens that

A

= "~ z€R,
Jewox (A2 + u?) v

is the pdf of a Cauchy random variable of parameters 0 and A > 0
(see Chapter 3, Section 2, 115). We just found the characteristic of a
Cauchy random variable, which is not easy to find by direct methods.

8. Copulas

The lines below should form a part of Section 8 which was devoted to
cdf’s. But, nowadays, the notion of copula is central in Statistics the-
ory, although copulas are simply particular cdf’s in Probability. So we
think that introducing to copulas in a section might serve for references.

A very recurrent source on copulas is Nelsen (2006). However, the
lines below will use the note of Lo (2018).

Definition A copula on R? is a cdf C whose marginal cdf’s defined
by, for 1 <1 < d,

R>s+— Ci(s) =C | +oo, ..., +00, s ,+00,...,+0 |,

i—th argument
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are all equal to the (0, 1)-uniform cdf which in turn is defined by
x = xloa+ 4o,

and we may also write, for all s € [0, 1],

(8.1) Ci(s)=C11,...,1, s 1 1] =s.

i—th argument

The copula became very popular with following the important theorem
of Sklar (1959)

THEOREM 8. For any cdf F on R%, d > 1, there exists a copula C
on R? such that

(8.2) Vr € RY, F(z) = C(F\(2), ..., Fy(z)).

This theorem is now among the most important tools in Statistics since
it allows to study the dependence between the components of a random
vector through the copula, meaning that the intrinsic dependence does
not depend on the margins.

We are going to provide a recent proof due to Lo (2018). Fortunately,
the tools we need are available in the current series, in particular in
Lo et al. (2016).

Proof of Sklar (1959)’s Theorem.

(A) - Complements. We first need some complements to the prop-
erties of the generalized inverse function given in Lo et al. (2016). Let
us begin by defining generalized functions. Let [a, b] and [, d] be non-
empty intervals of R and let G : [a,b] — [c,d] be a non-decreasing
mapping such that

¢ = inf G(z), (L11)
z€la,b]

d = sup G(x). (L12)

z€la,b]
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Since GG is a mapping, this ensures that
a = inf{zeR, G(x)>c}, (L13)
b = sup{z € R,G(z) <d}. (L14)

If x = a or x = b is infinite, the value of G at that point is meant as
a limit. If [a, b] is bounded above or below in R, G is extensible on R
by taking G (z) = G (a+) for x < a and G (x) = G (b—0) for x > b.
As a general rule, we may consider G simply as defined on R. In that
case, a = lep(G) and b = uep(G) are called lower end-point and upper
end-point of G.

The generalized inverse function of G is given by
Vu € [lep(G), uep(@)], G™' (u) = inf {z € R, G (z) > u}.

The properties of G~! have been thoroughly studied, in particular in
Billinsgley (1968), Resnick (1987). The results we need in this paper
are gathered and proved in werv or in Lo et al. (2016b) (Chapter 4,
Section 1) and reminded as below.

LEMMA 2. Let G be a non-decreasing right-continuous function with
the notation above. Then G~! is left-continuous and we have

Vu € [e,d], G(G (u)) > u (A) and Yz € [a,b], GH(G(x)) <z (B)
and

(8.3) Va € [lep(G),uep(G)], GG (x) +0) =

Proof. The proof of Formulas (A) and (B) are well-known and can be
found in the cited books above. Let us prove Formula (8.3) for any
x € [a,b].

On one side, we start by the remark that G~!(G(z ) + 0) is the limit
of GYG(x ) +h) as h \, 0. But for any h > 0, G"Y(G(x) + h) is the
infimum of the set of y € [a, b] such that G(y) > G(z) + h. Any these
y satisfies y > z. Hence G71(G(z) +0) > x

On the other side G(x+h) \, G(z) by right-continuity of G, and by the
existence of the right-hand limit of the non-decreasing function G~!(0),
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G HG(x + h)) \ GHG(x) +0). Since GYG(x + h)) < x+ h by
Formula (B), we get that G™1(G(z) + 0) < x as h \( 0. The proof is
complete. []

(B) - Proof of Sklar’s Theorem. Define for s = (s1,59, - ,84) €
[0,1],

(8.4) C(s) = F(Fy (51 +0), Fy (s +0),-++, F (sq +0)).

It is immediate that C' assigns non-negative volumes to cuboids of
[0, 1]¢, since according to Condition (DF2), Formula (??) for C' derives
from the same for F' where the arguments are the form F, (o + 0),
1< <d.

Also C' is right-continuous since F' is right-continuous as well as each
F'(o+0), 1 <i < d. By passing, this explains why we took the

3
right-limits because the F; *(o)’s are left-continuous.

Finally, by combining Formulas (8.3) and (8.4), we get the conclusion
of Sklar in Formula (8.2). The proof is finished. [J

9. Conclusion

(A) Back to independence of Random vectors.

Because of the importance of the notion of independence and since
several characterizations of the independence are scattered this chap-
ter and in Chapter 1, we think that a summary on this point may be
useful to to reader.

(1) The most general definition of a finite family of random variables is
given in Definition 3 (page 21). This definition covers all type of ran-
dom variables and uses the finite product measure. Random variables
of an infinite family are independent if and only if the elements each
finite sub(family are independence.

In this general case, Theorem (page 101) gives a general characteriza-
tion.
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(2) When we have a random real-valued vector in R?, d < 1, the inde-
pendence of the coordinates and the independence of sub-vectors are
characterized :

(2a) in Theorem 3 (page 61), using the cumulative distribution func-
tions,

(2b) in Theorem 7 (page 89), using the characteristic functions,

(2¢) in Theorem 4 (page 75), using the probability density functions
with respect to the measure.

(B) General advices to determine probability laws.

Now, we have the means to characterize the usual probability laws by
their distribution functions or their characteristic functions. Its is also
important to know the parameters of the usual laws. In the next two
chapters, we will be dealing with them. Estimating these from data is
one of the most important purposes of Statistics.

In trying to find the probability laws, the following ideas may be useful.

(A) Using the convolution product to find the probability law of the
sum of two independent real-value random variables.

(B) Using the product of characteristic function to find the probability
law of the sum of two independent random variables of equal dimension.

(C) Finding the distribution function of the studied random variable
and differentiate it if possible, and try to identify a known probability

law.

(D) Directly finding the characteristic function of the studied random
variable and trying to identify a known probability law.

(E) Using the Change of Variable Formula to derive pdf’s if applicable.

(F) In particular, the following easy stuff may be useful :



9. CONCLUSION 103

A wuseful stuff. Suppose that two random elements X and Y, are
defined on the same probability space and take their values in the
same measure space (F,B,v), which is endowed with a measure v.
Suppose that X and Y have pdf’s fx and fy with respect to v and
that these two pdf’s a common support )V and have a common variable
part, meaning that there exist a non-negative function h : £ — R and
constants C; > 0 and Cy > 0 such that

Ve € E, fx(x) =Cih(x) and fy(x) = Coh(x).
Then fx = fy, v-a.s. and Cy = Cy. ¢

The proof is obvious since

1:/fXdl/ch/hdl/:/fxdl/:CQ/hdl/.
1% 1% 1% 1%

which leads to
01202:1/(/hdl/)
V

Despite its simplicity, this stuff is often used and allows to get remark-
able Analysis formulas, some of them being extremely difficult, even
impossible, to establish by other methods.






CHAPTER 3

Usual Probability Laws

We begin to focus on real random variables. Later, we will focus on
Random vectors in Chapter 4.

Actually, the researchers have discovered a huge number of probability
laws. A number of dictionaries of probability laws exist (See for ex-
ample, Kotz et al. (199), which is composed of 13 volumes at least).
Meanwhile, people are still continuing to propose new probability laws
and their properties (see Okorie et al. (2017) for a recent example).

This chapter is just a quick introduction to this wide area. A short
list among the most common laws is given. Some others concern new
important probability laws (Skewed normal, hyperbolic, etc.).

I - Review of usual probability law on R.

We begin with discrete random variables. For such random variables,
the discrete integration formula is used to find the parameters and the

characteristic functions. This has already been done in the monograph
of Lo (2017a). We will not repeat the computations here.

1. Discrete probability laws

For each random variable X, the values set or support Vx, the probabil-
ity density function with respect to the appropriate counting measure,
the characteristic function and/or the moment generating function and
the moments are given.

(1) Constant random variable X = a, a.s, a € R.

X takes only one value, the value a.

Discrete probability density function on Vy = {a} :

105
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Vx ={a} and P(X =a) = 1.
Distribution function :
Fx(r) =1 400, v €R.
Characteristic function :
Dy (u) =" teR.
Moment generating function :
ox(u) =e™, t € R.

Moments of order k£ > 1
EX* = a* E(X —a)f =0.

A useful remark. A constant random variable is independent from
any other random variable defined on the same probability space. In-
deed let X = a and Y be another any other random variable defined on
the same probability space. The joint characteristic function of (X, Y)
is given by

Oxyy(u,v) = Eexp(iXu+iYv)=E < exp(iau) eXp(z'Yv))

= exp(iau)Eexp(iYv) = ®x(u)Py(v),

for any (u,v) € R?. By Theorem 7 in Chapter 2, X and Y are inde-
pendent.

(2) Uniform Random variable on {1,2,...,n}, n > 1.

X ~U(1,2,...,n) takes each value in {1,2,...,n} with the same prob-
ability.

Discrete probability density function on Vy = {1,2,...,n} :
P(X =k)=1/n, ke {l,...,n}

Distribution function :
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0 it <1,
F(x) = % if%§x<%,1§i§n,
1 if z>n.

Moments of order k > 1 :
EX* = >
n 4 '
7j=1
Mathematical expectation and variance :

_n—l—l
2

Var(X) = (n—1)(n 1L21)(4n+3)‘

E(X)
(3) Bernoulli Random Variable with parameter 0 < p < 1.

X ~ B(p) takes two values : 1 (Success) and 0 (failure).

Discrete probability density function on Vy = {0,1} :

Distribution function :
F(x) =0x Lj_eo+p X Lioa;+ 1 400, © €R.
Characteristic function :
Ox(u) = q+pe™, ueR.
Moments of order k > 1 :
EX* = p.

Mathematical expectation and variance :



108 3. USUAL PROBABILITY LAWS

E(X) =p, Var(X) = pq.

(4) Binomial random variable with parameters 0 < p < 1 and
n>1.

X ~ B(n,p) takes its values in {0, 1,...,n}.
Discrete probability density function on Vx = {0,1,...,n} :

P(X =k)=CFp"A —p)"™ k=0,..,n.
Characteristic function. Since X is the sum of n independent Bernoulli
B(p) random variables, Point (b) and Theorem 5 and the value of the
characteristic function of a Bernoulli random variable, yield

Px(u) = (¢4 pe™)™, u e R.
Mathematical expectation and variance :
E(X) =np, and Var(X) = np(1l — p).
The above parameters are computed by still using the decomposition

of Binomial random variable by into a sum of independent Bernoulli
random variables.

(5) Geometric Random Variable with parameter 0 < p < 1.
X ~ G(p) takes its values in N.
Discrete probability density function on Vx = N :
P(X =k)=p(1—p)*, keN.
Characteristic function :
Px(u) =p/(1—qe™), ucR.
Mathematical expectation and variance :

E(X) =q/p, Var(X) =q/p".
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(6) Negative Binomial Random Variable with parameters r >
land 0 <p< 1.

X, ~ BN(r,p) takes the values in {r,r +1,...}.

Discrete probability density function on Vx = {r,r +1,...} :
P(X =Fk) =C_1p"(1—p)" %, k>r

Characteristic function. Since X, is the sum of r independent Geomet-
ric G(p) random variables, Theorem and the value of the characteristic
function of a Bernoulli random variable, yield

Ox(u) = {pe™/(1 — g™}, u < —log(l—p).
Mathematical expectation and variance :
E(X) = ra/p, Var(X) = ra/p?.
(7) Poisson Random variable of parameter \ > 0.
X ~ P(A) takes its values in N.

Discrete probability density function on Vy = N :

k

A
P(X =k) = ﬁe_)‘, k> 0.

Characteristic function
Px(u) = exp(A(e™ — 1)), u € R.

Mathematical expectation and variance :
E(X) =Var(X) = A\
(8) Hyper-geometric Random Variable.

X ~ H(N,0,n) or HIN,M,n), 1 <n <N, 0<60<1,06=MJN,
takes its values in {0, 1, ..., min(n, M)}.

Discrete probability density function on Vx = {0, 1, ..., min(n, M)} :
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Ck Cm—k
(X = k) = W k=0,..,min(n, M).
N

Characteristic function of no use.

Mathematical expectation and variance :
E(X)=7M/n, and V(X) =rM(n — M)(n —7r)/{n*(n — 1)}.
(9) Logarithmic Random Variable.

X ~ Log(p) takes its values in {1,2,...}.

Discrete probability density function on Vy = {1,2,...} :
P(X = k) = —qk/(klogp), k = 1.

Characteristic function :
D (u) =log(1 — ge™)/log(p), u € R.

Moment Generating function :

Ox(u) = log(1 — ge*)/log(p), u < —log(1 —p).

Mathematical expectation and variance :

E(X) = —q/(plog(p)), V(X) = —q(q + log(p))/(plog(p)).
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2. Absolutely Continuous Probability Laws

For each random variable X, the support Vx, the probability density
function with respect to the Lebesgue measure, the characteristic func-
tion and/or the moment generating function, the moments are given.
By definition, the support Vx of X is given by

Vx ={z €R, fx(z) # 0}

We also have
P(X € Vx) =1.

For any real-valued random variable, we may define
lep(F) = inf{x, F(x) > 0}
and
uep(F') = sup{z, F(z) < 1}.

where lep(F') and uep(F') respectively stand for lower end-point of F
and upper end-point of F. As a result we have

X € [lep(F),uep(F)], a.e.

The first examples given without computations are done in Lo (2017b).

(1) Continuous uniform Random variable on a bounded com-
pact set.

Let a and b be two real numbers such that a < b. X ~ U(a,b).
Domain : Vx = [a, b].

Absolutely continuous probability density function on Vx = [a,b] :

1

fx(z) = ml[a,b}(x), xz € R.

Distribution function :
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1 if x>0,
Fxy(x)=< (x—a)/(b—a) if a<z<b,
0 if z<a.
Characteristic function :
(I)()_ezbu_emu -
X\ iu(b— a) Y
Moments of order k > 1 :
E+1 _ pk+1
Ext— 0 U7
(k+1)(b—a)

Mathematical expectation and variance :
E(X) = (a+0)/2, et Var(X) = (b—a)?/12.
(2) Exponential Random Variable of parameter b > 0.
X ~ &(b) is supported on R, .
Absolutely continuous probability density function on Vx = R, :
fx(z) = be™ 1 x50
Distribution function :
Fx(z) = (1 — e ™) 150
Characteristic function :
Ox(u) = (1 —iu/b)~,
Moment Generating Function :
dx(u) = (1 —u/b)™t, u<b.

Moments of order k > 1

E(X*) = V
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Mathematical expectation and variance :

E(X) =1/\,Var(X) = 1/)%
(3) Gamma Random variable with Parameter ¢ > 0 and b > 0.
X ~ 7(a,b) is defined ob R, .

Absolutely continuous probability density function on Vx = R, :

fX(x) = FZE[;)

a—1 _—bx
e L az0)

with

Characteristic function :

Oy (u) = (1—1du/b) .
Moments of order k > 1 :

1k
E(X*) = b—kHa+j.
5=0
Mathematical expectation and variance :
E(X) =a/b,Var(X) = a/V*.

Be careful. Some authors, many of them in North America, take

v(a,1/b) as the gamma law. If you read somewhere that E(X) = ab
for X ~ 7(a,b), be aware that in our definition we have X ~ ~(a, 1/b).

(4) Symmetrized Exponential random variable with A\ > 0.
X ~ &(A) in defined on R.

From the non-negative random variable X | it is always possible to
define a symmetrized random variable X, by considering two indepen-
dent £(\)-random variables X; and X, on a same probability space
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(such a construction is achieved through the Kolmogorov construction
method) and by setting Xy = X; — X5. Another way to define it is to
have an £(\)-random variable X and a (0, 1)-uniform random variable
U independent of X and to set X, = —X1(y<o5) + X1w>os5. We are
going to use the first method. It is clear that X is a symmetric random
variable. Further if X admits an absolutely continuous pdf, X, has the

pdf

fr (o) = 3 ix(fal), v € R

By applying this to the exponential random variable, a Symmetrized
Exponential random following X ~ &(\) has the following pdf.

Absolutely continuous probability density function on Vx =R :

Fu(e) = 3 expl(~Alel). z € R

Distribution function :

1 1
Fx(llj') = 56)\x1(x<0) + (]. - 56_)@) 1(5020), r € R.

Characteristic function : (See Formula 7, Chapter 2, page 98)
Oy (u) = exp(—=Alul), u e R.

Mathematical expectation and variance :

2
EX; =0 and Var(X;) = ’Vh
To justify the variance, we may remark that X, = (X7 —1/\) — (Xy —
1/A), that is, X = (X5 — E(X;)) — (Xo — E(X; = 2)) and exploit
that X is the difference between two independent and centered ran-
dom variables.

Remark. For v = 1, this law holds the name of Laplace random vari-
able.
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(5) Beta Random variables of parameter a > 0 and b > 0.
X ~ B(a,b) is defined on (0,1).

Absolutely continuous probability density function on Vx :

fX(l’) - B(CL, b) xa_l(l - x)b—11(071)(x)’

where

1
B(a,b) = / 271 — 2)"7! da.
1

Mathematical expectation and variance :
E(X) =a/(a+b) and Var(X) = ab/[(a + b)*(a + b+ 1)].

(6) Pareto Random Variable of parameter a > 0.

X ~ Par(a,«a), with parameters o« > 0 and a > 0, is supported by
Ja, +00].

Absolutely continuous probability density function on Vx =|a, +oo| :

a —a—ll

fx(z) = aa®x (@>a)-

(7) Cauchy random variable with A > 0 and a € R.
X ~ C(a,\) in defined on R.

Absolutely continuous probability density function on Vx =R :

B A
(N + (2 —a)?)’

z € R.

fx(z)

Distribution function :
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Characteristic function :

O (u) = exp(iua — Au|), u € R.
The mathematical expectation does not exist.

Proof. We have to prove that for a = 0 and A = 1, Formula 2 gives a
pdf. Indeed, using that the primitive of (1+ 2?) is arctan x, the inverse
of the tangent function tan x, we have

T dr 1 oo
/;OO m = ; [arctanx]_oo =1.

Next, setting X = AZ + a, where Z follows a C(0, 1) law leads to the
general case in 2 by differentiating Fz(z) = Fx((x —a)/)), z € R.

The expression of the characteristic function of a rrv Z following a
standard Cauchy law is given by Formula 7.4 (Chapter 2, page 98). By
the transform X = AZ + a, we have the general characteristic function

of a Cauchy distribution.

Finally, we have for a =0 and A =1,

+ i z
(X% / e = o

and

E(X7) = /_oo mdm = —o00,

and then E(X) is not defined. Concerning that point, we recommend
to go back to the remark concerning the caution to take while using

the improper Riemann integration at the place of the Lebesgue integral
(See Point (b5) in Section 5 in Chapter 2, page 69).

(8) Logistic Random Variable with parameters a € R and b > 0.
X ~ l(a,b) is supported by the whole real line.

Absolutely continuous probability density function on Vx =R :
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fx(@) =ble @0/ /(1 p e @ma/b) g e R,
Characteristic function :
Dx(u) = e"™nb cosec(imbu).
Mathematical expectation and variance :
E(X)=a;V(X) = b7%/3.
(9) Weibull Random Variable with parameters a > 0 and b > 0.
X ~ W(a,b) is supported by R,.

Absolutely continuous probability density function on Vx =R, :

fx(x) = ab 2" exp(—az~")1(z0).

Characteristic function :
Ox(u) = a T (1 + iu/b), u e R.

Mathematical expectation and variance :
E(X) = (1/a)/’T(1 +1/b); V(X) = a **(I'(1 + 2/b) — I(1 + 1/b)).
(10) Gumbel Random Variable a € R and b > 0.
X ~ Gu(a,b) is supported by the whole line R.
Absolutely continuous probability density function on Vx =R :
fx(z) = (u/b)e®, with u = e~ @/t
Characteristic function :
Px(u) =™ T'(1—ibu), u € R.

Mathematical expectation and variance :
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E(X) = a+ ~b.
where v = is the Euler’s number and
Var(X) = mb*/2.

(11) Double-exponential Random Variable with parameter
b>0.

See Point (4) above.
X ~ &4(b) is defined on the whole real line.

Absolutely continuous probability density function on Vx =R :

fu(w) = L exp(-blal).z ¢ B

Characteristic function :

Ox(u) = (1+ (u/b)*>)™, ueR.
Moments of order k > 1 :
Mathematical expectation and variance :

E(X) =0, and Var(X) = 2b"%

(12) Gaussian Random Variable with parameters m € R and
o> 0. X ~ N(m,c?) is supported by the whole real line Vx = R.

Absolutely continuous probability density function on Vx =R :

() = —— exp(—(z = m)?/o?),z € R.

V21

Characteristic function :
Ox(u) = e " exp(—ou?/2).

Moments of order k > 1.
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X X—-m _ 2k k!.
o? (2k)
Mathematical expectation and variance :

E(X)=m, Var(X) = o>

Because of its importance in the history of Probability Theory, as ex-
plained by its name of normal probability law, we will devote a special
study to it in Chapter 4.

(13) Chi-square Probability law of parameters d > 1.
X ~ X3 is supported by Vx = R,.

Definition A Chi-square Probability law of d > 1 degrees of freedom
is simply a Gamma law of parameters a = d/2 and b = 1/2, that is

Xz =(d/2,1/2).
By reporting the results of y-laws, we have the following facts.
Absolutely continuous probability density function on Vx = R, :
Absolutely continuous probability density function on Vx = R, :

1 d_1 _z
fX(x) = W((Z/Q)x2 e 21(9020)-

Characteristic function :
Oy (u) = (1 —i2u)~ Y2

Moments of order k > 1.
k
1 d
k\ w .
E(X") = % jlzlo (2 —i—j) .

Mathematical expectation and variance :

E(X) =d, Var(X) = 2d.
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Important properties. Chi-square distributions are generated from
Gaussian random variables as follows.

Fact 1. If Z follows a standard Gaussian probability law, Z? follows
a Chi-square law of one degree of freedom :

Z~N(0,1) = 22 ~ 2

Proof. Suppose that Z ~ N(0,1) and put X = Z2 Tt is clear that
the domain of YV is Vx = R,. For any y > 0,

FX(LL’) = P
= P

Remind that Z has an even absolutely continuous pdf fz. This implies
that P(Z =t) = 0 for any t € R and we get for any y > 0,

Fy(x) = Fz(Vz) — Fz(—Vx).

By differentiating by z, we get the absolutely continuous pdf of X for
any any r € Vyx

(o) = g (P28 + £ —0) ) = = F2lD)

1
C2Vz VT

which leads to
(1)1/2
fX(x) = 271'1_1/2 eXp(—l’/2), S R+.

By comparing with the absolutely continuous pdf f,; of a Chi-square
probability law, we see that f,1 and fx are two absolutely continuous
pdf’s with the same support V and a common variable part

h(z) = 272 exp(—2/2), =€ V.

By the Easy Stuff remark in Section 9 in Chapter Section 9, it follows
that they are equal and by the way, we get the stunning equality
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0(1/2) = V7.

Fact 2. Let d > 2. The convolution product of d Chi-square law of
one degree of freedom is a Chi-square law probability of d degrees of
freedom. In particular, if X;, ..., X, are d independent real-valued
random variables, defined on the same probability space, identically
following a Chi-square law of one degree of freedom, we have

XP++Xg= > X~

1<4i<d

Indeed, if X, ..., X, are independent and identically follow a Chi-
square law of one degree of freedom, the probability law X7 +-- -+ X2
is characterized by its characteristic function

d
PX++X2 (t) = H = ¥PX; (t)=(1- 2it)d/2a
=1
which establishes that X7 + - -- 4+ X7 follows a x3 law.

(14) Around the Normal Variance Mixture class of random
variables

We are introducing some facts on this class of random variables which
are important tools in financial data statistical studies. We only pro-
vide some of their simple features, not dwelling in their deep relations.
It is expected to treat these random variables in completion of Chapter
later.

(a). A normal variance mixture is defined as follows :
X=p+oVWZ, (NMV)

where 7 is a standard random variable, W is a positive random variable

defined on the same space as Z and independent of Z, y is a real number

(the mean of X) and o is a positive random variable. Hence we have

E(X) = p+ oE(VIW)E(Z) = p

and



122 3. USUAL PROBABILITY LAWS

V(X) = e E(W?E(Z?) = o’E(W?).
The following distributions of W are generally used.

(b). The inverse gamma law W = 1/Y ~ Ig(«, 8), where Y ~ v(«, ),
a>0,5>0.

Absolutely continuous probability density function on Vx =R, :

Ff;)x_a_l exp(—f/z), x > 0.

Mathematical expectation and variance :

fw(z) =

52
(@ = 1)*(a - 2)
(c). The Generalized Inverse Gaussian (GIG) law : W ~ Gig(a,b, c),
(a,b,c) € R3.

E(X) = % for a > 1;Var(X) =

for a > 2.

Parameters domains :

b>0 and ¢>0 if a<0
b>0 and ¢>0 if a=0
b>0 and ¢>0 if a>0.

Absolutely continuous probability density function on Vx = R, :

b=%(bc)*
fw(x) = U (0 @ e (/)2 g e R

2K, ((bc)l/z>

K, ((bc)1/2> b= (bc)" / gL (eatb/a)/2 g,
2 0

This function, called a modified Bessel function, is not directly defined
in a simple argument, but on a composite argument (bc)l/ ? and one
should pay a particular attention to the simultaneous domain of the
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parameters (a, b, c).

Mathematical expectation and variance :

52
(@ = 1)*(a - 2)

E(X) = % for a>1;Var(X) =

for a > 2.

(d). Student distribution of v > 1 degrees of freedom : X ~ t(v).

If in Formula (NMV), we take W as inverse Gamma random variable
Ig(v/2,v/2), where v > 1 is an integer, the pdf of X becomes :

forzr e Vxy =R:

D((v+1)/2) (x — p)2/2\ D2
d (‘”’:anu/z)(m)lﬂ(” ” ) '

(e). Symmetric Generalized Hyperbolic distribution : X ~ SGH (u, a,b, c).

Parameters : © € R, a, b and ¢ given in the Gig law presentation.

If, in Formula (NMV), we take W as the generalized inverse Gaussian
random variable Gig(a, b, ¢), the pdf of X becomes :

forzr e Vxy =R:

fa) = (ab)=/2c\/? Ko 12 ((b + c(z — mu)2/a)1/2>
YT o@mIPE(0)) (b ez — mu)o)

(f). Generalized Hyperbolic distribution : X ~ GH(u,a,b, c).
The latter probability law is a particular case of the following model :
X=p+yW+ovWZ, (GNMV)

for v = 0. If v is an arbitrary real number and we take W as a gener-
alized inverse Gaussian random variable Gig(a, b, ¢), the pdf of X is :

forzr e Vxy =R:
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exp((@ = p)/0) Kamro ((b+ 07 @ = mu)(c+ 42 /0)) ")

fla)=c (b+ 01 (z — mu)(c +12/0)) T ’

(ab)—a/zcc(c 4 ,}/2/0_)1/2—a
o (2m) 72K, ((be) /%)

Comments. This part (14) was only an introduction to an interesting
modern and broad topic in Statistical studies in Finance. The multi-
variate version has also been developed.

(15) Probabiliy Laws of the Gaussian sample.

In Mathematical Statistics, the study Gaussian samples holds a special
place, at least at the beginning of the exposure of the theory. The
following probability laws play the major roles.

(a) The Chi-square probability law of n > 1 degrees of freedom.

X ~x5y.

This law has been introduced in Point (13) above.

(b) The Student probability law of n > 1 degrees of freedom.

X ~ t(n) is defined on the whole real line.

Absolutely continuous probability density function on Vx =R :

. T((n+1)/2) (1 . :):2) ~(n+1)/2

Ix(@) = o (/) n

Characteristic function. No explicit form.

Moments of order k > 1 :

Mathematical expectation and variance :
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n

E(X) =0, and Var(X) = ), n>3.

n—2
(c) The Fisher probability law of degrees of of freedomn > 1 andm > 1.
X ~ F(n,m)) is defined on the positive real line.

Absolutely continuous probability density function on Vx =R, :

B n™2m™20((n +m)/2) /21
Jx(w) = C(n/2)T(m/2)  (m+ nz)n+m/2:

Characteristic function. No explicit form.

Mathematical expectation and variance :

m > 5.

m 2m2(n+m — 2
E(X) = p— m >3 and Var(X) = n(m(—2)2(m—i)’

We take this opportunity to propose an exercise which illustrate the
change of variable formula given in page 92 and which allows to find
the just given laws.
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EXERCISE 1. Let (X,Y) be a 2-random vector with pdf fixy), on
its support D with respect to the Lebesgue measure on R%. Consider
the following transform

(z,y) = h(z,y) = (z,2 +y) €A,

U=X
V=X+Y

(a) Find the law of (U, V') and their marginals law.

that is :

(b) Precise the pdf of V if X andY are independent.

(c) Application : Let X ~ v (a,b) and Y ~ ~(5,b). Show that V =
X+Y ~~v(a+p3,0).

EXERCISE 2. Let Let (X,Y) be a 2-random vector with pdf fix y)
with respect to the Lebesque measure on R?. Consider the following
transfrom

(z,y) = h(z,y) = (z/y,y),
that is

(X,Y) > (UV) = (X/Y.Y).

(a) Apply the general change of variable formula to write the pdf of
(X/Y,Y) and deduce the marginal pdf of U = X/Y.

(b) Precise it for X and Y independent.

(¢) In what follows, X and Y are independent. Precise the pdf of U
when X and Y are both standard Gaussian random variables. Identify
the found probability law.

(d) Let X be a standard Gaussian random variable and Y = ZY/? the
square-root of a x2 random variable with n > 1. Precise the pdf of
U = X/\Z. Begin to give the pdf of Y by using its cdf.

Deduce from this the probability law of

oy VX _ N0, )
="y VX5 /1
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where the term after the sign = is a rephrasing of a ratio of two in-
dependent random variables : a N'(0,1) random variable by the square
root of a chi-square random variable divided by its number of freedom
degrees.

Conclude that a t(n)-random variable has the same law as the ratio of
two independent random variables : a N(0,1) random variable by by
square root of a chi-square random variable divided by its number of
freedom degrees.

(e) Let X and Y be two independent random variable following Chi-
square laws of respective number of freedom degrees n > 1 and m > 1.

Precise the pdf of U = X/Y.

Deduce from this the probability law of

m\ X  x%/n
e (n) Y x5 /m’
where the term after = is a rephrasing of a ratio of two independent
random variables : a Chi-square random variable of number of freedom
degrees n > 1 by a Chi-square random variable of number of freedom
degrees m > 1.

Conclude that a Fisher random variable with numbers of freedom de-
grees n > 1 and m > 1 has the same probability law as a ratio of
two independent random variables : a Chi-square random variable of
number of freedom degrees n > 1 by a Chi-square random variable of
number of freedom degrees m > 1.

Solutions of Exercise 1. We have the transformation :
u=2x o r=1u
v=x+Y y=-—-u-+v
The Jacobian matrix is :
1 0
) = ( -1 1 )

with determinantdet (J(u,v)) = 1. By the Change of variable formula,
we have

fww (u,v) = Jxy) (u, —u~+v) 1a (u,v).
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The marginal laws are

fu(u) = fovy (u,v)dv? U € Vy

D,
and

= foxy) (u, —u+v) Ipw,y) (u,v) du.
Question (b) We have
Frlo) = fror ) = [ Fx ) fr @ = wpdu= [ fy ) (o= w)
which is the convolution product between X and Y.

Question (c). We recall that

i @) = e s (o)
and
bo
fr (x) = mxﬁ_le_bxﬂ L (2)
We have
_ b” bﬁ ! a—1_—bu B=1 _—b(v—u)
fxiy (v) = F(Oé)m/ou Lem (v — )"t e P gy,

atf v o B
= m X va+ﬁ_2e_b”/0 (%) 1 (1 — %)6 1du.

By taking the further change of variables = = u/v, we get

bt

(ﬁ)uzf(aﬂa_l(l——zﬁﬁ_ldx]><va+6_26_mTR+(v).

fxay (v) = [W

Since X + Y has the same domain and the same variable part of a
v(a + ,b), they have the same constant and then we have X +Y ~
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Y(ar+ B,b) and

pots pots
Tatp)  TrE <P
with
- ! a=1 (1 _ \B-1 ['(a)T(B)
Bap)= [ @t -0 dr - 10
]

Solutions of Exercise 2.

Question (a). We have the transformation :
{ u=y { T =uv )
v=y y=v

The the Jacobian matrix is

v ou
Juw) = (1 0)

with determinant det (J(M)) =v. The pdf of (U, V) becomes
f(é,y) (u> 'U) = f(X,Y) ('U/U, U) |U| HD(%A/) (U, U) ’
and the marginal law of V = X/Y is

fx(u) = fwvy (u,v) dv

D,

= [ oo o) bl vy (),

Question (b) If X and Y are independent, we have

fg (u) = fwvy (u,v)dv

D,

= / fx (uv) fy (v) |v| dv.
(wveDx weDy)
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Question (c¢) Now if X and Y are standard Gaussian random variables,
we get

1 [o¢]
f% (u) = o em2v* g3V |v| dv
™ — 0o
1 o0
= o =2 ()Y 1| gy
1/ e
= — ve 2 dv
T Jo
1 e_%(uz*'l)”z =
IR I |
0
1
m(u?+1)’

which is the standard Cauchy probability law.

Question (d). The pdf of YV is easily derived from the relation

Yy >0, Fy(y) = Fz(y%)
which, after differentiation, gives
2 (3 12

fy () =2yfv, (v*) = myn_le_iy Ir, (v).

NS |~—r
o3

From there, we have
fy@ = [ e s ©)foldo

_ ! /00 v"e 2 e T dy
V2r2:7'T (2) Jo '

Let us set

and make the change of variable ¢ = % (u?> +1). Then we have
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\/ 2t \/ 2 .
vV = =
u? +1 u? +1

(NI

and

1 2 1
2.1 dv = — t72dt
(2.1) v ooV e

1 2 1 2
2.2 - Z -
(2.2) 2\/u2+lxvx\/u2+1d

1
dt (u2—|—1)§ 1

2. = t2
(23) 21 V2 2

Next, we have

which leads to

) = L 2_11 . 2% 1F<n—|—1)
v V2m 2270 (%) V2 (u241)27": 2
ntl N1
_ r (%) (u2+1)__;

VA ()

Finally, by taking W = /nU = /nX/Y, the pdf of W is

) (e

Question (e). Using the right expressions for the Chi-square random
variable leads to
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fr@ = [ o) sy ©)loldo

)T (%)
uz! *mm o Lyt
— vw d
2”@’”r<%>r<%>/o oo
_ uz! y I (5)
2T (E)T(]) (w1
n+m
= HmF( ") X u? 1><(u+1)_(n+2m)

Now using the general rule f,z(t) = |a|™' fx(t/a) gives the pdf

nn/me/2F((n + m)/2> /21 1
L(n/2)T(m/2)  (m+ nuz)tm/z (=0

fx(u) =

which is the pdf of a Fisher F,, ,, random variable.



CHAPTER 4

An Introduction to Gauss Random Measures

This chapter focuses of Gaussian probability measures on R first
and next on R?, d > 2 exclusively. This is explained by the role of such
probability laws in the history of Probability Theory and its presence
in a great variety of sub-fields of Mathematics and in a considerable
number of Science domains. Knowing that law and its fundamental
properties is mandatory.

1. Gauss Probability Laws on R
(A) Standard Gauss Gauss Probability Law.

We already encounter the function

(1.1) foi(x) = exp(—2®/2), =z € R.

1
V2T
and we proved that [ fo1(z) dv = 1. We remark that f is locally
bounded and locally Riemann integrable (LLBRI). So, we may equiv-
alently consider the Riemann integral of fy; or its Lebesgue integral.

Without express notification, we will use Riemann integrals as long as
we stay in the case where these Riemann integrals are Lebesgue’s one.

DEFINITION 7. A random variable X : (Q, A,P) — R is said to
follow a standard normal or standard Gaussian probability law, or in
other words : X is a standard normal or standard Gaussian random
variable if and only if fo.1 is the pdf of X, that is the Radon-Nikodym
of Px with respect to the Lebesque measure. Its strict support is the
whole real line R.

The historical derivation of such pdf in the earlier Wworks of de Moivre,
Laplace and Gauss (1732 - 1801) is stated in Loeve (1997) and in Lo
(2017b) of this series.
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134 4. AN INTRODUCTION TO GAUSS RANDOM MEASURES

The main properties of a standard normal random variable are the
following.

THEOREM 9. If X s a standard normal random variable, then :
(1) E(X) =0 and Var(X) = 1.
(2) X has finite moments of all orders and :

|
(2k)! k>1,

2k+1 _ 2% _
EX =0 and EX*" = SRR >

and, in particular, its kurtosis parameter Kx satisfies

_ B _
KX = E(X2)2 = 3.

(3) Its myf is
o(u) = exp(u?/2), u € R
and its characteristic function is
®(u) = exp(—u?/2), u € R.

(5) Its cdf

Glr) = V%/_ exp(—u2/2) du, u € R

admits the approrimation, for x > 1,

) —z2/2
C{l—%}eﬂ/zﬁl—%)é e

T T T

where C = 1//2r.

(6) The quantile function G=1(1—s) is expanded as s | 0, according to

(1 5)
= {tossy - BETE DL L Oogton(1/5% (g 1/5)72) }.

and the derivative of GY(1 — s) is, as s | 0,
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(G‘l(l - s)) = (2log(1/s))"/? — logz‘gggl(olg/ 1s<>)g)§/12/s)

+0((loglog(1/s)*(log 1/5)""/%)).

(7) The following property holds. For each x € R,

, log 47 + loglogn\" i
1/2 1/2 _ -
lim G((Q logn)/“x+(2logn) 22logn) 12 ) = exp(—e™").

n—-+4o00

For right now, we are only concerned with the three first Points. The
other points are related to the tail 1 — G of a normal law. We will deal
with this in the monograph devoted to extreme value theory.

Proof of Theorem.

Points (1) and (2). Let £ > 0. By using Formula (ACIF) (See Section
5 in Chapter 2, page 67), we have

EX2k+1 :/$2k+1f071(.f1}') d)\(.flf)
R

The function |z|?**! fo1(z) is locally bounded and locally Riemann in-
tegrable. So, we may use the recommendations in Point (b) in Section
5 in Chapter 2 to get

/x2k+1f071(x) d\(z) = lim 2T fo () da.
R

n—-4o0o [—n n}

Now, Riemann integration techniques ensure that, for each n > 1,
J" a1 foi(x) de = 0 since the continuous function 2™ fo () is
odd on the symmetrical interval [—n,n|] with respect to zero. By
putting together all the previous facts, we have

EX2k+1 = 0.

For even order moments, we denote I, = EX?* k > 0. We have I, = 1.

For k > 1, let us use Riemann integrals and integrations by parties.
We have
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1 e 1 e
I, = E/ 2% exp(—2?/2) dx = E/ pt (:)sexp(—xz/Q)) dx

_ V% /_ ;wx2k_1d<—exp(—x2/2))

_ \/%[—GXP(_xz/Q)}_ + (2k — 1)\/%/_ ml.2k—2exp(_$2/2) "
= (2k = 1)1

We get by induction that

I = (2k—1) Iy = (2k—1)(2k—3)[x_5 = - - = (2k—1)(2k—3)(2k—5) - - - 31

Hence
I =2k —1)(2k - 3)(2k —5)--- 3.

By multiplying I, by the even numbers (2k)(2k — 2)---2 = 2Fk! and
dividing it as well, we get the results.

(3) By still using Riemann integrals and using Formula (ACO01) (See
page 68), we have for all u € R

P +ooe“xex —z? x
o) = Efe "m/_w p(—22/2) d

! +ooe p L2 2t d
= — xp| = z° — 2tu x
V2T J oo 2

By using 22 — 2tu = (u — t)? — u?, we get

o) = espt/2) |

—00

—+00

exp(—(z — u)?/2) d:):)

By using the change of variable y = u— 1, we get that integral between
the parentheses is one, and the proof is finished. [

(B) Real Gauss Probability Laws.
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Now given a standard random variable Z, m a real number and o > 0,
the random variable

X=0Z+m,

has the cdf, for z € R,

o g

P =Bz em<n =p (727 ") < p (120

which, by differentiating the extreme members, leads to

Foo () = dFx(x) _ 1dFy((z — m)/a)’

dx o dx

for € R. Since the functions f,,, and fy; are bounded and con-
tinuous, we may apply the recommendations of Point (b) [Section 5,
Chapter 2] to conclude that

mae) = = 1% eXp( _ M) v €R. (RG)

is the absolute pdf of X. By using the properties of expectations and
variances and properties characteristic functions, we have :

EX =m and Var(X) = o2,
ox(u) = exp(mu + o®u?/2), u € R,
and
Ox(u) = exp(imi — c*u?/2), u € R.

Before we conclude, we see that if 0 = 0, X = m and its mgf is
exp(mu), which is of the form exp(mu + o?u?/2) for o = 0. We may
conclude as follows.

Definition - Proposition (DEF01).
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A real random variable is said to follow a Gaussian or normal prob-
ability law, denoted X ~ N(m,c?), if and only if its mgf is given
by

ox(u) = exp(mu + c?u?/2), u € R, (RGM)
or, if and only of its, characteristic function given by
®x(u) = exp(imu — oc*u?/2), u € R. (RGO)

If X is not degenerate, that is o > 0, its absolutely continuous pdf is

fx = a\}%e}{p(_ @) z € R. (RGD)

Its first parameters are
m =EX and ¢? = EX2.

0.
(D) Some immediate properties.

(D1) Finite linear combination of independent real Gaussian
randoms.

Any linear combination of a finite number d > 2 of independent ran-
dom variables X7, -, Xy with coefficient 0y, --- ,d4 follows a normal
law. Precisely, if the X;’s are independent and X; ~ N(m;,0?),
1 < i < d, if we denote m' = (my,...,my), 6* = (01,---,04) and
Y =diag(oy,- -+ ,04), we have

> 6,X; ~ N (m's,6'S6).

1<j<d

To see this, put

Y: Z (Sij

1<j<d

By the factorization property formula, we have for any u € R?,
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Py (u) = EeXp< > U@)@>

1<j<d

= Eexp( H uéij)

1<j<d

= H E exp(ud;X;)

1<j<d

— H exp(im;d;u — 5?0]2@2/2)

1<j<d

- e {im o (555) ).

From there, we may conclude that Y follows a real random vector with
the given parameters.

(D2) Towards Gaussian Random Vectors.

Let us remain in the frame of the previous point (D1). Let X be the
vector defined by X' = (Xi, -, X,) with independent real Gaussian
Random variables with the given parameters. We have for any u € R?
with v = (uq, ..., ug),

Oy(u) = Eexpilu,”Z)

= Eexp( > quj)

1<j<d

= H E exp(uu;X;)

1<j<d
— H exp(imjuj—ajz-uz/Q)
1<j<d
(_ . utZu)
= exp [ imu———|.

By also using the same techniques for the mgf, we get that for any
u € R? with u® = (uy, ..., uq),

px(u) = exp ((m, u) + ut?“)
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A random vector X whose components are independent and satisfy
Xi ~N(mj,07), 1 < j <dhas the mgf

utdu

). (RVO1)

for any for any u € R?, where m! = (my, ..., my) and ¥ = diag(oy,-- -, 04q).
Besides, we have

ox(u) = exp ((m, u) +

EX =m and Var(X) = X.

This offers us a good transition to the introduction of Gaussian random
vectors.

2. Gauss Probability Law on R?, Random Vectors

(A) Introduction and immediate properties.

In general, the study of random vectors relies so much on quadratic
forms and orthogonal matrices topic. We advice the reader to read at
least the definitions, theorems and propositions on the aforementioned
topic in Section 2 in the Appendix Chapter 10. Each time a property
on orthogonal matrices is quoted, it is supposed to be found in the
appendix in the aforementioned section.

The above formula (RV01) gave us a lead to the notion of Gaussian
random vectors. we have :

DEFINITION 8. A random variable X : (Q, A,P) — R d > 1,
18 said to follow a d-multivariate Gaussian probability law, or in other
words : X is a d-Gaussian random vector if and only its mgf is defined

by

utdu

ox(u) = exp <<m, u) + ) u € R?* (RV02)

where m s a d-vectors or real numbers and X is a symmetrical and
semi-positive d-matriz or real numbers, and we write X ~ Ny(m, ).

By comparing with Formula (RV01), we immediately have :
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PrRoPOSITION 8. A random wvectors with real-valued independent
Gaussian components is a Gaussian vector.

We also have the following properties.

PROPOSITION 9. X admits the mgf in Formula (REV02), then we
have

E(X)=m and Var(X) = X.

Proof. We are going to construct a random vector Y which has the
mgf

t

u'Xu
exp <(m, u) + ), u € R (RV03)
and next use the characterization of the probability law by the mgf.
Since Y is symmetrical and semi-positive, we may find an orthogonal
d-matrix 1" such that

TST! = diag(dy,- -+, 64),

where 61, -+ ,0, are non-negative real numbers. By the Kolmogorov
Theorem as applied in Point (c¢5) in Section 5.2 in Chapter 2, we
may find a probability space (€2, .4,P) holding a d-random vector Z
whose components are centered independent real-valued Gaussian ran-
dom vectors with respective variances 9;, 1 < j < d. Its follows
that Z is Gaussian and hence, by Formula (REV01), we have for
D = diag(y,- - ,04), for u € RY,

o o (222,

Now let us set Y =m + T%Z. We have

oy(u) = Eexp ((m + TtZ)tu) = exp(m‘u)E exp (Zt(Tu))

— exp(m'u)E exp ((Z, Tu))

utTtDTu)

— exp({m, u)) exp ( .
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But, by the properties of orthogonal matrices, we have TSXT* = D,
which implies that TXT*DT = . Thus we have

¢
oy (u) = exp <(m, u) + “ 5 u), u € R

This a direct proof, based on the Kolmogorov construction, that the
function in Formula (REV03) is characteristic. An other method would
rely on the Bochner Theorem we do not mention here. At the end, we
have that Y ~ ANy(m,X). By using the properties and expectation
vectors and variance-covariance properties seen in Chapter 2, we have

EY =E(m+T'Z) =E(m) +T'E(Z) =m
and, since the constant vector m is independent from 77,
Var(Y) = Var(m +T%) = Var(T?) = T'DT = X.
We conclude as follows : for any random variable characterized by its

mdf given in Formula (REV02), its expectation vector and its variance-
covariance matrix are given as above. H

Important Remark. In the notation X ~ Ny(m,X), m and ¥ are
the respective expectation vector and the variance-covariance matrix

of X.

Let us now study other important properties of Gaussian vectors.

(B) - Linear transforms of Gaussian Vectors.

PROPOSITION 10. The following assertions hold.

(a) Any finite-dimension linear transform of a Gaussian random vector
is a Gaussian random vector.

(b) Any linear combination of the components of a Gaussian random
vector is a real Gaussian random variable.

(¢) If a random vector X : (Q, A, P) = R%, d > 1, follows a Ny(m,¥)
probability law and if A is a (k x d)-matriz and B a k-vector, k > 1
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then AX + B follows a Ni,(Am + B, AXA') probability law.

Proof. It is enough to prove Point (c¢). Suppose that the assumption
of that point hold. Thus Y = AX is k-random vector. By Point (a) of
Theorem 5 in Section 6 in Chapter 2, we have

D axyp(v) = exp(B'v)Px(Av)

and combining this with Formula (RV02) gives, for any v € R,

pax+p(v) = exp(B'v)Px(A™)
t t
= exp(B'v)exp (mt(Atv) + %)

- o (0 A 4 AT

= exp <(B + Am,v) + W). 0.

This proves (¢) which is a more precise form of (a). Point (c¢) is only
an application of Point (¢) to a (d x 1)-matrix A.

Point (c) provides a new definition of Gaussian vectors given we al-
ready have the definition of a real-valued Gaussian random
variable. We have :

Definition - Proposition.

(a) (DEFO01) Any d-random vector, d > 2, is Gaussian if an only if any
linear combination of its components is a real-valued Gaussian random
variable.

(b) (DEF02) Given we already have the definition of a real-valued
Gaussian random variable, a d-random vector, d > 2, is Gaussian if
any linear combination of its components is a real-valued Gaussian
random variable.

Proof of Point (a). Let X : (Q, A,P) = R¢ d > 2, be a random vec-
tor such that any linear combination of its components is a real-valued



144 4. AN INTRODUCTION TO GAUSS RANDOM MEASURES

Gaussian random variable.

First, each component is Gaussian and hence is square integrable and
next, by Cauchy-Schwartz inequality, any product of two components is
integrable. Hence the expectation vector m and the variance-covariance
matrix ¥ of X have finite elements. Next, the characteristic function
of X is satisfies, for any u € R%.

®y(u) = Eexp (iutX) = ,ix(1), (RV04)

where @,y is the characteristic of u'X = w1 X; + - - - + u4 X, which is
supposed to be a real-valued normal random variable with parameters

E(u'X) = Z u; X; = (u,m)

1<j<d

and

Var(u'X) = Var( Z u; X;)

1<j<d

= Z Z CO'U(XZ',X]')UﬂLj

1<j<d1<j<d

= u'Yu.

Now using the characteristic function of a N ({u, m),u'Yu) allows to
conclude. [l.
Some consequences.

(a) A sub-vector of a Gaussian Vector is a Gaussian vector since it is
a projection, then a finite-dimensional linear transform, of the vector.

(b) As particular cases of Point (a), components of a Gaussian vector
are Gaussian.

(c) A vector whose components are independent and Gaussian is
Gaussian.
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(c) But, in general, a vector whose components are Gaussian is not
necessarily Gaussian. Here is a general, using Sklar (1959)’s Theorem,
to construct counter-examples. As stated in Section 8 of Chapter 2,
for any random vector X of dimension d > 1, the cdf Fx of X satisfies

Vo € RY, Fx(z) = C(Fxi1(2), ..., Fx.a(x)),

where C'is a copula and Fx ; stand for the individual marginal cdf’s
and the copula is unique if the marginal cdf’s are continuous. By
choosing the F'x ; as cdf’s of Gaussian random variables X, the vector
X = (Xy,..., Xy)" has Gaussian components. But not any copula C
makes Fx a cdf of Gaussian vector.

For example, for d = 2, by taking the least copula C'(u,v) = maz(u +

v —1,0), (u,v) € [0,1]%, ® the cdf of a N(0,1) random variable, a
random vector (X, Y)" associated with the c¢fd

Vo = (x,9)" € R? F(z) = max(®(x) + ®(y) — 1,0),

is not Gaussian but has Gaussian components.

(C) - Uncorrelated and Gaussian Component.
Let us begin to resume the result of this part by saying this : For a

Gaussian vector, uncorrelation and independence of its sub-vectors are
the same. Precisely we have :

PROPOSITION 11. Let Y : (2, AP) =R and Z : (Q,AP) —
R%, r>1, s > b, be a two random vectors such that X* = (Y*', Z") is a
d-Gaussian vector, d = r + s. Suppose that'Y and Z are uncorrelated,
that is, their covariance matrices are null matrices

Cov(Y, Z)Cov(Z,Y)" :<(COU(YZ-,ZJ») =0,

1<i<r, 1<j<s
that s also
V(u,j) € {1,....,r} x{1,...;s}, Cou(Y;, Z;) =0.

Then Z and Y and independent.



146 4. AN INTRODUCTION TO GAUSS RANDOM MEASURES

Proof.

Since X is Gaussian, its sub-vectors Z and Z are Gaussian and have
mgf functions

R" 3 v — py(v) = exp (mfv + v'Eyv)  (RV05a)

and

R* 3w @z(w) = exp (myw + w'Syw), (RV05b)

where my and Yy (resp. mz and Xz) are the expectation vector and
the variance-covariance matrix of Y (resp. Z). The components of X
are X; =Y; for1 <i<rand X; = Z; forr+1 <id. Suppose that Y
and X are uncorrelated. Denote also by myx and X x the expectation
vector and the variance-covariance matrix of X.

Thus for any v € R", w € R", we have by denoting v’ = (v', w"),
u € RY,

WEyu = Z COU(Xz'>Xj)

1<i<d, 1<j<d

= Z Cov(X;, X;) + Z (L2)

1<i<r, 1<5<r r+1<i<r, r+1<j<d
n Y Cou(Xi, X))+ ) (L3)
1<i<r, r+1<j<d r+1<i<d, 1<j<s

The covariances of Line (L3) are covariance between a component of
Y and another of Z and by hypothesis, the summation in that line is
zero. In the first term of Line (L2), the covariances are those between
components of Y and the second term contains those of components of
Z. We get

WY xu=0v'Syv +w'Eyw

with the same notation, we have u!my = v'my +v'my and, by taking
Formula (RV05) into account, we arrive at
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uSyu
px(v) = pomfusw) = exp atmy + )
ty ty

= eXp<'Utmy+Utmz+U YU—;w yU))

= oy(v)pz(w).
We finally have for any v € R", w € R",
Pv,z)(u w) = ey (v)pz(w).

By Theorem 7 in Section 6 in Chapter 2, we conclude that Y and Z
are independent.

WARNING Gaussian Random vectors do not have the exclusivity of
such a property. To make it simple, this property holds for a random
ordered pair (X,Y) if for example, for any (u,v) € R?,

(P(X,Y) (U, U) - (PX (U)(by(v) S hX,Y(na U),

where hyy is a function satisfying hx y(0,0) = 0.

Example : Associated random variables. A finite family of d
real random variables X; : (€, A,P) - R, 1 < j < d is said to be
associated if and only for any pair(f,g) of bounded real-valued and
measurable functions functions defined on R? both coordinate-wisely
non-decreasing, we have

Cov (f(Xl, ey Xd)g(Xl, ey Xd)) 2 0.

Let us denote X' = (X7, ..., Xy) and let ¥ x be the variance-covariance
matrix of X. If that sequence is associated, Newman and Wright
(1981) Theorem states that for any u € R?,

< Z luiu;|Cov(X;, X;).

S0y L) >

N —

1<j<d
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It is useful to know that the covariances Cov(X;, X,) are non-negative
for associated variables. Thus, associated and uncorrelated variables
are independent.

(D) - Density probability function of Gaussian Vectors with a
positive variance-covariance matrix.

Probability laws of Gaussian vectors with non-singular variance-covariance
matrix may be characterized by their absolute pdf. We have the fol-
lowing :

Proposition - Definition (DEF03).

(a) Let X : (Q,AP) - RY d > 1, be Gaussian random vector
of expectation vector m and variance-covariance matrix . If X is
invertible, then X has the pdf

det(¥)~1/2 . ( _(z=m)'S (x —m)

d d
L 5 ),xeR.xeR.(RVD)

(b) (DEF03) A random vector X : (Q,A4,P) — RY d > 1, whose
variance-covariance is invertible is a Gaussian vector if and only if it
admits the absolute density probability pdf (RVD) above.

Proof. We use the same techniques as in the proof of Proposition
9 and based on the Kolmogorov construction of a probability space
(Q, A, P) holding a d-random vector Z whose components are centered
independent real-valued Gaussian random vectors having as variances
the eigen-values 0;, 1 < j < d of 3. Set D = diag(y, ..., 04). All those
eigen-value 9;, 1 < j < d, are positive and

det(s) = ] 4.

1<j<d

We may use the pdf’s of each Z; and make profit of their independence
to get the pdf of Z, which is for any = € R?,
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which yields

 det(%)7V? 2Dz J
fZ(Z)—WeXp — 9 ,ZER.

Now, let T be an orthogonal matrix such that TS7T" = D. Set Y =
T(Z+m), that is : Z =T'Y —m, is a diffeomorphism which preserves
the whole domain R? of Z and the Jacobian coefficient J(y) is the
determinant of 7" which is £1. The change of variable formula (CVF)
in Section 7 in Chapter 2 leads to

e —1/2 — m)TtD-1 Cm
fY(y):fy(T(Z—m):%exp<_(y )Tl)Q T(y ))7

where y € R? Since T*D~'T = X!, we conclude that

det(¥)~1/2 (y —m)S7(y —m)
fY(y):WeXP(— Y 5 Y ),yeRd.

By combining this with Proposition 9, we conclude that the non-
negative function given in formula (RVD) is an absolute pdf and is
the pdf of any random vector with the mgf given in Formula (RV02)
for a non-singular matrix >. W

Different definitions. We provided three definitions (DEF01), (DEF02)
and (DEF03) for Gaussian vectors. The first which is based of the char-
acteristic function or the mgf is the most general. The second suppose
we already have the definition a real Gaussian random variable. The
last assumes that the variance-covariance is invertible.

Remark. Another way to proceed for the last proof is to directly show
that the function given Formula (RVD) is a pdf and to compute its mgf
by using the orthogonal transform of 3. By trying to do so, Formula
(UID) in Section 2 in Chapter 2 may be useful.

(E) Quadratic forms of Gaussian Vectors.

Let X ~ Ny(m,X), d > 1, be a d-dimensional Random Vector. We
have the following sample result.
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PROPOSITION 12. If ¥ is invertible, then the quadratic form (X —
m)!S~Y X — m) follows a Chi-square probability law of d degrees of
freedom, that is

(X —m)'Y N (X —m) ~ x3

Proof. Suppose that X ~ Ny(m,X) and X is invertible. Let T be an
orthogonal matrix such that

TYT" = D = diag(dy, ..., 6q)
which entails
»t=T!D7IT.

Set Y = T(X —m). Thus Y is a Gaussian vector. Its variance-
covariance matrix is ¥y = TYT* = D. Hence the components Y7, ...,
Y, are Gaussian and not correlated. Hence they are independent. By
Fact 2 in Point (11) on the Chi-square probability law in Section 2 in
Chapter 2, we have

y?
Q=) F+~xi

1<j<d 7/

Since D! = diag(1/dy, ..., 1/d4), we have

Q=Y'D"Y = (X—m)!'T'D'""T(X—m) = (X—=m)'S" (X —m) ~ x2. O



CHAPTER 5

Introduction to Convergences of Random
Variables

1. Introduction

The convergence of random variables, extended by the convergence of
their probability laws, is a wide field with quite a few number of sub-
fields. In Statistical terms, any kind of convergence theory of sequences
of random variables is classified in the asymptotic methods area.

We are going to introduce some specific types of convergence.

Let (X,,)n>0 be a sequence of random elements with values in a Borel
space (F,B), where B is the o-algebra generated by the class of open
set O, such that each X,,, n > 0, is defined on some probability space
(Q, Ay, P,

Let also Xoo © (Qoo, Aoe; PO)) — (E, O) be some random element.
Notation. We will simply write X = X, if no confusion is possible.

Regularity Condition. At least we suppose that the topological
space (E, Q) is separated ensuring that limits are unique and for se-
quences of any random elements X, X,, : (2, A,P) — (E,0), n > 0,
we have

(X, = X) € A

Now let us present some the following definitions for convergence of
random variables after the

Warning : In this textbook, only the convergences (A), (B) ,
(F) and (G) will be addressed, and they will studied on £ = R%.

(A) Almost-sure Convergence. Suppose that X, and all the ele-
ments of the sequence (X, )n>o are defined on the same probability space

151
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(Q, A P).

The sequence (X,,),>0 converges almost-surely to X, and we denote
X, — Xo, a.5. as n — 400,

if and only

P(X, + X.) = 0. (ASC)

(B) Convergence in Probability. Suppose that X, and all the ele-
ments of the sequence (X, )n>o are defined on the same probability space
(Q, A, P) and E is a normed real linear space and its norm is denoted

by |I.I].

The sequence (X,,),>0 converges in probability to X, and we denote
X, BN Xoo, as n — +00,

if and only for any € > 0

lim P(]| X, — Xoo| > &) = 0. (CP)

n—-+o0o

(C) General Convergence in Probability. Suppose that X, and
all the elements of the sequence (X,)n>0 are defined on the same prob-
ability space (2, A, P).

The sequence (X,,),>0 generally converges in probability to X, and
we denote

P9)
X, — X, as n — 400,

if and only for any open set G € F,

lim P(X € G, X, ¢ G)=0.(GCP)

n—-+00

(D) Complete Convergence. Suppose that X, and all the ele-
ments of the sequence (X,,)n>0 are defined on the same probability space
(Q, A, P) and E is a normed real linear space and its norm is denoted
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by [I.1.
The sequence (X,,),>0 completely converges to X, and we denote
X, =5 X, as n — 400,

if and only for any ¢ > 0,

—+00

D P(| Xy — Xoo|l > €) < +00. (CC)

(E) Convergence in p-th moment, p > 0. Suppose that X, and all
the elements of the sequence (X,,)n>0 are defined on the same probabil-
ity space (Q, A, P) and E is a normed real linear space and its norm is
denoted by ||.||. Let r > 0.

The sequence (X,,),>0 converges to X in the r-th moment and we
denote

Xoo o Xoo, as n — +00,
if and only for

lim E||X, — Xo| =0. (MR)

n—-+400

(F) Convergence in moment L?, p > 1. Suppose that X, and all
the elements of the sequence (X, )n>0 are real-valued mappings defined
on the same probability space (2, A, P) and belong all to LP (), A, P).
The sequence (X,,),>0 convergences to X, in L? and we denote
Xoo N Xoo, as n — +00,
if and only if
lim E|X, — X, =0. (CLP)
n——+00

Important Remark. It is of the greatest importance to notice that
all the previous limits, the random variables X, and X,,, n > 0, are
defined on the same probability space. This will not be the case in
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the next definition. Each random element may be defined on its own
probability space. We will come back to this remark after the definition.

(G) Weak Convergence in a metric space. Suppose E is a metric
space (E,d) endowed with the metric Borel o-algebra. Denote by Cy(E)
the class of all real-valued, bounded and continuous functions defined
on E. Define the probability laws :

P =P X P, =PWX! n>o0.
The sequence (X,,),>0 weakly convergences to X, and we denote
Xoo » X, as n — +00,

if and only for f € Cy(F)

lim / fdpP, = / fdP. (WC)
n——+o0o E E

Remark. We effectively see that only the probability laws of X,,, n > 0
and X, are concerned in Formula (WC), at the exclusion of the paths
{Xo(w), w € Q) and {X,(w), w € Q,}, n > 0. In general, a type
of convergence which ignores the domain of elements of the sequence
whose limit is considered, is called weak or vague.

As announced earlier, we are going to study convergences type (A),
(B) , (F) and (G) for sequences of random vectors in RY d > 1. At
this step, the three remarks are should be made.

(a) Convergence (A) and (B) are already treated in the Mea-
sure Theory and Integration book. We will give easy extensions
only.

(b) Convergence (G) is treated in a separate monograph. At
this step of this course of probability theory, the weak convergence the-
ory for random vectors may be entirely treated. This is what we did
in Lo et al. (2016), as an element of the current series. The reason we
expose that theory in an independent textbook us that we want it to
be a first part of the exposition of Weak convergence embracing the
most general spaces, including, stochastic processes.
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The reader is free to read it as soon as he has completed the chapters 1
to 4 of this textbook. But, for coherence’s sake, we will give the needed
reminders to have a comprehensive comparison between the different
kinds of convergence.

(c) Space LP. Convergence in L? is simply a convergence in a normed
space LP. We already know for the Measure Theory and Integration
book that this space is a Banach one.

(d) Convergences of real sequences. When dealing with random
vectors, a minimum prerequisite is to master the convergence theory
for non-random sequences of real number. This is why we always in-
clude a related appendix in our monographs dealing with it. In this
book, the reminder is exposed in Section 3 in the Appendix chapter 10.

After the previous remarks, we see that this chapter is rather a review
one with some additional points. In particular, the equi-continuity no-
tion will be introduced for the comparison between the convergence in
measure and the LP-convergence.
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Part A : Convergences of real-valued random variables. .

2. Almost-sure Convergence, Convergence in probability

As recalled previously, such convergences have been studied in proba-
bility and Integration [Chapter 7 in Lo (2017b)]. We are just going to
report the results.

(a) Almost-everywhere convergence.

A sequence of random variables X,,),>; defined from (Q,A4,P) to R
converges almost-surely to a random variable X : (€, A,m) — R and
we denote

X, — f, as.,

if and only if
P(X, - X)=0.

If the elements of the sequences X,, are finie a.s., we have :

Characterization. A sequence of a.s. finite random variables (X,,),>1
defined from (Q,.4,P) to R converges almost-surely to a random vari-
ables X : (2, A, m) — R if and only if

P(N 0 U-s<m) =0
k>1N>1n>N
if and only if, for any £ > 1
P <U (X, - fl < 1/k>> =0
N>1n>N
if and only if, for any € > 0
P(U ) (1X. — £] z@) =0.

N>1n>N

(b) Convergence in Probability.
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A sequence of a.s. finite random variables (X,),>; defined from
(©, A,P) to R converges in Probability with respect to the probabil-
ity measure P to an a.s finite random variable X : (Q, A, m) — R,
denoted

Xn —Pp X

if and only for any € > 0,

P(|X,, — X| >¢) — 0 as n — +o0.
Remark. The convergence in probability is only possible if the limit
f and the X,,’s are a.s. since we need to get the differences X, — X.

The a.s. finiteness justifies this.

NB. It is important to notice that the inequality in (| X, — X| > ¢)
may be strict or not.

(c) - Properties of the a.s. convergence.
(c1) The a.s. limit is a.s. unique.
(c2) We have the following operations on a.s limits :
Let (X,)n>1 and (Y,)n>1 be sequences of a.s. finite functions. Let a
and b be finite real numbers. Suppose that X,, - X a.s. and Y,, = Y
a.s.. Let H(x,y) a continuous function of (z,y) € D, where D is an
open set of R?. We have :
(1) aX,, +bY, - aX +Yg a.s.
(2) X,.Y, —» XY a.s
(3) If P(Y =0) =0 (that is Y is a.s nonzero), then

X,/ Y, — X/Y, as.
(4) If (X,,,Y)n>1 C D as. and (X,Y) € D a.s., then

H(X,,Y,) = H(X,Y), a.s.

(d)- a.s. Cauchy sequences. If we deal with a.s. finite functions, it
is possible to consider Cauchy Theory on sequences of them. And we
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have the following definition and characterizations.

Definition. A sequence (X,,),>1 of a.s. finite functions is an P-a.s.
Cauchy sequence if and only if

IP’(Xp -Y,»0, as (p,q) — (400, +oo)) =0,

that is, the w for which the real sequence (X,(w)),>0 is a Cauchy se-
quence on R form an a.s. event.

Other expressions. A sequence (X,,),>; of a.s. finite functions is an
P-a.s. Cauchy sequence :

if and only if for any k& > 1,

P <ﬂ U U= ful > 1/@) _g

n>lp>nq>n

if and only if for any k£ > 1,

P (m U(|fp+n _Xn| > l/k)> =0

n>1p>0

if and only if for any € > 0,

*(NUUI-11-9) =

n>1p>nq>n

if and only if for any € > 0,

P (m U(|Xp+n — Xa| > 5)) =0

n>1p>0
Property. Let (X,,),>1 be a sequence of a.s. finite functions.

(X3)n>1 1s an P-a.s. Cauchy sequence if and only if (X,),>; converges
a.s. to an a.s. finite function.
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(e) - Properties of the convergence in probability.

(el) The limit in probability is a.s. unique.

(e2) Operation on limits in Probability.

The operations of limits in probability are not simple as those for a.s.
limits. The secret is that such operations are related to weak conver-
gence. The concepts of tightness or boundedness are needed to handle

this. But we still have some general laws and complete results on op-
erations on constant and non-random limits.

Let X, »p X and Y,, = Y, a € R. We have :

(1) In the general case where X and Y are random and a.s. finite, we
have :

(1a) X, +Y, »p X +Y.
(2b) aX,, —p aX
(2) - Finite and constant limits in probability.
Let X = A and Y = B be constant and non-random. we have
(2a) aX,, +bY,, —»p aA+bB.
(2b) X,.Y, —p AB.
(3c) If B # 0, then
X,/Y, —p A/B.
(3d) If (X,,,Yy)n>1 C D a.s. and (A, B) € D, then

(f) - Cauchy sequence in probability or mutually convergence
in probability.
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Here again, we deal with a.s. finite random variables and consider a
Cauchy Theory on sequences of them. And we have the following def-
inition and characterizations.

Definition. A sequence (X,,),>1 of a.s. random variables is a Cauchy
sequence in probability if and only if, for any ¢,

P(|X, — X4l > €) = 0 as (p,q) = (400, +00).

Properties. Let (X,,),>1 be a sequence of a.s. random variables. We
have :

P1 (X,,),>1 is a Cauchy sequence in probability if and only if (X,,),>1
converges in probability to an a.s. random variable.

P2 If (X,,),>1 is a Cauchy sequence in probability, then (X,),>1 pos-
sesses a subsequence (X, )y>1 and an a.s. random variable such that
f such that

X, =+ X a.s. as k — 400,

and

X, —»p X as n — +oo.
(g) - Comparison between a.e. convergence and convergence
in probability.
(D). If X,, —» X a.s., then X,, —p f.

The reverse implication is not true. It is only true for a sub-sequence
as follows.

(2). Let X,, —p X. Then, there exists a sub-sequence (X, )x>1 of
(Xn)n>1 converging a.s to X.

Terminology. Probability Theory results concerning a a.s. limit is
qualified as strong. Since such results imply versions with limits in
probability which are called weak.
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3. Convergence in L7

We already know that LP(2, A, P) is a Banach space, with for X € L?,
I1X[l, = (B(X["), pe[1,00]
and
| X oo = inf{M >0, |X| < M, as.}, p=+o0.

In this section, we are going to compare LP convergence and the a.s.
convergence or the convergence in probability.

We restrict ourselves to the case where p is finite.
(a) Immediate implications.

We have the following facts.

ProposITION 13. (X,,), C L? and X € LP and let X, X,
Then :

and
(i) | Xnllp = 1 X I,

meaning that : the convergence in LP implies the convergence in prob-
ability and the convergence of p-th absolute moments.

Proof. (X,), C L” and X € L? and let X, o x

Proof of Point (i). For any ¢ > 0 and by the Markov inequality, we
have

X, = X|P
XXl

P(|X, — X| > ¢) = P(|X, — X[ > &")
£

0.

Thus the convergence in LP implies the convergence in probability.
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Proof of Point (ii). This is immediate from the second triangle inequal-

1ty

\Hxnnp _IX],| < 1%, = X, = 0.0

On can the question : does one of Points (i) and (ii) implies the con-
vergence in LP? We need the concepts of continuity of a sequence of
real random variables. Most of the materials used below comes from
Loeve (1997).

(b) Continuity of a sequence of random variables.

We have already seen the notion of continuity for a real-valued o-
additive application defined on the o-algebra A with respect to the
probability measure P pertaining to the probability space (€2, .A4,P),
which holds whenever as follows :

VA€ A, P(A) = 0= ¢(A).

Such a definition may be extended to the situation where we replace
P(A) = 0 by a limit of the form :

¢(A) — 0 as P(A) — 0, (ACO1)

which may be discretized in the form :

((Ap)pzo C Aand P(A,) — 0) = ((b(Ap) — 0), (AC02)

where the limits are meant as p — +o00.

Let ¢ = ¢ = ¢x be an indefinite integral associated to the absolute
value of random variable X, that is

b (A) :/A|X| dP, A € B(R).

We denote B(X,c) = (|]X| > ¢) for any ¢ > 0 and introduce the
condition
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lim ¢x(B(X,c)) =0,

cT+oo
that is

lim 1X| dP =0. (CI)

T+o0 J(1X|>c)

Let us introduce the following :
Definitions.

(a) A random variable X € R is P-absolutely continuous if and only if
Formula (ACO01) holds.

(b) A random variable X € R is P-continuously integrable if and only
if Formula (CIO1) holds. ¢

We have the following first result.

PROPOSITION 14. If X is integrable, then it is P-absolutely contin-
uwous and P-continuously integrable.

Proof. Let X be integrable. Now, since (|X| > ¢) | (|X| = +00) as
¢ T +oo, we get by the monotone convergence theorem (Do not forget
that any limit is achieved through a discretized form)

lim X dP = / X dP.
o0 J(1X|>¢) (1X|=+o0)

Since X in integrable, it is a.s. finite, that is P(|X| = +o00) = 0, which
leads to f(‘ X|=-+00) X dP since the indefinite integral of the integrable
random variable X is continuous with respect to P. Hence X is P-
continuous integrable.

Now, suppose that (A4,),>0 C A and P(A4,) — 0 as p — +00. We have
for any ¢ > 0, p > 0,
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/ X| dP = / X| dIP’+/ IX| P
Ap ApNB(X,c) ApNB(X,c)¢

g/ X| dP + P(A,).
B(X,c)

By letting p — o0 first and next ¢ 1 +oo, we get Formula (AC02).
Hence X is P-absolutely continuous. [

Now we may extend the definitions above to a sequence of integrable
random variables by requiring that Formulas (AC02), page ?? or (CI01),
page 77, to hold uniformly. This gives :

Definitions.

(a) A sequence of integrable random variables (X,,),>o C L', is P-
uniformly and absolutely continuous (uac) if and only if

lim sup/|X |P=0, (UAC1)

P(A)—0 >0

which is equivalent to
Ve>0,39n >0, VA e A P(A) <n=Yn>0, / | X,| dP < e. (UAC?2)
A

(b) A sequence of integrable random variables (X,,),>0 C L', is P-
uniformly continuously integrable (uci) if and only if

lim sup, / |X,| P. (UCT)
(1 Xn|>c)

cT+o0 n>0
-0

Example. As in Billinsgley (1968), let us consider a sequence of
random variables (X,,),>0 C L', r > 0 such that

sup E| X, ' = C < +o0.
n>0

Such a sequence is P-uci since for all ¢ > 0,
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Xn 1+r
/ |Xn|IP’:/ [ X — P <cC,
(1 Xn|>c) (Xnl>e) 1 Xnl

and next

sup/ | Xp| P<c"C —0as ¢t +oo.
(1 Xn|>c)

n>0
Unlike the situation where we had only one integrable random variable,

the two notions of P-uac and P-uci do not coincide for sequences. We
have :

PROPOSITION 15. A sequence of integrable random variables (X,,)n>0 C
Ll

(i) is P-uci
if and only if

(i) it is P-uci and the sequence of integrals (E|X,|)n>0 is bounded.

Proof. Let us consider a sequence of integrable random variables
(Xn)nzo C L'.

Let us suppose that is P-uci. Hence by definition, by the classical
results of limits in R, where

supsup/ | X, P=C < 400,
(1Xn|>c)

>0 n>0

next, for any n > 0, for any ¢q > 0,
BX = [ PP+ [ XIPSCO+a(Xl<9<Cra,
(1 Xn|>c) (| Xn|<c)

and thus

supE|X,| < C 4+ ¢y < +00.
n>0
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Besides, if we are given (A,),>0 C A and P(A4,) — 0 as p — 400, we
have for any ¢ > 0, p > 0,

/ X, dP = / X, dIP’+/ IX,.| dP
Ap ApNB(Xn,c) ApNB(Xn,c)¢

< / X, | dP + cP(A,)
B(Xn,c)

< / |X,.| dP + cP(A,)
B(Xn,c)

< sup/ | X,| dP 4 cP(A,).
B(Xn,c)

n>0

By letting p — 400 first and next ¢ T 400, we get Formula (UCA).
Hence the sequence P-uac.

Suppose now that the sequence is P-uac and the sequence of integrals
(E|X,|)n>0 is bounded. Put

supE|X,| = C < 400.
n>0

By the Markov inequality, we have

E(| X,
sup P(| X, > ¢) < sup (1

n>0 n>0 &

<Cc'. (MK)
Let us apply Formula (UAC2). Let € > 0 and let > 0 such that
P(A) <n=Vn>0, / | X, dP <e. (MK1)
A

Let ¢y > 0 such that C'cy' < 1/2. By Formula (MK) above we have
for all ¢ < ¢, for all n > 0, P(|X,,| > ¢) < n/2 < n, and by Formula
(MK1),

vnzo,/ | Xn| dP < &
[ Xn|>c
that is

Ve < ¢, sup/ | X,| dP < e.
[ Xn|>c

n>0
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This means that the sequence is P-uci. B

Now, we are able to give the converse of Proposition 13.

THEOREM 10. Let (X,)n>0 C LP be e sequence of elements of LP,
and X some random variable X € R. We have :

(a) If X,, 25 X, then X € LP.

(b) If If X, 255 X, then If X,, —p X

(c) Suppose that X,, —p X and one of the three conditions holds.
(c1) The sequence (| Xn|P)n>0 is P-uniformly and absolutely integrable.

(c2) The sequence (| X,, — X|P)n>o is P-uniformly and absolutely inte-
grable.

(c3) The sequence (|X,|P)n>0 is P-uniformly and continuously inte-
grable.

(c4) [ Xnllp = 1 X]lp < +oo.
Then X, 2 x.

(All the limits are meant when n — 400 ).

Proof of Theorem 10.

Proof of (a). First remark that the random variables |X,, — X| are a.s.
defined since the X,,’s are a.s. finite. Next, by Minkowski’s inequality,
for any n > 0.

XM < 1 Xnllp + 150 = X,

By X, i X, there exists ng > 0 such that ||.X,, — X||, <1 and thus,
1 X, < 14| X ll, < +o00.

Proof of (b). It is done in Proposition 13.
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Proof of (¢). Suppose that X,, —p X.

Let (c1) hold. Let € > 0. By Point (f) in Section 2, the sequence
(X,)n>0 is of Cauchy in probability. Hence for B, (¢) = (| X, — X| >
(£/2)Y/?), we have

P(B,s(¢)) = 0 as (r,s) — (+00, +00). (LP1)

Since (c1) holds, we use Formula (UAC2) to find a value > 0 such
that, for C, = 2pP~1,

P(A) < = Vn >0, / 1X,|P dP < (¢/2C,). (LP2)
A

From Formula (LP1), we can find an integer ry such that for any r > 7,
for any s > 0,

P(B,,+s(€)) <.

Now, based on the previous facts and the C), inequality, we have for all
r>rgand s > 0,

/\X, _X, P dP < / X, = X, [P dP
By rts(€)

+ / X, — X,\uP dP (L1)
By s(e)¢

cp( / P / |XT+S|P)+6/2
Br',r'+s(5) BT'T+S(5)

< g/24¢/2=¢.

IN

This implies that the sequence (X,,),>0 us a Cauchy sequence in LP
and since L? is a Banach space, it converges in L” to Y. By Point (b),
we also have that X, converges in Probability to Y. Thus X =Y a.s..
Finally | X —n—=Y||,=||X —n—X]|, — 0 and X,, converges to X in L”.

Let (¢2) hold. The same method may used again. The form of B,  (¢)
does not change since X is dropped in the difference. When concluding
in Line (L1) in the last group of formulas, we use
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/ X, — X, g/ X, —X|P dIP+/ X, ss— X [P dP,
Br,r+s(5) B'r,'r+s 3

Brrys(e)

and the conclusion is made similarly.
Let (¢3) hold. By Proposition 15, (c1) holds and we have the results.

Let (¢4) hold. We are going to use the Young version of the Dominated
Convergence Theorem [YCDT] (See Lo (2017b), Chapter 7, Doc 06-02,
Point (06.07c)). We have

2| X = X|P < Cp(| X" + [X[7) = Y.

Hence | X,, — X |? converges to zero in probability and is bounded, term
by term, by a sequence (Y},),>o of non-negative and integrable random
variables such that :

(i) Y, converges to Y = 2C,|X|?
and

(ii) /Y, P convergences to [V P.

By the YDCT, we get the conclusion, that is || X, — X|? = [|X, —
X|PdP — 0asn— 0.

We still have to expose a simple review of weak convergence on R. But
we prefer stating it, for once, on R? in the next part.
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Part B : Convergence of random vectors. .

4. A simple review on weak convergence

A general introduction of the theory of weak convergence is to be found
in Lo et al. (2016). The main fruits of that theory on R? are summa-
rized below.

First of all, it is interesting that characteristic elements of probability
laws on R (cdf’s, pdf’s, mgf’s, characteristic functions, etc.) still play
the major roles in weak convergence.

The main criteria for weak convergence are stated here :

THEOREM 11. (A particular version of Portmanteau Theorem) Let
d be a positive integer. The sequence of random vectors X, : (Q,, Ap, P()
(R4, B(R?)), > 1, weakly converges to the random vector X : (oo, Aso, Poo) +>
(RY, B(R?)) if and only if one of these assertions holds.

(i) For any real-valued continuous and bounded function f defined on
R,
lim Ef(X,)=Ef(X).

n—-+4o00

(ii) For any open set G in RY,
limJiranP’n(Xn €G)>P (X €G).
n—-+0oo

(iii) For any closed set F' of R, we have
limsupP, (X, € F) <P (X € F).

n——+00

(iv) For any Borel set B of R? that is Px-continuous, that is Pu (X €
0B) =0, we have

lim P, (X, € B) = Px(B) = P(X € B).
n——+0oo

(v) For any continuity point t = (t1,ta,...,tq) of Fx, we have,

Fx, (t) = Fx(t) as n — +o0.
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where for each n > 1, Fx, s the distribution function of X,, and Fx
that of X.

(vi) For any point u = (uy,us, ..., ug) € R¥,
Oy (u) — Px(u) as n — +oo,

where for each n > 1, ®x, s the characteristic function of X,, and ®x
is that of X.

(c) If the moment functions px, exist on B,, n > 1 and px exists on
B, where the B,, and B are neighborhoods of 0 and BN,>1, and if for
any x € B,

Uy, (x) = Yx(z) as n — +o0,

then X,, weakly converges to X.

The characteristic function as a tool of weak convergence is also used
through the following criteria.

Wold Criterion. The sequence {X,,, n > 1} C R? weakly converges
to X € R? as n — +oo if and only if for any a € R?, the sequence
{<a,X, > n>1} CR weakly converges to X € R as n — +oc.

We also have :

The Continuous mapping Theorem. Assume that the sequence
{X,, n>1} C weakly converges to X € R? asn — +oo. Let k > 1
and let f : R? — R be a continuous function. Then {f(X,), n >
1} C R* weakly converges to f(X) € R

The pdf’s may be used in the following way.

PROPOSITION 16. These two assertions hold.

(A) Let X, : (0, Ap, P™) = (RY B(RY)) be random wvectors and
X 0 (oo, Aoo, Poo) = (RE B(R?)) another random vector, all of them
absolutely continuous with respect to the Lebesque measure denoted as
Aa- Denote fx, the probability density function of X,,, n > 1 and by
fx the probability density function of X. Suppose that we have
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fx, = fx, \x —a.e., asn — +00.

Then X,, weakly converges to X as n — 400.

(B) Let X, : (Q, Ay, P™)) s (R B(RY)) be discrete random vectors
and X : (Qoos Aoos Poo) = (R, B(R?)) another discrete random vector.
For each n, define D,, the countable support of X,,, that

P™(X, € D,) =1 and for each z € D,,, P (X, =x) #0,

and Dy, the countable support of X. Set D = Dy, U (Up>1D,,) and de-
note by v as the counting measure on D. Then the probability densities
of the X,, and of X with respect to v are defined on D by

fx, (@) =P"(X, =x), n>1, fx(z)=PNX=2z) ze€D.

If
(Vo € D), fx,(x) = fx(x),

then X,, weakly converges to X.

In summary, the weak convergence in R? holds when the distribution
functions, the characteristic functions, the moment functions (if they
exist) or the probability density functions (if they exist) with respect to
the same measure v, point-wisely converge to the distribution function,
or to the characteristic function or to moment function (if it exists),
or to the probability density function (if it exists) with respect to v of
a probability measure in R%. In the case of point-wise convergence of
the distribution functions, only matters the convergence for continuity
points of the limiting distribution functions.

In Chapter 1 in Lo et al. (2016), a number of direct applications are
given and a review of some classical weak convergence results are stated.
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5. Convergence in Probability and a.s. convergence on R?

Let us denote by ||.|| one of the three equivalent usual norms on
R?. Because of the continuity of the norm, ||X|| becomes a real-valued
random variable for any random vector. From this simple remark, we
may extend the a.s. convergence and the convergence in probability
on R? in the following way.

Definitions.

Let X and (X,,),>0 be, respectively, a random vector and a sequence
of random vectors defined on the same on the same probability space

(Q, A, P) with values R’. Let us denote by X the j-th component of
X, foreach 1 <j<d,n>1.

(a) The (X,)n>0 converges a.s. to X as n — +oco if and only if, each
sequence of components (X)), converges to X; as n — +oco.

(b) Let X and the elements of sequences (X,,),>0 have a.s.-finite com-
ponents. Then (X,,),>0 converges a.s. to X if and only if

| X, — X]| =0, as. asn — 4o0.

(c) Let X and the elements of sequences (X,,),>o have a.s.-finite com-
ponents. Then (X,,),>0 converges to X in probability if and only if

| Xy, — X|| =p 0, asn— +o0.

For the coherence of the definition, we have to prove the equivalence
between Points (a) and (b) above in the case where the random vectors
have a.s. finite components. This is let as an easy exercise.

We have the following properties.

PROPOSITION 17. Let X, Y, (X,)n>0 and (Yy)n>o be, respectively,
two random wvectors and two sequences of random vectors defined on
the same on the same probability space (2, A, P) with values R’ ILet
f R — RF be a continuous function. Finally let a and b tow real
numbers. The limits in the proposition are meant as n — +0o0.
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(1) If X,, = X, a.s, then X,, —p X.

(2) Let X,, = X, a.s and Y,, = Y, a.s. Then, we have
(2a) aX, + bY, — aX +bY, a.s.

and

(2b) f(X,) — f(X), a.s.

(8) Let X,, —»p X, and Y,, —p Y. Then, we have

(8a) aX, + bY, —p aX + bY.

and, if X = A is a non-random constant vector, we have
(3b) f(Xn) —p f(A).

But in general, if f is a Lipschitz function, we have
(3¢) f(X) —=p f(X).

Proofs. By going back to the original versions on R for a.s. and con-
vergence in probability, all these results become easy to prove except
Points (3b) and (3c). But a proof of Point (2v) is given in the proof
of Lemma 8 in Lo et al. (2016) of this series. Point (3c) is proved as
follows.

Let X,, —p X and let f be a Lipschitz function associated to a coeffi-
cient p > 0, that is

V(z,y) €RY || f () = fFW)ll < pllz —yl.
Hence for any € > 0,

(f(Xn) = FX)N > &) < ([IF(Xn) = F(X)I > ¢/p)

and hence

P([f(Xn) = F(X)I| > &) CP(|f(Xn) = F(X)[| > &/p) = 0.
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Thus || f(Xn) = f(X)[| = 0. O

Immediate implications. Since projections are Lipschitz functions,
we get the if X,, —p X, then we also get the convergence in probability
component-wise, that is : each sequence of components (X,(Lj ))nzo con-
verges to X in probability. Conversely, the convergence in probability
implies the convergence if probability of the vectors. Indeed, take for

example

x|l = {2?}§|$,’|, v =(11,...,19)" € RY.

We have, for each n > 0,

(1%, = X[ > e) < |J 11X = X5 > o),

1<i d
which leads, for each n > 0, to

P(| X, = X|| > ) < Y P(IXY — X > e).

1<i d

Since d is fixed, the conclusion is obvious.

6. Comparison between convergence in probability and weak
convergence

This section is reduced to the statements of results concerning the com-
parison between the weak convergence and the convergence in proba-
bility.

We remember that in the definition of weak convergence, the elements
of the sequence (X,,),>0 may have their own probability spaces. So, in
general, the comparison with convergence in probability does not make
sense unless we are in the particular case where all the elements of the
sequence (X,,)n>o and the limit random variable X are defined on the
same probability space.

Before, we state the results, let us give this definition.
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Definition. Let (X,,),>0 and (Y},),>0 be two random vectors and two
sequences of random vectors defined on the same on the same proba-

bility space (€2, .4, P) with values R
They are equivalent in probability if and only if :
| Xy, — Yol —p 0, as n — +oo.

They are a.s. equivalent with respect to their a.s. convergence or
divergence if and only if

| Xy, — Yol = 0 a.s., as n — +o0. O

We have :

PROPOSITION 18. Let X, Y, (X,)n>0 and (Yy,)n>o be, respectively,
two random vectors and two sequences of random vectors defined on the

same on the same probability space (2, A, P) with values R’. We have :

(a) The convergence in probability implies the weak convergence, that
18 :

If X, —p X, that d Y, ~ ¢, then (X,,Y,) ~ (X, ¢).

(b) The weak convergence and convergence in probability to a constant
are equivalent, that is :

X, —p casn — +oo if and only if X,, ~» ¢ as n — 4o00.

(c) Two equivalent sequences in probability weakly converge to the same
limat iof one of them does.

(d) (Slutsky’s Theorem) If X, ~~ X and Y, ~ ¢, then (X,,Y,) ~
(X, c).

(e) (Coordinate-wise convergence in probability) X,, —p X andY, —p
Y if and only if (X,,,Y,) —p (X,Y).

The proofs of all these facts are given in Lo et al. (2016) of this series.
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A comment. We know that the result (e) does not holds in general for
the weak convergence. This means that the convergence in probability
implies the weak convergence but not the contrary.

The a.s. equivalence takes a special shape for partial sums. Let us
consider a sequence (X,,),>o of real random variables defined on the
same on the same probability space (€2, A4,P). For a sequence of pos-
itive numbers (¢,)n>1, let us consider the truncated random variables

X0 = Xnlix,|<ens @ = 1, that is each X,(f), n > 1, remains unchanged
for | X,,| < ¢, but vanishes otherwise. Let us form the the partial sums

t
Sn = ZlSkSn Xy and Sy = Zl<k<n i ;2> 1

Let (b,)n>1 be a sequence of real numbers converging to +oo. We

are going to see that the a.s. equivalence between (S,(f) /bn)n>1 and
(Sy/bn)n>1 1s controlled by the series

> P(IX| > cn).

n>0

Indeed, since the event (X # X ,f)) occurs only if (| Xx| > ¢), we have

X, # XY io0)= lim P Xp £ X)) <1 P(|X,| >
B, X0, o) = Jim P 0% # )Tlgoz|k|c

So if the series >~ P(|X,| > ¢,) is convergent, we have P(X, #

XV, i.0) which implies that there exists a null-set Qf such that for

any w € (g, we can find N(w) such that for any n > N(z), X,, = xP
so that for n > N(w),

1

S, — S
‘"7 = b—|SN(w)(t) — Sy(w)| = 0, as n — +oo.

by

This proves the claim. [






CHAPTER 6

Inequalities in Probability Theory

Here, we are going to gather a number of some inequalities we may
encounter and use in Probability Theory. Some of them are already
known from the first chapters.

The reader may skip this chapter and comes back to it only when using,
later, an inequality which is is stated here and especially when he/she
wants to see the proof.

Unless an express specification is given, the random variables X, Y,
X;, Y;, 1 > 1, which used below, are defined on the same probability
space (2, A, P).

Readers who want to read this chapter in the first place will need an
earlier introduction to the notion of conditional expectation right now,
instead of waiting Chapter 8 where this notion is studied.

1. Conditional Mathematical Expectation

We are going to use the Radon-Nikodym Theorem as stated in Doc
08-01 in Chapter 9 in Lo (2017b).

Let be given a sub-g-algebra B of A, Y a measurable mapping from
(2, A) to a measurable space (E,F) and finally a measurable map-
ping h from (E,F) to R, endowed with the usual o-algebra B, (R).
We always suppose that h(Y) is defined, and quasi-integrable, that is
E(h(Y)"T) or E(A(Y)7) is finite.

Now the mapping
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is o-additive and is continuous with respect to P. By the Radon-
Nikodym Theorem as recalled earlier, ¢ possesses a Radon-Nikodym
derivative with respect to P, we denoted as

dos _

—= = E(h(Y)/B).

By the properties of Radon-Nikodym derivatives (please, visit again
the aforementioned source if needed), we may define.

Definition If the mathematical of expectation h(Y") exists, the condi-
tional mathematical expectation of hA(Y') denoted as

E(h(Y)/B),

is the P.a.s unique real-valued and B-measurable random variable such
that

VB € B, / h(Y) dP = / E(h(Y)/B) dP. (CE01)

B

Moreover, E(R(Y)/B) is a.s. finite if h(Y") is integrable. ¢

Extension of the Definition. By putting Z = 15 in (CE01), and
by using the classical three steps method of Measure Theory and In-
tegration, we easily get that when E|h(Y)| < +o00, Formula (CEO01) is

equivalent to any one of the two following others :

(a) For any non-negative and B-measurable random variable Z,
/ Zh(Y) dP = / ZE(h(Y)/B) dP. (CE02) §

(b) For any B-measurable and integrable random variable Z,
/Zh(Y) dP = /ZIE(h(Y)/B) dP. (CE02) ¢

In the extent of this chapter, we will directly utilize (CE02) as a defi-
nition each time we need it.

The following exercises will be proved in Chapter 8 as properties of the
mathematical expectation.
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Exercise. Show that the following properties.

(1) If X is a real-valued and quasi-integrable random variable, then
E(E(X)/B)) =E(X).

(2) If X is areal-valued and quasi-integrable random variable B-measurable,
then

E(X)/B) = X. a.s.
(3) Let X be a real-valued and quasi-integrable random variable in-
dependent of B in the following sense : for all real-valued and quasi-
integrable random variable Z B-measurable,

E(ZX) = E(Z)E(X).

Then, we have
E(X)/B) = E(X)). a.s.

(4) If X is a real-valued and quasi-integrable random variable indepen-
dent B and if Z is a real-valued, quasi-integrable and B-measurable
random variable, we have

E(ZX)/B) = ZE(X)/B).

(5) If X and Y are real-valued random variables both non-negative or
both integrable, then

E((X + Y)/B) =E(X/B)+E(Y/B). O
2. Recall of already known inequalities
(1) Inequality of Markov. If X > 0, then for all z > 0,

P(X >2) <~ 0

SHR

(2) Inequality of Chebychev. If E(X) exists and X — E(X) is a.s.
defined, then for all z > 0,
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E(X — E(X))?

P(X — E(X)| > 2) £ ==

QO

These two inequalities are particular forms of the following one.

(3) Basic Inequality. (Asin Loeve (1997)) Let X be any real-valued
random variable and ¢ be a non-null, non-decreasing and non-negative
mapping from R to R. Then for any a € R, we have

Eg(X) —g(a)
l9(X = Il
If, in addition, ¢ is even or if g satisfies

Eg(X
g9(a)

~—

<P(X >a) < . (BI01)

Va >0, g(max(—a,a)) > g(a), (AIO1)

Eg(X) — g(a)

< Bg(X)
lg(X =l

<P(X|20) < 5

. (BI02) O

Proof of Formula (BI01). The mathematical expectation E(g(X))
exists since g is of constant sign. By using the same method of estab-
lishing the Markov inequality, we have

Eg(X) > / dP > g(@)P(X > a), (BI03)

X>a

where we used the non-decreasingness of g. So, we get the right-hand
inequality of Formula (BIO1) even if g(a) = 0. We also gave

/ 0P < [lg(X = =P(X| > a)
X>a

and
/X dP < g(a)P(|X] < a) < g(a)

and by these formulas,

Ba() = [ gy e+ [ o) a8

X<a

= [g(X = [[P(IX] = a) + g(a),
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that is
Eg(X) <[9(X = |P(|X]| > a) + g(a),

which gives the left-and inequality in Formula (BI01) even if ||g(X =
|oo = +00 (it cannot be zero by assumption). [J

Proof of Formula (BI02). Since P(X < a) < P(|X— < a), we pnly
have to justify the right-hand inequality of (BI02). But we may use the
simple remark that X > max(—a,a) on (|X| > a) to modify (BI03) as
follows

Eg(X) > / dP > g(max(—a,a))P(|X| > a), (BI04)

IX|>a

So, using Assumption (AI01) - which holds if g is even - allows to con-
clude. 0

(4) Holder Inequality. Let p > 1 and ¢ > 1 be two conjugated
positive rel numbers, that is; 1/p+1/¢ =1 and let

X,Y: (LAP) — R,

be two random variables X € LP and Y € L?. Then XY is integrable
and we have

[EXY)] < [1XI], > (Y]],

where for each p > 1, | X||, = (E(|X[7)"/7.

(5) Cauchy-Schwartz’s Inequality. For p = ¢ = 2, the Holder
inequality becomes the Cauchy-Schwartz one :

[E(XY)] < [ Xy > [IY]], -

(6) Minskowski’s Inequality. Let p > 1 (including p = +00). If X
and Y are in LP, then we have

X+ Y, < 1X[, + Y0, -

(7) C, Inequality. Let p € [1,+oo[. If X and Y are in LP, then for
C, =21 we have

X+ Y5 < GoUIXE -+ Y1)
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(8) Ordering the spaces L”, p > 1.

Let 1 < p < g, p finite but ¢ € [1,400]. Let X € L% Then X € L?
and

X, < 15Xl < 1X1 o -

(9) Jensen’s Inequality.

Let ¢ be a convex function defined from a closed interval I of R to
R. Let X be a rrv with values in I such that E(X) is finite. Then
E(X) € I and

P(E(X)) < E(o(X)).

(10) Inequality for two convex functions a random variable.
Let g;, i € {1,2} be two finite real-valued convex and increasing func-
tions (then invertible function as increasing and continuous functions)
such that gy is convex in g, meaning that gsg; ' is convex. For any
real-valued random variable X such that X and g¢;(X) are integrable,
we have

97 {(E(g1(2)) < g5 (B(ga(2)).

(11) Bonferroni’s Inequality.

Let Ay, ..., A, be measurable subsets of 2, n > 2. Define

a = > P(4))

;. = Oy — Z P(A21A22)

1<i1<ta<n

ay = Qo+ Z IP)(A“AZ%)

1<i1 <. <t3<n

Q, = Oér_l‘l‘(—].)r—‘rl Z IP)(A“AZT)

1§i1<---<t'r§n

Q. = Oér_l—l—(—1)n+1]P)(A1A2A3...An).
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Let p = n mod 2, that isn = 2p+ 1+ h, h € {0,1}. We have the
Bonferroni’s inequalities : if n is odd,

2k 1 S P( U An) S oL, k= 0, P (BFl)

1<j<n

and if n is even,

Oé2k+1§]P)< U A]) §a2k7 k:()aap_]- (BF2)

1<j<n

3. Series of Inequalities

(12) Order relations for conditional expectations. Let X and
Y be two real-valued random variables such that X < Y. Let B be a
o-sub-algebra of A. Then, whenever the expressions in the two sides
make sense and are finite, we have

E(X/B) < E(Y/B) a.s. (CE03)

Besides, the conditional expectation is a contracting operator in the fol-
lowing sense : for any real-valued and quasi-integrable random variable
X, we have

[E(X/B)| < E(|X]/B). (CE04) ¢

Proof. Suppose that all the assumptions hold. We have for all B € B,

/BIE(X/B) dIP’:/BX dPg/BY:/BE(Y/B) dP

Take an arbitrary ¢ > 0 and set B(e) = (E(X/B > E(Y/B) 4+ ¢). It it
sure that By € B and we have

/B BB P ( /B ) E(Y/B)+5) dP
> ( /B E0B) dIP’) +eP(B(e)).
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The two last formulas cannot hold together unless P(B(g)) = 0 for all
e > 0. By the Monotone convergence Theorem, we get that P(E(X/B >
E(Y/B) = 0, which proves Inequality (CE03). To prove Inequality
(CE04), we apply (CE03) and Point (4) in the exercise in Section 1 to
X<|X|=X"+X and to —X < |X|=X"+ X, we get

E(X/B)| = max(~E(X/B),E(X/B)
— max(E(~X/B),E(X/B) < E(|X|/B).

(13) Jensen’s Inequality for Conditional Mathematical Expec-
tations. Let B be a o-sub-algebra of A. Let ¢ be a convex function

defined from a closed interval I of R to R. Let X be a rrv with values
in I such that E(X) is finite. Then E(X) € I and

P(E(X/B)) <E(p(X)/B).
Proof. It will be given on Chapter 8, Theorem 23 (See page 290) [J

(14) Kolmogorov’s Theorem for sums independent random
variables.

Let X1, ..., X,, be independent centered and square integrable random
variables. We denote Var(X;) = 02-2, 1 < i <n. Let ¢ be a non-random
number (possibly infinite) satisfying

sup | Xi| < ca.s.
1<k<n

Denote the partial sums by
k k
So =0, Sk:ZXZ-, k>1and sy =0, si:Zaiz.
i=1 =1

We have the double inequality, for any ¢

(e +¢)?

1 —
2
S’I’L

< P(maz (||, [Sa], ooy [Sa]) > €) < e282. (K MO1)

n

Proof. We follow the proof in Loeve (1997). Let € > 0 and put

AO = Q> Al - (|Sl| < E)’ Ak = (|Sl| <&,y |Sk| < E)a k > 2.
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We easily see that the sequence (Ay)i<k<, is non-increasing and we

have

B, = Ak—l \ Ak = (‘Sl| <é&, .., |Sk_1| <eg, ‘Sk‘ > 8), k> 3.

We also have

By = A1\ Ay = (|51] < &,]8:] > ¢),

A, = )" B

1<k<n

To see this quickly, say that AS = Uj<x<,Ck, where Cy, = (|Sk| > ).
We are now accustomed to how rendering a union into a sum of sets
since the course of Measure Theory and Integration by taking D, = (7,

Dy, =C{NCy Dy, =CiN...NC_,Ck, k> 3 to have

U Ci= > D

1<k<n 1<k<n

We have just to check that the Dy’s are exactly the By’s. In the coming
developments, we repeatedly use the fact that an indication function
is equal to any of its positive power. Now, for any 1 < k < n, we
may see that Silp, is independent of S, — Sy (even when k=n with

S, — Sk = 0). Reminding that the Sy’s are centered, we have

/ S P
By,

>

E(SnlBk)z

B (Siln, +

E(Sk1g,)* +E((Sn — Si)1p,)* + 2E((Sk1s,)(Sh —
E(Sk1s,)° + E((Sn — S)1p,)* (L03)

(S — S@lgk)

E(Sklp,)* > e’P.(By).

Sk)) (L02)

Line (L3) derives from Line (L2) by the fact that (Sklp,) and (S, — Sk)
are independent and S,, — Sj is centered. Hence, we get for each 1 <

k<n,

By,

S2 dP > £*P(By,).
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By summing both sides over k € {1, ..., k} and by using the decompo-
sition of A¢ into the By’s, we get

S2 dP > *P(A,).
Ag,

which, by the simple remark that

leads to
k
> o} > EP(A,),
i=1

which is the right-side inequality in Formula (KMO1).

To prove the left-side inequality, let us start by remarking that for
2<k<n,

SklAk,l = Sk—llAk,l + )(141141671 = SklAk + Slek.

Now, on one side, we have

E(Sk-1la, , + Xila, ,)* = E(Sk-1la, )

N1+
H &5
il
—
Z
i
e
_|_
Q
TN
ac]
o
T
=
—_
Ko

Line (L12) derives from Line (L11) since Si_114, , and X} are inde-
pendent and X}, is centered. Line (L13) derives from Line (L12) since
X? is independent of 1 Apy-

On the other side, we have

E(Skla, + Silp,)” = E(Skla,)® +E(Silp,)” + 2E((SkSk)(1a,15,))
E(Skla,)® +E(Sk1p,)?,
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since the sets A, and By are disjoint [recall that By = Ay, \ Ax =
A1 N Az C Az]

We get for 2 < k < n,
E(Sp 114, )? +0iP(Ap 1) = E(Spla,)? + E(Sklp,)?. (KMO02)

But the expression Si1p,, which is used in last term in the right-hand
member in Formula (KM02) is bounded as follows

1Sklp, | < |Sk-1lp,| + | Xilp,| < (e + )1,

Hence the last term in the right-hand member in Formula (KM02) itself
is bounded as follows

E(Sklp,)? < (e + ¢)*P(By).

Further, we may bound below the last term in the left-hand member
in Formula (KM02) by siP(A,,), to get for 2 <k <n

E(Sp_11a, ) + 0iP(A,) <E(Spla,)* + (e + ¢)*P(By). (KMO03)

Now, we may sum over k € {2,...,n} in both sides to get in the left-
hand side

3
—

E(Skla,)* + i oiP(A,) (KMO03a)

1 k=2

e
I

and in the right-hand side, by rigorously handling the ranges of sum-
mation and by using the decomposition of A,,’s into the By’s, we have

i E(Sila,)? — B(Si14,)2 + (¢ + ¢)2P(AS \ By)

k=1

= D E(Sila)? —E(Si1a,)* + (e + ) (P(A7) — P(By))

k=1

< iE(sklAkf—E(511A1)2+(e+c)2p<,4;)—<g+c)2113><31). (K MO03b))

k=1
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By moving the first term in (KMO03a) to the right-hand member in
(KM03) and by moving the terms in (KMO03b) which are preceded by a
minus sign to the left-hand member in (KM03) and by reminding that
By = A¢ and S; = X4, we get

a+ Z oiP(A,) <E(Spla,)? + (e 4+ ¢)*P(AS), (KMO03c)

where
a=E(X114,)* + (¢ + ¢)’P(A]).
But, since | X;| < ¢, we have

o7 = E(X7) =E(X114,)* + E(X114¢)?
E(X114,)? + P(A9)

<
< E(Xila,)?+ (54 ¢)*P(4AS) =a

Since s?P(A,) < s? < a, we may bound below a by s3P(A,,) in Formula
(KMO03c) to set

(Zn: Ul%) P(4,) < E(SnlAn)2 + (e + C)%P(A;)

e’P(An) + (¢ + ¢)°P(A3)
(e +¢)’P(A,) + (e + ¢)*P(AS) = (¢ +¢)?,

which implies

and hence
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which is the first inequality in Formula (KMO1). The proof is complete
now. W

(15) Maximal inequality for sub-martingales.

Let Xy, ..., X,, be rel-valued integrable random variables. Let us con-
sider the following sub-o-algebras : for 1 < k <mn,

B, =c({X;'(B), 1<j <k, BeB.R)}).

In clear, each By is the smallest o-algebra rendering measurable the
mapping X;, 1 < j < k. It is also clear that (By)i<k<, is an non-
decreasing sequence of sub-c-algebras of A.

Definition. The sequence (Xj)i1<g<n is a martingale if and only if
V1 <k <ky<n, VA€ By,), /Asz dP = /AXkl dP,
and is a sub-martingale if and only if
V1 <k <ky<n, VA€ By,), /AXk2 dP > /AXkl dP. §.

Let us adopt the notations given in Inequality (11).
If (X%)1<k<n is a sub-martingale, we have
P(max(X1, X, ..., X,,) < ¢) < e 'E(X,,).(IMO01)

Proof. It is clear that
C = (max(Xy, Xo, ..., X)) > ¢) = U (X;>¢)= Z C,,
with

Ci=(X12¢),C=(X1<6,X52¢), Cr=(X1<¢e,..,. X1 <, Xy > ¢), k> 3.

We remark that C), € By, for all 1 < k <n, k </{. We have
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E(X,) = /Xn dIPZ/XXn dP (L51)

A%

X; dP (L53)

1<k<n "’ Ck

> eP(Cr) (Lb4)

1<k<n

= & Y P(Cy) =¢eP(C). (L55)

1<k<n

Vv

In Line (53), we applied the definition of a sub-martingale. In Line
(L54), we applied that X; > ¢ on Ck. Finally, the combination of
Lines (L51) and (L55) gives

P(C) < e 'E(X,),

which is Formula (MT01). W

(16) - Kolmogorov’s Exponential bounds.

Let us fix an integer n such that n > 1. Suppose that we have n
independent and centered random variables on the same probability
space, as previously, which is a.s. bounded. As usual S, is the partial
sum at time n with variance s2. We fix n such that s, > 0. Define

k
c= max — < +4o0.
1<k<n S,

The following double inequality which is proved in Point (A1) in Chap-
ter 10, Section 5 (page 360) will be instrumental in our proofs :

VteR,, 170 <14+t <el (EB1)

Now, let us begin by the following Lemma, which is part, of the body
of exponential bounds.
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LEMMA 3. Let X be a centered random variable which is bounded,
in absolute value, by ¢ < +00. Let us denote EX? = 0. Then for any
t > 0 such that tc < 1, we have

2 2
Ee'X < exp(tTa <1 + %C)) (EB2)

and
2,2

Ee'X > exp<T (1— tc))). (EB3)

Proof of Lemma 3. We begin to remark that the mgf t — Ee'X
admits an infinite expansion on the whole real line of the form

t? 3
Ee* =14+ —EX?+ —EX®+....
21 3!
For t > 0 and tc < 1, we have EX?* < g%¢f for ¢ > 0. Hence

2 2 2
EetX = 1+t—0<1+2<g+(t6) +)>

2 4]

_ 1+’f7“(2(<t11,)

Hence, by using the left inequality in Formula (EB1), we have

t2o? te
Ee'X —(1 ( 1+ —

< 252 (22(“02;_3 - %C)

=
_ ztzgc)az(;((tc;* . i)
< 2t2(tc)02<; <% — %) (L23)

< 2t (te)o*(e —T/4) <0,
where we used tc¢ < 1 in Line (L23). Hence
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t20? te 202 te
EetX <[ 1 ( 1+— | < — (14 =
(i (145 <o (143))

which proves Formula (EB2).

To prove the left-hand inequality, we remark that EX2+ > 02(—c)* for
¢ >0, we also have

t20? —tc  (—tc)?
Ee!X > 1+—0<1+2<—C+( ¢) +))

2 3! 4]

20 tc  (tc)?
> —(1-2(= -
> 1+ (15 -G )

The same method, word by word, leads to

Ee'* > —2t*(tc)o?(e — 7/4) > 0

and next, by using the right inequality in Formula (EB1), we get

t2 2 t t2 2
EetX Z(1+ ( 20 (1—5) Zexp(( 20 (1—tc)),

which establishes Formula (EB3). O

Here the first result concerning the exponential bounds.

THEOREM 12. Let us use the same notations as in Lemma 3. Then
the assertions below hold true, for any € > 0, for any n > 1.

(i) for ce <1,

IP’(Sn > €sn)) < exp(— %2 (1 — %))

(ii) and for ce > 1,

2
IP’(Sn > esn)) < exp( — 4_0)
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Proof of Theorem 12. To make the notation shorter, we put S = 5,
and s, = s and some times S* = S/s. Now let us apply Formulas
(EB2) and (EB3) in Lemma 3 in the following way : for ¢ > 0 and
tc < 1, and since

Eexp(tS") = [] Eexp(tXy/s),

1<k<n
we have
(t?c} . (t?0} te
H exp (2—52 (1 —tc) ) < Eexp(tS™) H exp| 55 1+ 5
1<k<n 1<k<n

This obviously leads to

exp (g (1— tc)) < Eexp(tS*)

exp<g (1 + %C)) (DE)

From this, we are able to handle both Points (i) or (ii).

For (i), we may apply the the Markov inequality and left-hand inequal-
ity in Formula (DE) above to ¢t > 0, € 0 such that ce < 1 and tc < 1,
to get

P(S*>¢e) = P(exp(tS*) > exp(te))
< exp(—te)Eexp(tS*)

(e (14 1))

We point out that the condition t¢ < 1 intervenes only in the conclusion
in Line (L23). Taking ¢ = ¢ in in Line (L23) (which is possible since
both conditions tc < 1 and ec < 1 hold) leads to

P(S*>¢) < exp<—52+

o] O
7 N
—_
_|_
| 8
N——
~_

= exp

A~
I
o] O
/N
—_

I
o 8
~
~__
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which is the announced result for Point (i).

To prove Point (ii), let c > 1, we use the value t = 1/c¢ (here again,
the condition tc < 1 holds) to get

P(S*>¢) < exp<—5+2%2(1+%>)

C
9
- (-3)

which is the announced result for Point (ii). O

Finally, the coming exponential bound is very important when dealing
with the Law of iterated logarithm (LIL). We have :

THEOREM 13. Let us use the same notation as in Lemma 3.
Let us fir 0 < a < 1/4, we set B = 2y/a and

 1+2a+5%/2
(1-p)?
Then there exists t(a) large enough such that for ¢(«) small enough,
that is c(a) < a/t and 8c(a)t(a) < 1 such that for e = t(a)(1-2+/(a))
we have

—1>0.

IP’(Sn > €sn)) < exp( - %(1 + 7)).0

Proof of Theorem 13. The proof is so really technical that some au-
thors like Gutt (2005) omitted and explained : this one is no pleasure
to prove it. He referred to Stout (1974).

Here, we will follow the lines of the proof in Loeve (1997). However,
the presentation and the ordering of the arguments have been signifi-
cantly improved.

From Formula (DE), we may fix 0 < a = toc < 1 so that for all ¢ < t,
we have

E exp(tS*) > exp(g(l — a)). (EB4)
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The principle of all the proof is to fix first ¢ > 0, as large as necessary,
and to choose ¢ so that the desired conclusions hold. Then, let us
choose « such that 2,/a < 1. Put

We have

(i) 14204522 (148 +28+1
TTa=eE T 21-p)

1>0.

The positivity of 7 is clear since 0 < § < 1 and v > 0. We first choose
0 < a < 1/4 which guarantees that 1 + § < 2. Formula (EB4) shows
that when « is fixed, the following conditions make sense : For ¢ large
enough, we have

(447 (8t2 exp( — %’52))) < 1/4, (ii) Ee™ > 8,

]_ * 2
(iv) ZEetS >2 and (v) — exp <—a) > 1.

We choose a value ¢t > 0 satisfying points (iii), (iv), (v). Next we
suppose that

(vi) c<aft (vii) 8tc <1 and (viii) ¢ <4t/(1—p).

Once these conditions are set, we may proceed to the proof. First of
all, Formula (EB4) is justified by condition (vi). Put ¢(z) = P(S* >
x). By Formula (CF), in Chapter 1, page 14, we have, for ¢ > and
Z = exp(tS*),

E(Z) = /O "Bz > . (EBS)
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We get

“+oo
E(exp(ts”) — / Plexp(tS* > y)dy

0
+oo

— / P (S* > logy) dy
0 t
o /o

= [
0

= t/_+°0 e q(x)dr (L44)

oo

Now we split the integral in Line (L44) above by decomposing the
integration domain I =| — oo, +00[ using the intervals I; =] — o0, 0],
I, =]0,(1 = B)], Is =]t(1 — B),t(1 + B)], Iy =Jt(1 + ), 8], and I; =
|8t, +o0], that is

I=L+ 1L+ I3+ 1, + I.
Let us name the integrals over I; by J;, i € {1,...,5}, respectively

Let us begin by J5. Let s € I5. We have for 0 < xc¢ > 1, by Formula
(DE) and by Condition (vii)

q(z) < exp (—%) < exp(—2tx),

where we use 1/(4c¢) = 2t/(8tc) > 2t. If zc < 1, we apply again Formula
(DE) and use 1 — z¢/2 > 1/2 in the middle member, to get

q(z) < exp( — %2 (1 - %)) < exp <—%> < exp(—2tx)

We get

tan “+o0 “+o0
J5 = t/ e q(z)dx < / e exp(—2tz)dr << / e "dr = 1.
8 0

t 8t

Since ¢ is a bounded by one, we have

0 +o0o +o0o
Jp=J5= t/ e q(x)dr = t/ e q(x)dr < t/ e dr = 1.
0 0

—00
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Now we handle J, and J; by using a maximization argument. On Iy
and I, we have z < 0 and zc < 8tc < 1. From Point (ii) of Theorem
12, and by using again xzc < 8tc in the second inequality below, we
arrive at

2 2

q(x) < exp (m . % (1 - %)) < exp (tx - % (1- 4tc)) — ¢(2),

where we remind that 4tc < 1/4. On R4, ¢'(z) =t — z(1 — 4tc) and
thus ¢ attains its maximum at xy = t/(1 — 4tc).

Where lies x¢? o > t(1 — ) is equivalent to —3/(1 — ) < 4tc which
is true. As well zo < (1 + () is equivalent to Condition (viii). Thus
xo € Js3. Hence on Iy =|0,(1 — )], g is non-decreasing and thus, for
T € ]2,

o@) = gt p) =0 -5 - LD )
- (1—ﬁ)<t2—§(1—ﬁ)+§8tc1;6)
_ 2(1—5)(2—(1—ﬁ)+¥> (we used Condition (iii)
- Sa-a(arp+ 152
E{orae
;

= S(a-s-ja+2m).

It follows that

t(1-8) (1+8)
Jy = t/ I dy < t/ eI 1=F) dy
0 0

< £21-p) exp<<1 82— 10 +2ﬁ))-

Aswell on I =|t(14 /), 8t] or on I} =|t(1+4 /), ta,], g is non-decreasing
and we have for z € I} U Iy,
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o@) = glt(t+m) = +8) - LI 1)
— (1+ﬁ)(t2—§(1+6)+28t %ﬁ)
_ Zainfaa 1+5 o Condition (i
= 5( —|—B)< —( +B)+T) (we used Condition (iii)

t2 (14 5)
= Saen(a-0+552)

P o (14+5)°
- 30 )

_ B2 —26+1
- S(a-pp - 22,

since the polynomial 232 —23+1 has a negative discriminant and thus,
is constantly positive. It follows that

8t
max(Jy, J;) < t/ 9@ d;
t(1+8)

(148)
< / LIH148)) g
0
1
<7 t exp<(1 —3?/2) — 5(1 + QB)).

So, we have
max(Jy, Jj) < Tt exp< (1-— ﬁ2/2)).
Now we remind that « is fixed and o = 3%/4 and hence
1-8%2=(1-a)+a/2

Hence Inequality (EB4) gives

Ee'X > exp (g(l — a)) = exp(?(l — ﬁ2/2))) exp(%tz))

and hence
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(- 32/2) ) <Ee” (SR - /) ),

which, by using Conditions (iiia) and (iiib), leads to

9 at? £+
JQ + J4 <[ 8t exp T) Ee

and by Condition (iv), we get

1 * 1 *
Ji + J5) <2< ZEets and Jy + J4, Jo + JI) < ZEets .

Since Ee'®" = J; + Jy + J3 + Jy + Js, it follows

t(14+8) 1 X
J3 = t/ e q(x)dr > ~Ee'".
t1-5) 2

Now using the bound of Ee’®” as in Formula (S) and using the non-
increasingness of ¢ and the non-decreasingness of x — e'* for t > 0,
leads to

1 12 t(1+8) )
— exp (—(1 - a)) < tq(t(1 — ﬁ))/ e A dg,
2 2 H(1-5)

that is

1 t° 2 t2(148)
§exp<§(1 — a)) < 2t%q(t(1 — pB))e

(t1—B)) > [iexp (ga)] {exp (—t2(1+ﬁ)+§(1—a)—§a)], (EBG6)
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t2 ) 2 t2
exp <§a) exp(—t (1+8)=— (l—a)—ga)
= exp(% 1—a—a—2(1+ﬁ))
2
= exp(a (1 —2a—2( 1+5))
= exp <—§(1+20z+2ﬁ)> (EBT7)

We take t = ¢/(1 — ). The quantity between the big brackets is
bounded below by one in virtue of Condition (v). From this the com-
bination of (EB6) and (EBT7) gives

€214 2o+ 28 e21+28+ 32%/2
0> o0 (-5 ) = (T )

and finally, by Condition (ii), we get
R
q(e) > exp (—5(1 + 7)) :

which was the target. [J

(17) - Billingsley’s Inequality (See Billinsgley (1968), page
69).

Let (X,,)n>0 be a sequence of square integrable and centered real-valued

random variables defined on the same probability space (2, 4, P). We
have for any ¢ > \/5,

P (max S, > 5) < 2P (Sn >e— 2Var(5n)) .
1<k<n

where, as usual, S,,, n > 1, are the partial sums of the studied sequence.

Proof. Put s? = Var(S},) for k > 1. As usual,
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A = (max Snzesn)

1<k<n

= Z (S1 <esp, -+, 551 <esp, S > esy)

1<j<n

> A

1<j<n

Now we have

P(A) = P(AN(S, > (¢ —V2)s,) +P(AN (S, < (¢ — V2)s,)
< P(Sy > (e—V2)sn) + Y P(A4;N (S, < (e — V2)sy)
= P(S, > (e — V2)s,) + _i P(A; N (S, < (e —V2)s,),

since P(A,, N (S, < (¢ —v/2)s,) = ). We also have for each 1 < j < n,
(Sj > en) and (S, < e=V2)s,) = (Su—5; > V2s,) = (|S,—5;] = V2s,,.)

Since we still have that S, —S; = X1+ -+ X4, for 1 <j <mn,is
independent of A;, we get

P(A; N (S, < (€ — V2)s,) < P(A)P(|S, — S;| > 5,V2), 1 < j < n.

Now using the Tchebychev inequality, we get

P(A) < P(S, > (e — V2)s,) + Z 822;8?)
< P(S, > (e —V2)s,) + Z %P(Aj)
< P(S, > (e —V2)s,) + % Z P(4;)

= P(S, > (e — V2)sn) + %IP’(A)
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which leads to the desired result. [J

18 - Etemadi’s Inequality. Let X, -, < X, be n independent real-
valued random variables such that the partial sums S, = X7 +... + X},
1 < k < n, are definied. Then for any a > 0, we have

P (max |Sk| > 3a) <3 max P(|Sk] > a). O
1<k<n

1<k<n
proof. The formula is obvious for n = 1. Let n > 2. As usual, denote
By = (|X4| € 3a), Br = (|S1| < 3a,--+,[Sk-1] < 3a,|Sk] >> 3a),
k > 2. By decomposing (maxi<;<, |S;j| > 3a) over the partition

(1Sn] = @) + ([Sa] < @) = Q,

we have
(puax 15| > 30) € (S, > @) U (|S,] < @, max S| > 3a)
And by the principle of the construction of the B,
(max [9;] > 3a) = Z B
<jn

and hence

(max || > 3a) C (ISs| = @)U > (IS4 < a3a)N B,

1<j<n
1<j n—1

where the summation is restricted to j € {1,...,n — 1} since the event
(|Sn] < a3a) N B, is empty. Further, on (|S,| < a) U B;, we have
(|Sn] < @) and (]S;] < 3a) and the second triangle inequality |S,, —
Sil > |S;| = [Sn| > 3a — o = 2a, that is

(1Su] < A)NB; € B;N(IS,] < a)N(1Se—S;| > 2a) € B;N(|Su—58;| > 2a).

Now, we remind that and B; and S,, —S; are independent. Translating
all this into probabilities gives

P(max [Sj] >3a) < P(|S.]>a)+ > P(B)P(S, — S > 20)

1<j<n
1<j n—1

< Bisiz )+ Y PE) (RS2 @) + RIS 2 ).

1<j n—1
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But (|S,| > 2a), (|S,| > «) and (|S;| > 2a) are subsets of

P>
(max || > &)

and hence, we may conclude that
P (11';1;1;%‘5]“ > 3a) < P (lrgjagl\Sj\ > a) (1 +2 Z IP’(Bj))

< P (lrgjagl 95| > 3a) (1 + 2P <1<Z B,))
>jn

< 3P(max |S;| > 3«a). O

1<j<n






CHAPTER 7

Introduction to Classical Asymptotic Theorems of
Independent Random variables

1. Easy Introduction

We are going to quickly discover three classical types of well-known
convergences which are related to sequences of independent random
variables. In the sequel :

(X )n>0 1s a sequence of centered real-valued random variables defined
on the same probability space (€2, A, P). If the expectations p,, = EX,,’s
exist, we usually center the X,,’s at their expectations by taking X,, —u,

in order to have centered random variables. If the variances exist, we
denote 02 = Var(X,,) and

so=0,s]=07, s2=07+..+0, n>2
The laws we will deal with in this chapter are related to the partial

sums

So=0,5,=X1, S, =X1+..+X,.

(a) Discovering the simplest Weak Law of Large Numbers
(WLLN).

Suppose that the random variables X, are independent and are identi-
cally distributed (7id) and have the common mathematical expectation
1. We are going to find the limit in probability of the sequence

X, - 2o
n

By Proposition 18 in Section 6 in Chapter 5, a non-random weak limit
is also a limit in probability and vice-versa. So we may directly try
to show that X, converges to a non-random limit (which is supposed
to be p). To do this, we have many choices through the Portmanteau

207



208 7. ASYMPTOTICS THEOREMS OF INDEPENDENT RANDOM VARIABLES

Theorem 11 in Section 4 in Chapter 5. Let us use the characteristic
function tool @y, = @ for all 7 > 1. Since we have, by Proposition 6
in Section 6 in Chapter 2,

®'(0) =ip and ®(0) =1,

(where 4 is the normed pure complex number with a positive angle),
we may use a one order Taylor expansion of ® at zero to have

O(u) =1 +ipu+ Ou?), as u — 0. (EX)

By the properties of the characteristic function and by taking into
account the fact that the variables are 7id, we have

D, /n(u) = Px4.4x,(u/n) = 2(u/n)", ueR.
Now, for u fixed, we have u/n — 0 as n — oo, and we may apply
Formula (EX) to have, as n — +o0,

g, /n(u) = exp (n log(1 + ipu/n + O(n_2))) — exp(ipu) = @, (u).

Here, we skipped the computations that lead to nlog(1 + ipu/n +
O(n™%) — dpu. In previous books asLo (2017a) and Lo et al. (2016),
such techniques based on expansions of the logarithm function have
been given in details.

We just show that S, /n ~> u, hence S, /n —p pu. This gives us the first
law.

THEOREM 14. (Kintchine) If (X,,)n>0 1S a sequence of independent
and are identically distributed (iid) random variables with a finite com-

mon mathematical expectation p, we have the following Weak Law of
Large Numbers (WLLN) :

Sp/n —p [, as n — +00.

(b) Discovering the Strong Law of Large Numbers (SLLN).

Before we proceed further, let us state a result of measure theory and
integration (See Lo (2017b), given in Exercise 3 in Doc 04-05, and its
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solution in Doc 04-08) in Chapter 5 in Lo (2017b) in the following
famous lemma.

LEMMA 4. (Borel-Cantelli Lemma,) Let (A,),>0 C A.

(i) If the series y_, - P(A,) < 400 is convergent, then

P <1im sup An) = 0.

n——+o0o

(ii) If the events A, are independent and if the series diverges, that is

> o P(Ay) = 00, then

n—-+o0o

P (lim sup An) =1.

This lemma is the classical basis of the simple SLLN. But before we
continue, let us give the following consequence.

COROLLARY 1. Let (X,,)n>0 be a sequence of independent a.e. finite
real-valued random variables such that X,, — 0 a.s as n — +o0o0. Then
for any finite real number ¢ > 0,

> P(IXa| > ) < 4o

n>0

Proof. Given the assumptions of the corollary, the events A,’s are
independent. By the Borel-Cantelli Lemma, ) ., P(|X,| < ¢) = 400
would imply P(|X,| > ¢,i.0) = 1 and hence (X,, — 0) a.e. would be
false. The proof is complete with this last remark. [

Let us expose the simple strong law of large number.

THEOREM 15. (Simple Strong Law of Large Numbers) Let (X,,)n>0
be a sequence of independent centered and square integrable random
variables with variance one, that is EX2? =1 for alln > 1. Then

1
— Z X, —0a.s. as n — +oo.
n

1<k<n
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* Proof. Suppose that the assumption of the theorem hold. We are
going to use the perfect square method. Put

Y, = nz/nz, n>1,

that is, we only consider the elements of the sequence (Si/k)g>1 cor-

responding to a square index k& = n?. Remark that Var(Y,) = n=2,

n > 2. Fix 0 < f < 1/2. By Chebychev’s inequality, we have
P(|Y,| > n") < n?d-H
and thus,

ZIP’(|YH| >nP) < an_ﬁ) < 00.

By Borel-Cantelli’s Lemma, we conclude that
P(liminf(|Y,| < n™%) = 1.
Let us remind that

Qo = liminf(|Y,| <n %) = (Y] <r7¥).
n>0r>n

Hence, for all w € g, there exists n(w) > 0 such that for any r > n,

V.| <r P
* By the sandwich’s rule, we conclude that, for any w € €y, we have

Y (w) — 0.
This means that
Qy C (Y, = 0).
We conclude that P(Y,, — 0) = 1 and hence Y,, — 0, a.s..

To extend this result to the whole sequence, we use the decomposition
of N by segments with perfect squares bounds. We have

Y(n >0),3m > 0,k(n) =m* <n < (Vk(n)+1)>%
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and

1 - 1
Var( (Su=Skm) = —E Y, XP < —(2v/k(n)+1) <

i=k(n)+1

Hence,

ZIP" (Su = Spm)| >n77) <33 n~ G <

whenever 3 < 3/4. We conclude as previously that
1
—(Sn — Sk(n)) — O, a.sS.
n

Finally we have

Sy Sn— Skn) L k(n) _ Sk

;: - k(n)x . — 0 a.s.
since
2 1
1< <1+ +
k(n) k(n) k(n)
and
M — 1
n

We just finished to prove that

&%Oa.s.l
n

# — 372,

In a more general case of random variables with common variance, we
may center and normalize them to be able to use the result above as

n
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COROLLARY 2. Let (X,,)n>0 be a sequence of independent and square
integrable random variables with equal variance o > 0,that is Var(X,,) =
o? for allm > 1. Then

1
no Z (Xr —E(Xk)) — 0 a.s. as n — +o0.
o

1<k<n
* We may also derive the
PROPOSITION 19. (Kolmogorov) If (X,)n>0 is a sequence of inde-

pendent random variables with mathematical expectations i, and vari-
ances 0 < 02 < 400, we have

1 X —
- Z ji’u]—>0, a.s. as — 0.
n 0j

1<j<n

If the expectations are zero’s that is p, = 0, n > 0 and if the variances
are equal, that o> = 0%, n > 0, we have the simple SLLN :

S,
—~ 50, a.s. as — 0.
no

(c) Discovering the Central limit Theorem.

The Central Limit Theorem in Probability Theory turns around find-
ing conditions under which the sequence of partials sums S,,, n > 1,
when appropriately centered and normalized, weakly converges to some
random variable. Generally, the probability law of the limiting random
variable is Gaussian.

Actually, we already encountered the CTL in our series, through The-
orem 4 in Chapter 7 in Lo (2017a) in the following way.

If the X,,’s are iid according to a Bernoulli probability law B(p), 0 <
p < 1, S, follows a Biniomial laws of parameters p=1—¢gand n > 1
and we have

S, —ES, S, —npq 0> 1
" Var(S,)V2  mpg T T

The invoked theorem (in Lo (2017a)) states that, as n — +o0,

Ve € R, Fs, (xr) = N(z) = \/%_ﬂ /_x exp(—t2/2) dA(t).
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At the light of the Portmanteau Theorem 11 in Section 4 in Chapter
5, we have

PROPOSITION 20. Let (X,,)n>1, be a sequence of independent ran-
dom variables identically distributed as a Bernoulli probability law B(p),
0 <p < 1. Then we have the following Central limit Theorem (CLT)

Sy — npq

AL

~ N(0,1), as n — +oo.

We are going to see that result is a particular case the following one.

PROPOSITION 21. (CLT for an iid sequence with finite variance).
Let (X,,)n>1, be a sequence of centered and iid random variables with
common finite variance o> > 0. Then, we have the following CLT

Sn ~ N(0,1), as n = +o00. (CLTG)

Sn
If the common expectation is p, we may write

Sp —np

P~ ~ N(0,1), as n — +oo0.

Proof. The Portmanteau Theorem 11 in Section 4 in Chapter 5 offers
us a wide set of tools for establishing weak laws. In on dimensional
problems, the characteristic method is the favored one. Here, we have
Oy, = @ for all i > 1. Let us give the proof for o = 1. By Proposition
6 in Section 6 in Chapter 2, we have

B0)=1, ¥(0)=0 and ¥"(0) = —1.

Let us use two-order Taylor expansion of ® in the neighborhood of 0
to have :

d(u) =1—u*/2+0?), as u — 0. (EX?2)

By the properties of the characteristic function and by taking into
account that the variables are iid, we have

Dy, /() = Px, 1 ix,(u/vn) = @(u/v/n)", ueR

Now for u fixed, we have u/y/n — 0 as n — oo, and we may apply
Formula (EX2) to have, for n — +o0,
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dg, ) ym(u) = exp (n log(1 — u?/(2n) + O(n_3/2))) — exp(—u?/2),

where again we skipped details on the expansions of the logarithm
function. So we have just proved that

S, /v/n ~ N(0,1).

If the common expectation is p, we may transform the sequence to
(X, —p)/0),~,, which is an iid sequence of centered random variables
with variance one. By applying the result above, we get

Sn

o4\/ N

~ N(0,1).

We finish the proof by noticing that : s2 = no?, n > 1. O

n —

(d) A remark leading the Berry-Essen Bounds.

Once we have a CLT in the form of Formula (CLTG), the Portmanteau
theorem implies that for any fixed z € R

HEERERE

Sn

— 0 as n — +oo.

Actually, the formula above holds uniformly (See Fact 4 in Chapter 4
in Lo et al. (2016)), that is

B,, = sup — 0 as n — +oo0.

z€eR

P(2 <o) -V

Sn

A Berry-Bound is any bound of B,,. We will see later in this chapter a
Berry-Essen bound for sequence of independent random variables with
third finite moments.

Conclusion.

Through Theorem 14 and Propositions 19 and 21, we discovered simple
forms of three of the most important asymptotic laws in Probability
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Theory.

Establishing WLLN’s, SLLN’s, CLT’s, Berrey-Essen bounds, etc. is
still a wide and important part in Probability Theory research under
a variety of dependence type and in abstract spaces.

For example, the extensions of such results to set-valued random vari-
ables constitute an active research field.

The results in this section are meaningful and are indeed applied. But
we will give important more general cases in next sections. The coming
results represent advanced forms for sequence of independent random
variables.
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2. Tail events and Kolmogorov’s zero-one law and strong
laws of Large Numbers

This chapter will be an opportunity to revise generated o-algebras and
to deepen our knowledge on independence.

(A) Introduction and statement of the zero-one law.

At the beginning, let X = (X;);er be an non-empty of mappings from
(€2, A) to some measure spaces (Fy, F;). The o-algebra on (2 generated
by this family is

Ax = o{X;{(BL), By, € Fu,(tr, ... ty) € TP, p> 1},

It is left as an exercise to check that Ay is also generated by the class
of finite intersections of the form

CX :{ m thl(Bti)a Bti € Fsia (tla"'atp) S Tpa P 2 ]-}> (PO]')

1<k<n

which is a m-system.

Coming to our topic on the zero-one law, we already saw from the
Borel-Cantelli Lemma 4 that : for a sequence of independent events
(An)n>0 C A on the probability space (€2, A,P) such that A, — A as
n — +oo, then P(A) € {0, 1}.

We are going to see that this is a more general law called the Kol-
mogorov zero-one law. Let (X,,),>1 be a sequence of measurable map-
pings from (£2,.4) to some measure spaces (F;, 5;), i > 1. For each
n > 0, the smallest g-algebra on {2 rendering measurable all the map-
ping Xy, k > n, with respect to F is

Amu,n = O’{Xk_l(Bk), B, € ]:k, k> n}

It is usually denoted as A, = o(Xk, &k > n) and quoted as the
o-algebra generated by the mappings Xy, k > n.

Definition. The tail o-algebra generated by the sequence (X,,),>o0,
relatively to JF, is the intersection
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Atail - ﬂ Atail,rr

n>0
The elements of A, are, by definition, the tail events with respect to
the sequence (X,,)n>0. O

Let us give an example. Let By € Fi, for k£ > 1. We have that

liminf(X, € Bg) € Ay and limsup(X,, € By) € Ayair-

n—+00 n—+00

Here is why. Because of the increasingness of the (N,>,4,),>0 (in n),
we have for any fixed ng > 0,

lim inf(X, € B) =JN&x,eB = (X, €B)

n>1p>n n>ng p>n

and

{U(Xn S B)7 n Z nO} - Amil,nou

k>n

and then liminf, .. (X, € B) € Airn, for all ng > 0 and is in Ayq.
To get the same conclusion for the superior limit, we applied that con-
clusion to its complement.

Let us prove a useful result before we proceed further.
The zero-one Law. If the sequence elements of the sequence (A,,)n>0
are mutually independent, then any tail A event with respect to that

sequence is such that P(A) € {0, 1}, that is the tail o-algebra is be-
haves as the trivial o-algebra. ¢

Before we give the proof, let us get more acquainted with independent
o-algebras.

(B) Independence of o-algebras.

Definition. Two non-empty sub-classes C; and Cy of A are mutu-
ally independent if and only if : for any subsets {A,..., 4, } C C;
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and {Bj, ..., By,} C Co, for any non-negative, real-valued and measur-
able functions h;, i € {1,2}, defined on a domain containing {0, 1},
hi(La,, .-, 14, ) and hy(1p,, ..., 15, ) are independent. ¢

For easy notation, let us denote by Z(C;) the class of all elements of
the form Ay (1a,, ..., 14, ) as described above. Z(Cy) is defined similarly.

Example. Let F; = {X;,t € T} a non-empty family of measurable
mappings from (€2, .4) to some measure space (F, F) and Fy = {Y;, s €
S} a non-empty family of measurable mappings from (€2, .4) to some
measure space (G,G). Suppose that any finite pairs of sub-families
(Xi,)1<j<p (p > 1)and (Y5, )1<j<q (¢ > 1) of F1 and F; respectively, the
random vectors (Xy,,..., X, )" and (Y;,,..., Y, )" are independent, that
is

The classes
Cx ={X;Y(B), BE F,teT}and Cy = {Y,(C), C€G, sc S}

are independent. To see that, we consider two finite subsets of Cx and
Cy of the forms

(X3 (B1), - X, 1(By)) and (Y H(C), .. 5,1 (C)):

where the (B})i1<j<, C F and (C})i<j<q C G and, accordingly, two real-
valued and measurable functions h; and hy of their indicators functions
as

Hl = h’l(]-Bl (th), ceey 1Bp(ti))) and H2 = hl(lcl(}{gl), ceey 10(1()/;1))))

So, the functions H; and Hy are independent because of Formula (DE).

O

For now, we need the two results in the next proposition.
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PROPOSITION 22. Let C; and Cy be two mutually independent and
non-empty w-sub-classes of A. Consider the generated o-algebra A; =

o(C), i€ {1,2}.
(1) Then for any (A, B) € A1 X Az, A and B are independent.
(2) Ay and Ay are independent.

(8) For any non-negative and real-valued function Z;, i € {1,2}, such
that each Z; is C;-measurable, we have

E(Z12,) = E(Z1)E(Z3). ¢

proof. We easily see that each A;, i € {1,2}, is also generated by the
class of finite intersections of sets which are either elements of C; or
complements of elements of A;, denoted

Cr={ ﬂ Aiyy AjeCior ASeCy, 1<i<p, p>1}.

1<k<n

Also, for example, we already learned in Chapter 1 (Subsection 3 in
Section 3.2) how to choose hy such that Ehi(14,,...,14, ) be of the
form

P(A,, .. Al AL, (IN02)

where A, = A; or A, = AS, 1 < i < /{;. In general, for any element
7y € Z(Cy) of the form hy(14,, ..., 1All) with {Ay,..., 4y, } C Cy, {1, we
have

h(Lay, o da,) = Y hE)p.., AT, (IN02)
EEDe<<1

and Z; is simply a finite linear combination of elements of A;. So the
independence between C; and C, is that of A; and A, since the factor-
ization is preserved by finite liner combinations.

After these preliminary considerations, we going to prove a first step.

Step 1. We prove that for any A € A;, A is independent from Cs.
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To see this, define
Ao ={A € A,YZ € Z(Cy), 1,4 independent of Z}.

By the assumption we have that C; C Ag;. Let us quickly prove that
Ay is a o-algebra. Forsure, Q € Ap,. If A € Ay, 14 is a measurable
function of 14, and by this is still in A ;.

Let (A1, Asy) € A, Ay C A;. For any non-negative and measurable
functions h(14,\4,) and £(Z) of 14,\4, and Z € Z(C,), we have

h(lAQ\A1> = h(o)(l(Az\Al)C) + h(l)(lAz - 1141)
= h(0)(Lag +1a,) + h(1)(1a, — 1a,)

Hence, by multiplying h(14,4,) by ¢(Z) and by taking the expecta-
tions, we will be able to factorize E(¢(Z)1p) for B € {A;, Ay, A} in
all the terms of the products and, by this, we get

E(h(Lipy4,)(Z)) = E(h(Lipa,)E(U(Z).
We get that Ay \ A € Ag .

Finally, let (Ag)ieqe>0 € Ao be a sequence of pairwise disjoint elements
of Ap1. We define

1<k<n k>0 1<k<n 1<k<n

For any non-negative and measurable functions h(1p,) and ¢(Z) of 15,
and Z € Z(Cy), we have

h(an:h(O)(l— > 1Ak) +h(1) > 1a,.

1<k<n 1<k<n
Here again, by multiplying h(1p,) by ¢(Z) and by taking the expecta-

tions, we will be able to factorize any E(¢(Z)1p) for B € {By, 1 <k <
n} in all the terms of the product and, by this, we get also that :

Vn >0, E(h(15,)0(2)) = E(h(15,))E((2)).

Next by letting n T +00, we get by the Monotone Convergence Theorem
that
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E(h(15)0(Z)) = E(h(15))E(((Z)),

any non-negative and measurable functions h(lg,) and ¢(Z) of 1p,
and of Z € Z(Cy). This proves that B € Agp;. In summary Ag; is a
Dynkin system containing the 7-system. So by the A — m-Lemma (See
Lo (2017b), Doc 04-02, Chapter 5), it contains A;. We conclude that
Ay = Ay and we get that :

Any element of Ay is independent of Z(Cy).
Step 2. For any Z; € Z(A;) of the form hy(14,, ..., 14, ) with {Ay, ..., A } C
Ay, (1, we have Z; independent of C,.

This is an easy consequence of Formula (INO1) and the previous result.

Final Step 3. Put
Ao ={B € A3,VZ € Z(A;), 1p independent of Z}.

By the previous steps, A2 includes Co. We use the same techniques as
in Step 1 to prove that A is a Dynkin-system and get that A, = A,
by the classical methods. Next, we proceed to the same extension as
in Step 2 to conclude that any elements of Z(.A;) is independent of any
other element of Z(A,). B

Now, we may go back the proof of the Kolmogorov law.

(C) Proof of the zero-one law. Define the o-algebras

Apart, n — U({Xk_l(B), B e ./_", 0<k< n})
If Ais a tail event, hence for each n > 1, A € A4, ». Hence, by
the principle underlying Formula (P01) at the beginning at the section
and by Proposition above, we get that A is independent to any A,q¢, n,
n > 1. Since these latter sub-classes are m-system (being o-algebras),
A is also independent of

0<Apart, n) = U({Xk_l(F), F e F, k > 0}) = Apart, 0-
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Since A € Apum, 0, we get that A is independent to itself, that is
P(A) = P(AN A) = P(A)P(A). The equation P(A)?> = P(A) has
only two solutions 0 or 1 in [0,1]. O

(D) Limits Laws for independent random variables.

We are going to derive series of a three interesting asymptotic laws
from the Kolmogorov Inequality (Inequality 14 in Chapter 6), the last
of them being the celebrated Three-series law of Kolmogorov.

Let X1, X, ... be independent centered and square integrable random
variables. We denote Var(X;) = 02, 1 < i < n. Define

Coo =inf{C > 0,Vk >0, | Xi| < C a.s.}.
Define the partial sums by

k k
So =0, Sk:ZXi, k>1and sog =0, sizZaf.
i=1 i=1

We have :

PROPOSITION 23. The following statements hold.

(1) If s> converges 0® € R as n — 400, then (S,)n,>0 converges a.s to
a a.s. finite (possibly constant) random variable.

(2) If the sequence (X, )n>0 is uniformly bounded, that is Cy is finite,
s converges in R as n — 400 if and only if (S,)n>0 converges a.s.

More precisely, if s2 diverges as n — +oo and if Cy is finite, then
(Sn)n>0 diverges on any measurable subset of 0 with a positive proba-
bility, that is (S,)n>0 non-where converges.

Proof. Since the random variables are centered and independent, we
have for any 0 < k <mn,

V(S —Sk) = Y V(X)) =s; — sp.

k<j<n

Let us apply the right-hand Inequality 14 in Chapter 6, to get for any
e >0, forany 0 < k > n,
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|sn — si
P(max([Sk+1 — Skl .-y [Sn — Skl) > €) < 2

in other words, for any £k > 0, n > 0, for any € > 0

s2 —s?
P U (IS — Skl =e) ) <=~

£
1<j<n

Let us suppose that s? converges in R as n — +o0, that is (s2),>0 is
a Cauchy sequence. By applying the Monotone convergence Theorem,
we have for any k£ > 0 for any € > 0,

P(U(|Sn—5k| > ) :0).

n>k
and next any € > 0

B (U015, - i 2 )= 0).
k>0 \n>k
To conclude, set

Qp:ﬂ<U(\Sn—Sk| Zl/p), p>1and Qy = Q.

k>0 “n>k p>1

We still have P(£2«) = 0 and for any w € Q. for any p > 1, Ikg > 0,
for all n > ko,

|Sn, — Skl (w) < 1/p.

We conclude that (5,,),>0 is Cauchy on €2, and then converges on €,
and simply converges a.s.

It remains to prove that if C,, is finite and if s2 — 400, (S,)n>0
diverges a.s.. By Inequality 14 in Chapter 6, we also have for any
e >0, for any 0 < k <mn,

e+ Oy)?

1<j<n k

For k fixed and n — 400, we get for any € > 0,
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PUJ(Skss — Sl = ) = 1.

Jj=0
and next, for any € > 0,

B Sy — Sel 2 2) = 1.

k>035>0
Denote

Qo :< (Y UJSkss = Skl = 1).

k>04>0

It is clear that P(Q) = 1 and (S,,)n>0 is not Cauchy on €2y. This proves
the two last statements of the proposition. [J

PROPOSITION 24. Suppose that the assumptions in Proposition 24
hold, except we assume that the X ’s are not necessarily centered.
Then, if (Sp)n>0 converges a.s asn — ~+oo and the sequence (X,)n>0 S
uniformly bounded (that is C, < 400), then the two sequences (52),>0)
and (31 e EXk)n>0 both converge to finite numbers as n — +o00.

Proof. It uses the Kolmogorov construction of probability spaces. At
this stage, we know this result only in finite distribution (See Chapter
2, Section 5.2, Point (c5)). Here, we anticipate and use Theorem 27
(see page 314) in Chapter 9, and say:

There exists a probability space holding independent random variables
Xk, X, k> 0 such that for each k, X}, =45 X;.

Let us suppose that the assumptions hold and let us define the sym-
metrized sequence X ,gs) = X, — X, k > 0. Then the sequence (X ,gs))kzo
is centered and uniformly bounded by 2C'.,. Now, if (Zl <h<n Xk)

converges a.s., so does (Z1gkgn X;)

n>0

0 by the equality in law. Hence

(nggn X£S))n>o also converges. Next, by applying Point (2) of

Proposition 24, the sequence <Zl§k§n V(X,ES))> converges. Since

n>0

D i<k<n V(X,gs)) = 252, we have the first conclusion.
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It remains to prove that (Zl <h<n EXk)n> , converges. But we have for
all n >0, -

YEX) = > Xi— D (X —E(Xy)

1<k<n 1<k<n 1<k<n

From this and from that assumption that (S5,),>0 converges a.s, we
may apply Point (1) of Proposition 24 to see that the second series in
the right-hand of the formula above converges and get our last conclu-
sion. [

Remark. To fully understand this proof, the reader should seriously
know the Kolmogorov construction Theorem and its consequences. For
example, because of the independence, the vectors (Xj,..., X)) and
(X1, ..., X}) have the same law of £ > 0 and by this, the sequences
(X&)k>0 and (X},)g>o have the same law as stochastic processes. So the
a.s. depends only on the probability law of (X)x>o, the proved results
remain valid on any other probability space for a sequence of the same
probability law. We advice the reader to come back to this proof after
reading Chapter 9.

Before we continue, let us denote for any real-valued random variable
X and a real-number ¢ > 0, the truncation of X at ¢ by

X9 = X1(x1<0)

which is bounded by c.

PROPOSITION 25. Suppose that the X,,’s are are square integrable,
centered and independent. If s2 converges 0> € R as n — +oo, then
(Spn)n>0 converges a.s to a a.s. finite . The series (S,)n>0 converges
a.s. if and only any of the three series below converges :

(Ve e RA{0}, S_P(IX| 2 o), (i) Y Var (Xff)) and (iii) 3 E(X)

k>0 k>0 k>0

Proof. Suppose the three Conditions (i), (ii) and (iii) hold. From (ii),
(Zl <h<n <X © _E(x fﬁ))) converges. This combined with Con-
n>0

dition (iii) implies that <Z1 chen X fﬁ) converges a.s., based on the
- = n>0
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remark that X,gc) :<X,§C) — E(X,gc))) —l—(E(X,EC))) for all £ > 0.

Next for all ¢ > 0, the event (X}, # X,gc)) occurs only if (| X| > ¢) and
hence

P(X, # X9, i0) = lim P(U(X,ﬁéx )< lim ZIP’|Xk|>c.

n—+oo n—+oo
T kon T

Hence, by Condition (i), P(X,, # x4, i.0) = 0 and next, the series
D kso Xk and 3,0 X ,gc) converge or diverge a.s. simultaneously. We
get that >, . Xy converges a.s..

Conversely, if (S,)n,>0 converges a.s., it follows that (X,,),>o converges
a.s. to zero, by Corollary 1 in Section 1 below, Condition (i) holds.

The latter, by the a.s. equivalence between >, Xy, and » ;- X,gc),

ensures that ), X ,Ff’ converges, which by Proposition 24, yields Con-

ditions (ii) and (iii).

It remains to prove that none of the three conditions cannot fail, when-
ever the series ), -, Xj converges a.s.. First, by Corollary 1 in Section

1, Condition (i) cannot fail and hence the a.s. convergence of » , . ,§C>

also cannot fail and this bears Conditions (ii) and (ii). OJ

Now let us close this introduction to these following important Kol-
mogorov’s Theorems.

(E) Strong Law of Large numbers of Limits Laws of Kolmoro-
rov.

Before we state the Kolmogorov laws, we state the following :

Kronecker Lemma. If (b,),>0 is an increasing sequence of positive
numbers and (z,),>0 is a sequence of finite real numbers such that
(E1gkgn xk)nzo converges to a finite real number s, then

Zlgkgn bew

; —0asn— 0. O
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This Lemma is proved in the Appendix, where it is derived from the
Toeplitz Lemma.

Let us begin by

(E-a) The Strong Law of Large Numbers for Square integrable
and independent random variables.

THEOREM 16. Let (X,,)n>0 be a sequence of square integrable and
independent random variables and let (by,)n>1 be an increasing sequence
of finite real numbers. If

> V(b)f") < 400, (CKO1)

n>0 n

then we have the following SLLN

Sn —E(Sy)

2 — 0 as n — +oo. (SKO01)

Proof. The proof comes as the conclusion of the previous develop-
ments. Suppose that assumptions of the theorem hold and Condition
(CKO01) is true. By Proposition 23, we have

Z Ko = B(Xn) < +00, a.s. (SK02)

n>0 bn

Applying the Kronecker Lemma with z;, = X} — E(Xj) and the same
sequence (by,)n>0 leads to (SK01). O

Example. If the X,,’s have the same variance o2, we may take b, = n,

n > 1 and see that Condition (SKO01) is verified since

IO P

n>1 n n>1

and next,

Sn—E(Sy)

— 0 asn— +oo. (SKO03)
n
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We find again the simple SLLN as in Corollary 2 above.

Now, what happens if the first moments of the X,, exist but we do not
have information about the second moments of the X,,’s. We already
saw in Kintchine’s Theorem 14 that we have a WLLN if the X, has the
same Law. Here again, the Kolmogorov theory goes far and establishes
the SLLN even if the common second moment is infinite. We are going
to see this in the next part.

(E-b) The Strong Law of Large Numbers for independent and
identically random variables with finite mean.

We will need the following simplified Toeplitz lemma which is proved
in the Appendix in its integrability.

Simple Toeplitz Lemma. Suppose that k(n) = n for all n > 1. Let
(ck)r>0 be sequence such that the sequence (by)n>0 = (321<p<p, [Ckln>0
is non-decreasing and b,, — oco. If x,, = = € R as n — 400, then

1
— Z Ty — * as n— +oo. O

" 1<k<n

THEOREM 17. Let (X,,)n>0 be a sequence of independent and iden-
tically distributed random variables having the same law as X. Then

(a) E|X| < 400
if and only if

(b) Sn/n converges a.s. to a finite number c, which is necessarily
E(X).

Proof. Set A, = (|X| >n), n > 0 with Ay = 2 clearly.

Now suppose that Point (b) holds. We have to prove that of E|X| is
finite. If X is bounded, there is nothing to prove. If not, the upper
endpoint of uep(X) is infinite and Formula (DF3) in Proposition 1 (See
Chapter 1, page 14)

-1+ > P(X|=n)<EX|< > P(X|>n)

n€0, [uep(X)]*] n€l0, [uep(X)]*]
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becomes

—1+ > P(X|>n) <E[X[ <) P(X|>n). (DF4)

n>0 n#0
Then we have

Xn Sn_Sn—l Sn n—1 Sn—l
n_-n Tnml T —c—c=0a.s.
n n n n n—1

By the Borel-Cantelli Corollary 1, the serie » _P(|X,/c[ > 1) is con-
vergent, that ) -, P(A,) is finite and by Formula (DF4), E|X| is finite.

Now suppose that E|X]| is finite. If X is bounded, we are in the case
of the last example above with Var(X) = o2 is stationary and we have
that S,,/n converges to E(X) a.s.. If not, we use the truncated ran-

dom variables X,gt) = Xil(x,<k), & > 1 and let S(()t) =0, Sf) = Xl(t),
S =xW 4 4+ XxP n>2

We already explained in page 225 that S /n and S,,/n have the same
a.s. limit or diverge a.s. together whenever ) . P(|X,| > n). But
since E| X| is finite, the series }_ -, P(|X,| > n) converges by Formula

(DF4). Hence we only have to prove that S,(f)/n — E(X) a.s.. Now,
by the Dominated Convergence Theorem, we have

E(X{ = /XI(X|<n) dP — EX as n — +oo.
By applying the simple Toeplitz Lemma with ¢, = 1 and x = E(X,(f),
we get

E(S
n

) — EX.

So, our task is to prove that

S —E(sY

) — 0 a.s.
n

But this derives form Theorem 16 whenever we have
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< +00.

VYar Xr(f)
3 (Xn”)

n2
n>1

But we have

n? n?
n>1 n>1
E(X\)?
<2 =
n>1
X2

n>1

Next, define B,, = (m — 1 < |X| <m), m > 1. For m > 1 fixed, we
have

X2 X2
Fl(‘X|<n)mB7n = Flw = O fO’f‘ n < ’]’TL7
and for n > m
X2 X2 m2
—rluxienns, = 3l < 5 le.,

so that

X? X2
Zﬁl(\XKn)ﬂBm = ZFI(\XKn)OBm

n>1 n>m

S (mzz%)le.

n>m

By comparing the series of the form » ~  f(n) with the integral

s, f(x)dz for a non-decreasing and continuous function f(z) = z72,

we have

1 oo
Z—2§/ v dr = 1/m.
n

m

Hence, we have
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)(2
> —ylixi<mns, <mlp, = (1+(m—1)lp, < (1+[X])1p,.

n>1

Since, we obviously have »° | B,, = (2, we may sum over m in the
previous formula to have

2

X
Zﬁlumn) < (1+|X1).

n>1
We arrive at
Var
> —5 <EZ_1|X\<“ < (1+E[X]|) < +oo.
n>1 n>1

We reached the desired condition which allows to conclude the proof. B

This nice theory of Kolmogorov opens the wide field of SLLN’s. The
first step for the generalization will be the Hajek-Rényi approach we
will see soon in special monograph reserved to limits laws for sequences
of random variables of arbitrary probability laws.



232 7. ASYMPTOTICS THEOREMS OF INDEPENDENT RANDOM VARIABLES

3. Convergence of Partial sums of independent Gaussian
random variables

Let us give the following interesting equivalences between different
types of convergences for partial sums of independent Gaussian real-
valued random variables.

we have

THEOREM 18. Let (X,,)n>1 be sequence of independent and centered
Gaussian real-valued random variables defined on the same probability
space (Q, A, P). Let us define their partial sums S, = > | e, Xn,
n>1ands? =3 ., Var(X,), n > 1. The the following conver-
gences are equivalent, as n — 00,

(1) (Sp)n>1 converges a.s. to an a.s. finite random variable Z.

(2) (Sp)n>1 converges in probability to an a.s. finite random variable Z.
(3) (Sn)n>1 weakly converges to an a.s. finite random variable Z.

(4) (Sn)n>1 converges in R.

(5) (Sy)n>1 converges in L.

Proof. The proof is based on the compa rison between type of con-
vergences in Chapter 5. The implication (1) — (2). Next (2) — (3)
by Point (a) of Proposition 18 in Section 5. Further (3) that for each
t e R,

E exp(itS,) = Eexp(X(p, +o0))-

Since the X, are independent, we have S,, ~ N(0,s?). Hence for all
t e R,

exp(—t2/2) = Eexp(X(p, 1o0)):

This is possible only if s? converge in R, where we took into account
the fact that Z is a.s. finite. Now, by Proposition 23 (in Section 2
in Section 5, page 216) (4) implies (1). By this circular argument, the
assertions (1) to (4) are equivalent.
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Let us handle Assertion (5). Suppose (5) holds with s? — s?. Let us
denote S = 2@1 X,,. We have for all n > 1

E(S — S,)7||S = Sul3 = (s* — s2) — 0.

So (5) implies (5). Finally, suppose that (2) holds. We have that by
Point (3) that S, converge to S in probability and s? converge to s?,
and next

1Sa]13 = 57 = s = 1IS]3-

Thus by Point(c4) of Theorem 10 (in Section 2 in Section 5, page 167),
(2) implies (5). The proof is complete now.
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4. The Lindenberg-Lyapounov-Levy-Feller Central Limit
Theorem

We do not treat the Central limit Theorem on R? d > 2, which is
addressed in Lo et al. (2016) in its simplest form.

We already described the CLT question on R with iid sequences. The
current section will give the most finest results for independent random
variables. Researchers are trying to export the Linderberg-Levy-Feller
Central Limit Theorem to abstract spaces under dependance condi-
tions. In that generalization process, mastering the techniques which
are used in the independence case significantly help.

Let us begin by the key result of Lyapounov.

(A) Lyapounov Theorem.

THEOREM 19. Let Xy, X5, ... a sequence of real and independent
random variables centered at expectations, with finite (n+J0)—moment,
§ > 0. Put for eachn >1, S, =X, + ...+ X, and s> = EX? + EXZ +
..+ EX2. We denote o2 = EX? k > 1 and Fy denotes the probability
distribution function of Xy. Suppose that

1 n
(4.1) =5 Y _E|Xy[* =0 asn — oo
S
n k=1

Then, we have as n — +00,
Sn/sn ~ N(0,1).

Proof of Theorem 19. According to Lemma 3 below, if (4.1) holds for
0 > 1, then it holds for 6 = 1. So it is enough to prove the theorem for
0 < < 1. By lemma 4 below, the assumption (4.1) implies s,, — +00
and

2+6 246 n
Ok E‘Xk| 1 0
max <—> < max < poxs; g E | X, |*7 = A, (6) — 0.
n k=1

1<k<n \ S, T 1<k<n  §2%0

Let us use the expansion of the characteristic functions

fr(u) = / e dFy(7)
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at the order two to get for each k,1 < k < n as given in Lemma 1
below

u2 02 |U|2+6E‘Xk|2+6
@2 s =1 g M

Now the characteristic function of S, /s, is, for u € R,

Fsussn(w) = T filu/sn)

S that is
lOg fSn/Sn (U) = lOg fk(u/sn)
k=1

Now, we use the uniform expansion of log(1 + u) at the neighborhood
at 1, that is

log(1
(4.3) sup log(1 +u) =e(z) = 0.
lul<z u
For each k in (4.2), we have
(4.4) Selu/sn) =1 — tpn

with the uniform bound

i M O__]g N |u|2+6E |Xk|2+6

IA

|Upen|

i 2 s s2+0
245 245
2 1<k<n \ sy, s2+0 "

By applying (4.3) to (4.4), we get

1Og fk(u/sn) = —Ugn + 6)nukng(un)
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and next

log fs,/s,(u) = Y log fi(u/sa)
k=1

u2

2
= P 0 ALE) (o [0, Au(5)) )
— —u2/2.

We get for u fixed,
fsn/sn (u> — eXp(—u2/2)

This completes the proof. [
An expression of Lyapounov Theorem using triangular arrays.

Since the proof is based on the distribution of { X, 1 < k < n} for each
n > 1, it may be extended to triangular array to the following corollary.

COROLLARY 3. Consider the triangular array { X, 1 < k <n,n >
1}. Put for eachn > 1, S, = Xp1 + oo + X and s2, = EX2 +
EX2, + ...+ EX?2, . Suppose that for each n > 1, the random variables
Xk, 1 <k <n, are centered and independent such that

1 n
(4.5) —— Y E[X """ =0 asn — oo
S
k=1

Then
Syn/Snn ~ N(0,1).

Now, we are able to prove the Lyapounov-Feller-Levy Theorem (see
Lecam for an important historical note with the contribution of each
author in this final result).

(B) The General Central Limit Theorem on R.
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THEOREM 20. Let Xy, X, ... a sequence of real and independent
random variables centered at expectations, with finite (n+J0)—moment,
6 > 0. Put for eachn >1,5, =X+ ...+ X, and s2 = EX{ +EX3 +
.. + EX2. We denote o} = EX2, k > 1 and F}, denotes the probability
distribution function of Xy. We have the equivalence between

2
(4.6) max (%) 0 and Sy/s, ~ N(0,1)

1<k<n \ S,

and

1 n
(4.7) Ve > 0, = Z/ 22dFy(z) — 0 as n — oo.

no—1 |x|>esn

Proof of Theorem 20.

The proof follows the lines of the proof in Loeve (1997). But they
are extended by more details and adapted and changed in some parts.
Much details were omitted. We get them back for making the proof
understandable for students who just finished the measure and proba-
bility course.

Before we begin, let us establish an important property of

n

1
gn(e) = = Z/ 22 dFy(z),
Sn k=1 |x|>esn

when (4.7) holds. Suppose that this latter holds. We want to show
that there exists a sequence ¢, — 0 such that £2g,(e,) — 0 (this im-
plying also that &, 'g,(e,) = o(e,) — 0 and that g,(e,) = o(g2) — 0).
To this end, let £ > 1 fixed. Since g,(1/k) — 0 as n — oo, we have
0 < gn(1/k) < k73 for n large enough.

We will get what we want from an induction on this property. Fix
k =1 and denote n; an integer such that 0 < g,(1) < 173 for n > n;.
Now we apply the same property on the sequence {g,(o),n; + 1} with
k = 2. We find a ny > ny such that 0 < ¢,(1/2) < 273 for n > ny.
Next we apply the same property on the sequence {g,(o),ny + 1} with
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k = 2. We find a n3 > ny such that 0 < g,(1/3) < 373 for n > ns.
Finally, an infinite sequence of integers n; < ns < .. < g < ngaq < ..
such that for each k& > 1, one has 0 < g,(1/k) < k73 for n > ny,. Put

en=1/konng <n <ngy.

We surely have ¢, — 0 and €, 2g,(e,). This is clear from

en=1/k on ng <n < Ny
e 2gn(e) = K2(1/K3) < (1/k) on ny <n < ngyq.

Now we arge going to use

(4.8) £, — 0 and €, %g,(c,) — 0.
Proof of (4.7) =>(4.6). Suppose (4.7) holds. Thus there exists a

sequence (£,),>0 of positive numbers such that (4.8) prevails. First,
we see that, for each 7,1 < j < n,

o’ 1 1
J 2 _ 2 2
5_2 = 8—2/l'dF’]—8—2{A|<€sxdF]+/|x<€s$dF]}

1
S - / l'2dFk + 5%
Sn |z|<ensn
1 k
< = / 22dFy, = g(s,) + 2.
Sn |-'E|S5n3n

k=1

It follows that ,

J 2
max — < e + e — 0.
1<j<7l8%_g( n) n

Its remains to prove that S,,/s, — N(0,1). To this end we are going to
use this array of truncated random variables {X,x, 1 < k <n,n > 1}
defined as follows. For each fixed n > 1, we set

X*_{o it X, > e, (SRS

Now, we consider summands S,,,, as defined in Corollary 3. Weremark
that for any n > 0,
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and also,

k=1
We get
P < i—’:j - f—: > 77) < ; P(IXy| > ensn)
1

Thus S,,,/s, and S, /s, are equivalent in probability. This implies that
they have the same limit law or do not have a limit law together. So to
prove that S,,/s, has a limit law, we may prove that S, /s, has a limit
law. Next by Slutsky lemma, it will suffice to establish the limiting
law of Sy, /sp, whenever s,,/s, — 1. We focus on this. We begin to
remark that, since E(X}) = 0, we have the decomposition

‘Z“S&nsn |Z">E7L5n

to get that
‘x|§5n5n |x|>5n5n

We remark also that

49) E(Xum) = / XpudP + / X
|Xk|§5n5n

‘Xk ‘>€n5n

- / XedP + / 0 dP.
|Xk|S5n3n |Xk|>5n3n
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Combining all what precedes leads to

|E(Xu)| = / XdP
|Xk:‘§5n5n

1
|x|>ensn |z|>ensn (T
1

1
/ —1’2dFk / l’2dFk
|z|>ensn LI| |z|>ensn

1 n
(4.10) - > E(Xw)| <, g(en) = 0.
" k=1

IN

<

EnSn

Therefore,

Based on this, let us evaluate s,,/s,. Notice that for each fixed n >
1, the X, are still independent. The technique used in 4.9 may be
summarized as follows : any any measurable function g(o) such that

9(0) =0,

Eg(Xnk) = /

‘Xk ‘Sansn

g(Xnk)dP+/

‘X}c‘>€n5n

9(0)dP = / (X )dP.
‘Xk ‘Sansn

By putting these remarks together, we obtain
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52 s

N

{
- SL{ZEXk (ZE (X2) — w)}
=

— Si S EXE - ZEX2 +Z (EXou) }

_ b n/XZdP— n/
S#{; k ;|

XpdP+> (EXnk)2}
Xk|§<5n5n k=1

1 n / ) n 5
- — X2P + Y (EX,u.) }
Sn2 {; |Xk|>5n3n kZ:;
1 n ) n )
L L e Sor)
k=1 kl=>Ensn k=1

Finally, we use the simple inequality of real numbers (3 |a;)* = 3 |as|*+
32 2 lail lag| > > la;|> and conclude from the last inequality that

IN

1< -
< _{2/ ngP+Z(E|Xnk|>2}
Sp2 =1 | Xk|>ensn k=1
1< - 2
L Z/ X2dP+ [ Y E|Xu
Sp2 | X k| >ensn k=1

k=1

= g(en) + (si Y E |Xnk|> .

IN

By (4.10) above, we arrive at

| < g(en) +e5"g(en) = 0.

‘ 2
n
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It comes that s,,/s, — 1. Finally, the proof of this part will be derived
from S,/ Snn. We center the X, at their expectations. To prove that
the sequence of the new summands T, /s, converges to N (0,1), we
use Corollary 1 by checking the Lyapounov’s condition
1 < 5
STZE|X”k — EX,|” — 0 as n — oc.

=1

By

1 < I <
5 D EXu— EXul’ = =) E|Xu — BEXu| X E|Xop — BEXopf”

nn op_q nn p_—1

IN

2 n
= D B Xk X E|Xop — EXpil?.

=1

Take g(-) = || in (4) to see again that

|Xk‘S5n3n

The last two formula yied

1 - 3 26 S - 2
S D EXu - EXu < 5" ) E[Xuk — EX
nn p—q e k=1
26, 8,82 25, o
= —-— =, — .
Snn " Snm

It comes by Corrolary 3 that
Tnn Snn - n_ E Xn
Ton _ 2o BXor)

Snn Snn

N(0,1).

Since Sp, /s, — 1 and by 4.10

Dot EXn) [ _ sn ) 1 Z"
‘ Snn ] S, | k|) =0

We conclude that S,,,/s,, converges to N (0,1).
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Proof of : (4.6)=—> (4.7). The convergence to N(0,1) implies that
for any fixed t € R, we have

(4.11) T fe(u/sn) = exp(—u?/2).

k=1

We are going to use uniform expansions of log(1 + z). We have

lim log(1+2) — 2 1
z—0 22 2
this implies
log(1+2) — 2
(4.12) sup |—————| =¢(u) > 1/2 as u — 0.
z<u z

Now, use the expansion

Filufsn) =1+ ekfj
This implies that
(4.13) [nax. < |fr(u/s,) — 1| < %21:(%1]?;(”2—5 = u, — 0.
and next
2 2 2 2 4 2 2
ulufsn) =1 = 05 % 57 < | T %
This latter implies
> tof) 112 [ s 5] = B 0

By (4.13), we see that log fr(u/s,) is uniformly defined in 1 < k <n
for n large enough and (4.11) becomes

> log fu(u/sn) = —u’/2,

k=1
that is
u? -
5+ ;log Frlu/s,) = 0.
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Now using the uniform bound of |fi(u/s,) — 1| by u, to get

log(fi(u/sn)) = fu(u/sn) = 1+ (fu(u/sn) = 1)%(un)

and then

L Z g fulufsn) = Fluf5a) = 1+ (felufsn) = 17e(un)
_ {% . - fk<u/sn>}
) {k;m(u/sn) - 1>2} (),

with

We arrive at

3

=Y 1— fi(u/s,) +o(1).

u
2

If we take the real parts, we have for any fixed £ > 0,

u2

5 = Z/(l — CoS Z—f)dFk(l") + o(1)

— Z/|m|<€sn(1—cos—)dFk(x)

S
k=1 n

+ Z/ (1 —cos u—x)dFk(!L") +o(1),

—1 Y [z[>esn Sn
that is
u n

. / (1—cos “E\iF,(z) = / (s TR o),

h—1 |x|<esn Sn k=1 n
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We have by Fact 2 below that \/2(1 — cosa) < 2]a/2|° for all 6,0
0 < 1. Apply this for 6 = 1 to have

Z/Imsna — cos — )dFy(x)

S
k= n

1
u? & 5
52 Z x°dFy(x)

n p—1 VI|zl<esn

u? 2 2
= dFy( / z°dFy(x
252 Z/ K |z|>esn ()

nog=1

IA
\

_ “_<33—Z/ AR (@) = 5 (1= ().

2
an =1V |z[>esn

On the other hand

Z/> (1 - cos )dFy(x) < dFy(x
k x|>esn

Sn |z|>esn

" / v*dFy(z) <

k=1 |z|>esn

IN

By putting all this together, we have
u?  u? 2
5 = 51 =gue)) + =2t o(1)

which leads

which in turns implies

By letting first n — +o00 and secondly u — 0, we get

gn(e) = 0.

245

<
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This concludes the proof. [
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(C) APPENDIX : TOOLS, FACTS AND LEMMAS
1 - A useful development for the characteristic function.

Consider the characteristic function associated with the real probability
distribution function F' that is

Roz— f(x)= /eit:”dF(x)

Suppose that the n'® moment exists, that is

my, = /x"dF(a:)

In the following, we also denote

o= [ lal" dF (@)

LEMMA 5. Let 0 < 6 < 1. If pinyo is finite, then we have the fol-
lowing expansion

(4.14)

n . NE
f(u) -1+ Z (Zu;{:'mk + 921—6Mn+6
k=1 ’

‘u‘n-i-é

(1+0)2+0)..(n+0)

.10 < 1.

Proof of Lemma 5. By using the Lebesgue Dominated Theorem, we
get the f is n-times differentiable and the k-th derivative is

(4.15) F®0) = i*my, = / "dF(z),1 <k <n.

We may use the Taylor-Mac-Laurin formula expansion

flu) =1+ S () mk + /0“ Mf(")(x)dx.

n!

We are going to handle p,(u) = [ 2= f™(z)dz. Let us make the

0 n!
change variable ¢t = z/u and use 4.15 to get
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pn(u) = u”/o %ﬂ")(tu)dt
(1—t) !

(n—1)!

|

= (iu)" /0 / %x"(em — 14 1)dF(x)dt
o]
/

2" dF (z)dt

%:ﬂ"dl’ (x)dt

+ ()" /0 %x”(e““””—l)d}?(x)dt

The first term 1is

pu(1, ) = (iu)"/ol %dt/x"d}?(x) — (iu)"m, {—“ _W]t:l _ L),

(n—1)! nl ] n!

To handle the second term, we remark that,

e — 1| = V2 — 1 —cos(a) = 2sin(a/2)|.
Let 0 < < 1.1If |a/2| > 1, we have
e — 1] = 2]sin(a/2)| < |a| < 2]a/2|’

by the decreasingness in & of the function |a/2|°. If |a/2| < 1, we get
by Fact 1 below that also | — 1] = 2]sin(a/2)] < 2]a/2|°. We have
foralla € R, forall 0 <9 <1,

e — 1] < 2]a/2|°

Applying this to (4.16) yields

pa(2w)] < u / J O el e — 1] ar )
_ \n—149
< 21—5\u\"+5/ wdt/m"”dﬁ’(x)
o (=1

1 n—149
1—1 t
21—5 |u|n+5 Mn—l—&/ %dt

IN
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Since by Fact 2 below,

/1 (Lo 1
o =D T 1+0)2+0)..(n+0)
we get

n+o

|ul

on(2,u) = 921_5ﬂn+5(1 +0)(2+6)...(n+6)’

with |0 < 1. By getting together all these pieces, we get (4.14).
concludes the proof of Lemma 5.

FACT 1. For any a € R,

e — 1| = \/2(1 — cosa) < 2]sin(a/2)| < 2|a/2|’.

This is easy for |a/2| > 1. Indeed for § > 0,]a/2|° > 0 and
2 [sin(a/2)| < 2 < 2|a/2|°

Now for |a/2| > 1, we have the expansion

> 2k > 2k

249

This

q2(k+1)

W —cosa) = =) (’Gm=2"-2 > G5 GEr)

k>2,k even

o0

1

2 2(k+1 1 1
= ®— 22700 Y m{?‘(2k+1)((2k+2)...(2k+k)

k>2.k even

For each k > 2, for |a/2| < 1,

b

(- o aares) (i e >
2 Gkt D)(2k+2)..2k+ k) [ =4 @k+1((2k+2)..2k+ k) [ =

Hence
2(1 — cosa) < a®.

But for |a/2|, the function & < |a/2|° is non-increasing 8,0 < 0

Then
V2(1 = cosa) < |a| = 2a/2|" < 2]a/2|’.

<1
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FACT 2. Forany 1 <6 <1, forany n > 1

L1 t>n_lt6dt— 1
/0 (n —1)! T (14+0)(249)...(n+0)

Proof. By integrating by parts, we get

11 p\n—146 _ \n—1467=1 11 p\n—246+1
/ (1—t)" 1 gt — 1 [(1 t)n1t } N 1 / (1—t)" % .
o (n—1)! d+1] (n=1)! |, 6+1) (n—2)!

that is 1 149 1 24641
__ 4+\n— __ 4\n— +
/ (-t 1 / (L2t
o (n—=1)! 0+1J, (n—2)!

From there, we easily get by induction that, for 1 </ <n —1,

O 1 P — et
/0 =1 dt_(5+1)(6+2)...(5+€)/0 oy

For / =n — 1, we have

L1 = gy B 1 L
/0 ORI (5+1)(5+2)...(5+n—1)/0t dat
1

(0+1)(0+2)...(0 +n)

This finishes the proof. [

LEMMA 6. LetY a random variable with ro-th finite moment, ro >
0. Then the function g(z) =logE|Y|", 0 < x < g, is conver.

Proof of Lemma 6. Let 0 < r; < ry < ry. Use the Cauchy-Scharwz
inequality to [Y["2/% and V|72 to have

(BY") < BY|" % By|e)

which implies

2 IOgE ‘Y‘ﬁ < logE ‘Y‘(r1+r2) 4 logE |Y‘(7‘2—r1)

that is, since ¢ is continuous,
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(4.16) g(r1) < =(g(r1 +712) + g(rs — r1)).

N —

Now, set x =71 + r9 and y = ry — 1 and (4.16) becomes

:E+y><

(1.17) o(Y) < S (o() + 9(0)

for 0 < z < ry. Now, the Dominated Convergence Theorem, the fonc-
tion ¢(-) is continuous. So (4.17) implies the convexity of g(-). O

LEMMA 7. Let X1, Xo, ... a sequence of real and independent ran-
dom variables centered at expectations, with finite (n+9)—moment, o >
0. Put for eachn > 1, S, = X1+...4 X, et s2 = EX{+EXJ+.. +EX2
We denote o} = EX?, k > 1 et F, denotes the probability distribution
function of Xy. If 6 > 1, then any fired n > 1,

. N (6-2)/5
1 s (1
(4.18) o S EIXT < (S—g Y E |Xk|3> :

no =1 " k=1

Proof of Lemma 7. Let n > 1 be fixed. Let (m,...,7,) following
a multinomial law of n issues having all the probability n or occuring
but only on repeatition. This means that only one of the 7} is one,
the remaining being zero. Sey

Y = zn: 71'ka.
k=1

The meaning of this expression is the following :

Y = X on (m, = 1).

So we have, for r > 0.

V"= m | X"
k=1
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Hence

E|Y|T — EZﬂ'j‘Xj‘T:ZP(ﬂ'kzl)E (Z?T]‘X]r |7Tk:1>
j=1 k=1 j=1
1 & ,
k=1

Use now the convexity of g(r) =log E'|Y|" for 6 > 1 like that :

0—1 1
and convexity implies
0—1 1 0—1 1
o(C5T X242 x (240) < T Tg(2) + 0(2 4 0)).

This implies
Slog E|YPP < (6 —1Dlog E|Y| +log E|Y|*™

and by taking exponentials, we get

_ _ 1/8
EIYP) < (EBYP) BV = B[ < (B]YP) (E |Y|2+5)
Replacing by the values of E'|Y|", we get
1/5
5 2+6
_Xpﬂm < /531 ( EZMX\ ) :

From there, easy computations lead to

. 1/
1 5

ZE|Xk| (@ZEWH%) :
n k=1

"kl

LEMMA 4. Let § > 0 and let X be a real random variable such that
| X|*™ is integrable. Then

(EIXQ) (2+9)

/2 §E|X|2+6.

PROOF. Use Lemma 2 and the convexity of g(z) = log F |X|",0 <
x < 2+ 0 to the convex combination

2= 2 X (246) +

240 X0

249
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to get
2 2

2) < ——g(2+0) + ——=9(0).

92) < 5=9(2+0) + og(0)
Since ¢(0) = 0, we have

2
log B |X|* < log E|X[**°
o8 BIX[ < o log BIX,

which gives the desired results upon taking the exponentials.

253
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5. Berry-Essen approximation

Once the central theorem holds, the convergence of the distribution
functions of S,,/s,, denoted F,, n > 1, to that of a standard Gaussian
random variable denoted by G holds uniformly, by a known result of
weak convergence (See Lo et al. (2016), chapter 4, Fact 5), that is

sup | F,(z) — G(x)| —, as n — +oo.
zeR

The Berry-Essen inequality is the most important result on the rate of
convergence of F,, to G. Here is a classical form of it.

5.1. Statement of the Berry-Essen Inequality.

THEOREM 21. (Berry-Essen) Let X1, Xs, ... be independent random
variables with zero mean and with partial sums {S,,n > 1}. Suppose
that v} = E|X,|> < 400 for all k > 1, and set o7 = Var(Xy), s2 =
Doi<jer0; and B3 =37 vi. Then

P (ﬂ < x) —P(N(0,1) < 2)| < oy

sup —
Sn sy

zeER

Remarks This result may be extended to some dependent data. Gen-
erally, one seeks to get a Berry-Essen type results each time a Central
limit Theorem is obtained.

The value of C' may be of interest and one seeks to have it the lowest
possible. In the proof below, C' will be equal to 36.

PROOF The proof is very technical. But, it is important to do it
at least one time, since, it may give ideas when no longer prevails the
independence.

The proof itself depends on two interesting lemmas. We suggest to
the reader who wants to develop an expertise in this field, to do the
following.

1) The reader who wishes to master this very technical proof is rec-
ommended to read the statement and the proof of the Essen Lemma
10. This lemma gives the important formula (5.4). It is based on the
inversion formula that expresses the density probability function with
respect to the characteristic function. It also uses a characterization
the supremum of bounded and right-continuous with left-limits (rcll)
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of real-valued functions vanishing at oo given in Lemma 13.

2) Next, read the statement of Lemma 12 which gives the approxima-
tion of the characteristic function of S, /s, to that of a standard normal
random variable which is exp(—t%/2). The proof of this Lemma uses a
special expansion of the characteristic function in the neighborhood of
zero given in Lemma 11.

From these two points, the proof of the Theorem of Berry-Essen comes
out naturally in the following lines by plugging the results of Lemma

12 in the formula (5.4) of Lemma 10. And we say :

By Lemma 5.4,

(5.1) )
slip }an/sn (x) — G(m)‘ < %/_T Vs, /s, (1) —texp(_t /2)

dt+24A/(xT),

where A is an upper bound of the derivative the standard gaussian
distribution function G' whose infimum is 1/v/27. Take A = 1/4/27
and T = T, = s3/(46%). We use Formula (5.1) and the following
inequality

2 53 |t|
[0, 5, (£) — exp(—=t2/2) || < 16 exp(—t*/2) "=
to grap on
].6 ﬁ3 /(457,) 5 9 24(]_/)
Sup| F, u, (2) — Gla)| < / 12 exp(—12/2)dt + —
|, = 25 753 (457)
16 53 [n/(45) 96,
< 53 / thXp(—tz/Q)dt—l—iﬁng.
™ Sn s/ ae) TV2ms,

The integral [ 37/(51553" 2 exp(—t?/2)dt is bounded by

3/(483) 3
/ t* exp(—t*/2)dt = 5\/ 2.

5/ (487)
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We get

24+/3 ﬁ_f;+ 9633
NS ™ 2ms3

3
- 24‘/§+ 9% \ B
NS ™2or | s3

sup ‘an/sn(:c) — G(:c)} <

This concludes the proof.

5.2. Tools, Facts and Lemmas.

LEMMA 8. Define the triangle probability density function pdf, with
parameter T as following

1 7]

(5.2) firi(2) = 7 (1 = Z5) 1 (ai<r)-

(i) Then its characteristic function is
®ypir) (t) = sin®(tT/2) /(¢T)>.

(ii) The function

( ) 1 —cosxT
)= —"
g 2T

defines a density distribution function and its characteristic function is
11—t /T .

, T € R,

Proof. We have

Qpiry(t) =

Next, we have
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By integrating by parts, we get

0 itz 70 itz 70 0
. 1 |xe 1 -
itx 1 z d € / ztmd
/_T c ( T) v it _r it _7 wl J_r ¢ v

T
_ 6itm 0 N 1 xeitm 0 1 6itm 0
oLt ], Tt |, @Tit] ,
1 B 1, 1 y
= E(l—e tT)—‘—E@ tT+w(1—€ tT).

Likewise, we get

T ite1 T T
. 1 .
/ e (1 — E)d:c = |& - —/ re dz.
0 T L 1t o T 0
roite1 T ite 1T T
e 1 |ze 1 "
= RE— - . 7 Z‘d
it |, T{z‘t]oJrz'tT/Oe ’
B 'ez’tx' T 1 xeitz T N 1 eit:c T
o lat ], Tt ], T |t ],

— 1 <€itT o 1) 1 eitT 1 (eitT o 1) )

it it 2T

By putting all this together, and by adding term by term, we get

1 (2¢intT  2sintl  2costl — 2
Prin(t) = 7 t t T
2(1 — costT)
e
sin?t7'/2
T er?

Remark that ®.;7)(t) is well defined for ¢ = 0. From now, we may
use the inversion theorem for an absolutely continuous distribution
function :

1 —itx
foriry(t) = %/6 D) (@) d.

Then for [t| < T,

1 t] 1 apsin? T2
- 1 o - 7 xid
T( T) 27r/6 2272

which gives
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Il 1 — sin? 27T'/2
T 21 Jr 2mx2T?

1 / el — cos:ETd
= — [ e ——"—F—dx
T Jr 22T

.1 —cosaT
o 1t
—Af‘iﬁﬁ—“

Taking ¢ = 0 in that formula proves that

1 —cosaT
maT?
is a density probability on R, and its characteristic function is 1—|t| /T
This gives

,reR

LEMMA 9. The following function
1 —cosxT
i

is a probability density function with characteristic function 1 —|t| /T.

,t €R

The following lemma uses the inverse formulas in Proposition 5 (see
section Part V, Section 6, Chapter 2).

LEMMA 10. Let U and V' be two random variables, and suppose
that

(5.3) sup F{,(z) < A.

zeR

Then

6.4) suwlFols) = Frla) < - [

=T

T
dt + 244/ (xT).

Yu(t) — v (t) ‘
t

Proof. Suppose that

T
/.
for T > 0, otherwise (5.4) is obvious. We may consider, by using
Kolmogorov Theorem, that we are on a probability space holding the

ordered pair (U, V') and an absolutely continuous random variable Zp
with characteristic function (1 — [t| /T)1(<r) as allowed by Lemma 9

Yu(t) — v (t)
t

‘dt < +00,
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such that Zr is independent from U and V. Given the cdf Fyy) of
(U, V) and the cdf Fy,, the cdf of (U,V, Z7) is given by

Fuv.zy(u,v,2) = Fuvy(u,v) X Fz,(2), (u,v,2) € R3.

The probability space by using the Lebesgue-Stieljes measure of F(yy, 7,
following Point (c5), Section (page 62).

Now, we recall the convolution formula on U and Z7 :

Frrza(@) = [ Fole = 9)fnly) dy. v € R
Define Fyyz, likewise. Set
A(z) = Fy(z) — Fy(z), € R.

and

(55  Ag(x) = / A@ — ) fp W)y = Fuszp(@) — Fuaze(@).

We remark that for any fixed t, ¥z, (t) = (1 — |t|/T)1lqy<r) — 1,
which is the characteristic function of 0. Then Z; weakly converges to
0, that is equivalent to Zr —p 0. Using results of weak theory (see
for example Chapter 5, Subsection 3.2.3, Proposition 21 in Lo et al.
(2016)) implies that U + Zgp ~» U and V + Zp ~» V. By returning back
to the distribution functions that are continuous, we have from (5.5)

For any x, Ar(z) = A(z) as T — 0.

By applying Proposition 5 (see section Part V, Section 6, Chapter 2),
we have for continuity points x and b of both Fy 2, and Fy 4z, with
b < x,

(Futz, (%) = Fuiz,(0) = (Fugzp (2) — Fugz, (D))

- T o t) = () v (Dt

U—+oo 27T U it
T _—ixt —ibt
- % T Wut) — Y (1) Yz (),
-T 1t
1 /7 b
T ), (wU(t)‘wv(t)WzT(t)<— / 6_’“’dv>dt,
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since 1z, (t) vanishes outside [—7,7T]. By letting b | —oo over the
set of continuity points of both Fy .z, and Fy,z,, and by using the
Fatou-Lebesgue convergence theorem at right, we get

Fuyz,(2) — Fyyz,(v)

o [ - sy - [
= [ - wvne (- [ o)

which gives, for any continuity point = of both Fyyz, and Fy,z,.
By taking the supremum of those continuity point x of both Fyz,
and Fy ;7. (which amounts to taking the supremum over R by right-
continuity), we finally get

1 (T

A < —
Brlee < 5= |

Yu(t) — Py (t)
t

.

Since we want to prove Formula (5.4), the last formula says it will be
enough to prove

(5.6) 1Al < 2[[A7 ]l +24A/(xT)

We remark that A is bounded and is right-continuous with left-limits at
each point of R and A(+00) = A(—o0) = 0. Then by Lemma 13 below,
there exists a xp € R such that ||A|| = |A(zo)| or [|A|l = [f(xe—)]-
We continue with the case where ||A| = |A(zo)| = A(zp). Handling
the other cases is similar. We have for any s > 0 :

A(zo + 8) — A(wo) = {Fu(zo + 8) — Fu(xo)} — {Fv (2o + 5) — Fv(z0) }
and, by (5.3),

xo+s
Fv(SL’(] + S) — Fv(l’(]) = / F‘//(t)dt < As.

o

Next
Axg+s) — Axg) = {Fy(xo + s) — Fy(xg)} — As > —As

since {Fy(xg +s) — Fy(xg)} > 0 (Fy increasing). This gives for any
s>0
Azg + s) > || Al — As.
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By applying this to s = Al /(24))+y for [y] < | All, /(24), we get
A A
. A (s 10 4 ) 5 180e

We going to apply this to Ar, while reminding the definition, to see
that

Ar <a: +H [ ) = /A<xo+%—y)m(y)d@;

A5 )
/{ySIIAllw/(M)} (:1:0 + 24 y | fzr(y)dy

1A )
+ A ( B Ll | : |
[{y>llA||oo/(2A)} o 24 fz:(y)dy

On one hand, by (5.7), we have

A
/ Az + (L QLLOO — ) fz:(y)dy
{lWI<IAll/(2A)}

[{mgmnw/(m)} (H 2H y) fzr (y)dy

A
% / fZT(y)dy
{lyI<llAll/(24)}

— 117l < 17leo
5 Pl |Zr| < 5

_ 1Al 1A]] 5

and for the other term, we use the following trivial inequality

A(-) =z —sup |A(z)| = — [|A]l
zeR

v

v

to have

1Al )
A( To+ —2—y | fz,(y)dy
/{|y>||A||/<2A>} 2A

> Al / For(y)dy
{ly|>[IAll/(2A)}
> —AJAlL / for(y)dy
{ly|>[IAll/(2A)}

_ AL
= -ajalLP (12 > 1)),
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The two last formulas lead to

A A [A]
x| > 0 _ 0
AT <LL’0—|— oA = 5 1 3P |ZT‘ > 5 A

and next

N N
. > oS — — .
(58 Arlez 5= a1-3P (|20 > 15

In this last step, we have

A L .
P <|ZT| > m) _ / Lt
> {lw>lal./ea}  T1Y

+oo 1 —cosyT
= 72 W
AlAll/24) Y

1 [t 1 — cos2y
T 2

dy
Ala /(44 Y

2 [T sin?y
— Yy
TJA|Al T/A) Y

2 [To0 1
2 Ly
T J)AT/(4A) Y

8A
T [All.

This and (5.8) yield

A
2larl = {18l - 3hal. P (1200 > 15k ) )

24 A
> Al - 2
s
which implies
24A
Al <2]|A —.

This was the target, that is Formula (5.6), which is enough to have the
final result (5.4). W

Technical Lemmas used by the proof.
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LEMMA 11. . Let X be a real random variable with n + 1 finite
moments. Then for any t € R,

2 tn tn—l—l
< min <|—'|E|X|“, id E|X|”+1>.
n.

(n+1)!

Proof. We may use the Taylor-Mac-Laurin expansion formula,

—~y" Yy —2)"
0= 0+ [

for f(y) = e®. We have f*)(y) = i*f(y) and then

y e )k 1/y Ly — )"
59 ely == I— + ’ln+ elxidx.
59 UL [l

Then

and we use the decomposition e =1+ (e — 1) to get

e = kZ:O (Zi') + i”/o 7(%;_3:)1)‘ dr + i”/o (ei”” - 1)7@(7;_@1)' dzx.

We have

and next, since [(e"* —1)| < 2,
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2 [V w20yl
< — < .
~(n=1)! /0 ly—altde < n!

n n+1
S 7 1
- n! Tn4+1))°

We apply this to a random real variable X with enough finite moments

We then get

i - (Zy)k
- il

k=0

to get
€ - € — min
—~ k|7 — kT n! T(n+1))7
and then
"L (it) 21¢|" ¢t
Vx(t) — (it) E|X|"| < min lE X", i E X"
— k! n! (n+1)!

LEMMA 12. With the notations and assumptions of the Theorem,
we have :

Part 1.
3
|exp(itS,/sn) — exp(—t?/2)| < ().4466464B—;)1 It]> exp(— [t|* /2) for |t| < sn/(28n).
s

Part 2.

|exp(itSy /sn) — exp(—t/2)] < 165—5’ [t exp(— [t[* /3) for |t] < s3/(457)-

n

Proof.

Proof of Part 1. Let us prove that

|exp(itS,/s,) — exp(—t*/2)| < 0.5% It]> exp(—|t[> /3) for [t| < sn/(28n)

n

To this end, we use the following expansion

| et i
exp(itXy/s,) =1 — 52 +0 6 0] < 1.
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For [t] < s,/(28,),

3.3 3 3

P 9|t‘ Ve | < 2] %.

’ 6s3 6s3
Next

t?o?

logexp(itXy/sn) = log (1—2—2+7’1k>
t202
I 2 + Tkt T2k,

with, after having used the c,-inequality,

_—+ 1

202 ? 202
Tog < 252

3 3
LRt (e 1 (1R [
-2\ s Sn 18\ s3 s3 |

Now |t| < s,/(26,,) implies

How) o (T, sn ) _Low _ 1o _1(a\"
S )~ \Sn 2B 28, 2\5; 2 %

by Lyapounov’s inequality, that is for 1 < p < g,

(B X677 < (B X9

3 .3 3
] 7 < ﬁ Sn < 1
s3 = s " 832 8

We arrive, after applying again Lyapounov’s inequality, at

A [tP2 1 37 ¢4
< L Uiy
7““—2< ] ><2+18 S /8 1 s

and next

265
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Next

logexp(itS,/sn) = Z log exp (it X/ sn)

k=1
= —t2/2—|—rn
1t 7k 37 |t 3
= —2/2 Ll
/ +Z 144 s3
61 It]? ﬁ?’
= —?/2
/+144 3
61 1
< —t?/2 .
= /+144 8’

where we used |t| < s,/(206,) at the last step. We already have
exp(itS,/s,) = exp(—t*/2 +1,,)
so that
|exp(itS,/s,) — exp(—t*/2)| = exp(—t7/2) [|e™ — 1] .

We use the formula [e* — 1| < ||z]| el*ll to see that

exp(itS,/5.) — exp(~/2)] = exp(~13/2) " 1]

< exp(—t7/2) [|ry el
61 \t| 33
- t2 9 n 61/(8*144)
< et s s3
2o [t B2
< 04466464 x exp(—t*/2)
t 3
< 16 x exp(— t2/2)H O
S
t 3
< 16 X exp(— t2/2)|| O ;

since exp(—t%/2) < exp(—t?/3).

Proof of Part 2. This is proved as follows. If s3 /(452) < s,,/(28,),
Part 2 is implied by Part 1. Then, we only need to prove Part 2 in the
case

sn/(26n) < 5,/ (48,),
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and only for ¢ satisfying
sn/(28n) <t < 5,/ (46).

Let us proceed by considering the symmetrized form of X}, denoted by
X}, and defined by
X; =X — X,

where X is a random variable with the same law than Xj and inde-
pendent of Xj. Then, obviously, EX} = EX;, —EX, = EX; —EX; =0
and

Var(X§) = Var(Xy) + Var(X}) + 2 Cov(Xy, X}) = op + 07 + 0 = 207

and finally, by the C,-inequality
EIXQ =EIXy — Xil" < o (BE[X]" + EI1XG]),

with ¢, = 2771, » > 1. Apply it to r = 3 to get
E|Xi <4E X’ +EIXG]%) = 843

Now, we remark that we have for any real random variable

Yx(t) = /cos(t:c) dPx(x) —l—i/sin(tm) dPyx ().
and

Yox(t) =x_x(t) = /cos(tx) dPx(x) — i/sin(tz) dPx (z) = x (1),

where 1y (t) is the conjugate of ¥y (t). Next, from this and by inde-
pendence, we have

Uxp(t) = Yx-x;(t) = ¥x, (OV-x; (1) = ¥x (D)-x,. (1)
= dx, (U, (1) =[x, ()],

where, here, ||o|| denotes the norm in the complex space. Next, we
apply Lemma 11 to X} at the order n = 2 to get

3 3
81, _ 4l

[ (8) = (1= 2038%)| < =52 = =5k

The triangle inequality leads to

41t
Uxp(t) < 1= 2008 + %vi’,
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which gives ()

o2t AP
Ux;p/sa(l) < eXp{—2§—2 +5a T}

Denote also S; = X7+ ...+ X;. Then, by reminding that ¢x (¢) is real
and non-negative and that Hw X /s () H is an absolute value, we have

. ot 4t
sy ®) = [Tt < [Jexo{—+ S5

k=1 k=1 n

"ot 4t
S DL SE I

%2
I W

Now, for |t| < s3/(432), it comes that

4t B
2 n
dsgralt) < oot L
t2
< exp{—t’+ g} = exp{—2t*/3}.
Since Vs /s, (t) = ||¥s,/sn (t)H2 , we have

|95, /5, (@)]| < exp{—t*/3}.
Now, since, s,/(26,) < |t|,

3
L T2l (1

Sn Sn It
268, [t1° (462 _ 8831t
X = .
- Sn s2 s3

To conclude, we say that

[95,/5, (t) — exp(—*/2)]| exp(—t2/2) + ||1bs, /s, (1)
exp(—t?/2) + exp{—t*/3}
2 exp(—t%/2).

IA AN IA
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We conclude by using the following stuff :
[¥5,/5, (1) — exp(=17/2)|| < 2exp(—t?/2) x (1)

863 |t|°
< 2exp(—t?/2) 83||
Baltl’
= 16exp(—t*/2) S

The following lemma on elementary real analysis has been used in the
proof the Essen Lemma 10.

LEMMA 13. Let f be a bounded and non-constant right-continuous
mapping from R to R with left-limits at each point of R, such that

lim f(x) =0 and xgrfmf(x) = 0.

T—r—00

Then there exists some xog € R such that

0<c= s1é£|f(:c)| =|f(xo)| or c=|f(xo—)]

where f(x—) stands for the left-limit of f at x.

Proof. Let ¢ = sup,cp | f(x)|. The number c is strictly positive, other-
wise f would be constant and equal to zero, which would be contrary to
the assumption. Now since lim, , ., f(z) = 0 and lim,_, ., f(x) =0,
we can find A > 0 such that

vz, (Je] > A) = (|f(2)] < ¢/2).
So, we get

c= sup [f(2)].
ze[—A,A]

We remark that c is finite since f is bounded. Now consider a se-
quence (T,)n>0 C [—A, A] such that |f(z,)] — ¢ Since (z,)n>0 C
[—A, A], by the Bolzano-Weierstrass property, there exists a subse-
quence (Zyk))kz0 C (Tn)n>o converging to some zy € [—A, A]. Con-
sider

I(0) ={k > 1,20 > w0} and I(r) = {k > 1, 2,0) < To}.

One of these two set is infinite. If (/) is infinite, we can find a sub-
sequence (ZEn(kj))j>1 such that z,,x,) > xo for any j > 1 and z,x;) — o
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as j — oo. Then by right-continuity, |f(znx,))| — |f(70)| and as a sub-
sequence of |f(x,)| which converges to ¢, we also have |f(z,u,))| — ¢
as j — oo. Then

c=|f(xo)|

If I(r) is infinite, we can find a sub-sequence (x”(kj))j>1 such that
Tpy) < To for any j > 1 and z,x,) — w0 as j — oo, Then by the
existence of the left-limit of f at o, |f(2nk;))| — [f(zo—)| and as a
sub-sequence of | f(x,)| which converges to ¢, we also have | f(z ;)| —

c as j — 0o. Then
¢ =|f(zo—)].

LEMMA 14. We have the following inequality, for any complex num-
ber z
le” = 1)) < [l !
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6. Law of the Iterated Logarithm

The Law of the Iterated Logarithm, abbreviated LIL is one of the clas-
sical results in Probability Theory. As usual, it was discovered for a
sequence of 7id real-valued random variables. From a quick tour of the
introduction on the question in Loeve (1997), in Gutt (2005) and in
Feller (1968b), we may say that the LIL goes back to Kintchine, and
to Levy in the binary case and finally to Kolmogorov and to Cantelli
in the general case for independent random variables. Other impor-
tant contributors in the stationary case are Hartman & Wintner, and
Strassen. Here, we present the Kolmogorov Theorem as cited by Loeve

(1997).

Throughout this section, the iterated logarithm function log(log(z)),
x > e, is denoted by log,(z).

Let us ive the statement of LIL law, by using the notation introduced
above. A sequence of square integrable and centered real-valued ran-
dom variables (X,,),>¢ defined on the same probability space (€2, A, P)
satisfies the LIL if we have

limsup ———= =1, a.s.

n—s+oo \/28,l0g282

If the (—X,,)n>1 also satisfies the LIL, we also have

Sn

liminf —— = —1, a.s.

n=+oo  /2s,logss?

The two conditions which required in the independent scheme to have
the LIL are :

Sp — +00 as n — +oo, (C1).
and
|X,./8n| = 0((loges?) ™), as n — +oo. (C2)
The conditions (C2) is used to ensure the following one :

(C3) : For all Ry \ {0} 5 ¢ > 1, there exists a sub-sequence (s, )x>1 of
(Sn)n>1 such that



272 7. ASYMPTOTICS THEOREMS OF INDEPENDENT RANDOM VARIABLES

Snpsr/Sny ~ € as k — o0,
which is ensured if s, ~ Bc*, where 8 > 0 is a real constant.

But it is important that the proof below is based only (C1) and
(C3). In the iid, we have s, = oy/n, n > 1. For any ¢ > 0, we may
take ny, = o[c¥], k > 1 to have (C2).

Let us state the Kolmogorov Theorem.

THEOREM 22. Let (X,)n>0 be a sequence of square integrable and
centered real-valued random variables defined on the same probability

space (2, A,P) such that Condition (C1) and (C3) hold. Then the
sequence satisfies the LIL, that is

lim sup - =1, a.s.

n—-+oo 4/ 2$nloggsi

and, by replacing X,, by —X,, (which replacement does not change the
variances), we have

liminL = -1, a.s.

n—+oo \/2s,l0gs,

Proof. Let 6 > 0. By applying (C3), let (s,, )r>1 be a sub-sequence of
(81)n>1 such that s, ~ c* as k — 400, with 1 < ¢ < 1+ § so that

1
25’:1-%‘%0 (51)

and

(8, (21085 50, ) %)/ (50, (21085 80, )'7?) = €. (S2)

Now, since the the following class of integers intervals
{1, mals [ng—y, ml, k> 1}

is a partition of N\ {0}, we have for all each n > 1, there exists a
unique k& > 1 such that n > [ng_1,ny[ and so

Sp > (14 6)s,(21og, sn)1/2,

implies that
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Sy, = sup Sy > S, > (140)s,(21og, si)l/2 > (146)5n,_,(21og, snk71)1/2,

Zgnk

which by (S1) and (S2), implies, for large values of k, that

Sy > (1+ 61)%sn, (210g, snk)l/Q.

When put together, these formulas above prove that

(Sn > (146)s,(21og, s0) "2, i.o.) C (S;k > (1406")sp, (2log, sik)l/Q, i.o.)

Hence by Inequality (12) in Chapter 6 (See page 202), we have

IP’(S:% > (1+5§)snk(210g2snk)l/2)

V2
< « - 2 y1/2 )
<2 P(Snk > (1 +0 1oz, 5n, )17 Sny,(210gy 57, ) )

So, for any 0 < 0” < ¢, we have for large values of k,

P(S:Lk > (144")(2log, sik)lp) < 2P (S:L > (146")sp, (2log, sikl)l/z).

At this step, let us apply the exponential inequality, Statement (i)
in Theorem 13, to have, with ¢, = (1 + §”)(2log, s,,)"? and c,,.
Since, by assumption, ¢, e,, — 0 and for k£ large to ensure based on
Cn,En,, < 1, the last formula yields
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P(S,’Zk/snk >ep,) < exp(—%(l+6nkcnk/2)(2log2 Snp_ 1)1/2)
(3
_ exp( (14 0")2 210g2 snk))
<

exp< — (146" log, sik)
1 1

(1+0)logs2, 1o
(Zklog(l + 6”))

Since the last term in the group of formulas above is the general term
of a converging series, we also see that the series of general term

<S > (14 6)s,(21log, s2)Y2, z'.o.)
also converges. By Point (i) of Borel Cantelli’s Lemma 4, we have
IP(S* > (14 6")sy, (2logy s2. )2, .0 (in k) ) =0,
and by the bounds and inclusions that are proved above, we have

(S > (1+0)s,(2log, s2)Y/2, i.o.) =0,

that is, for any arbitrary ¢ > 0, we have

lim sup ————-— <1446, a.s.
n—>+oop \/252logys?
which proves that
Sy,
limsup ————= < 1. a.s.

n—too \/28,l0ges2
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To prove that this superior limit is also greater than one, we just remark
that the first part of the proof applied to the —X,,’s with § = 1 leads
to

P({w e Q, IN(w), ¥n > N, =S, < 2(2s2logesz)'*)}) =1

Set

0 = {w e, INW), ¥n > N, 5, < 22slogas7)")}.

Now, let 6 > 0 and let ¢ > 1 such that

%’:1—((1—5) (1—0—12)1/2—2) >0

(-0 (1-2)"=2) 101

Now we select, By Formula (C3), a sub-sequence (s, )r>1 0of (Sn)n>1
such that s,, ~ c* as k — +o00. Next, we wish to apply Theorem
13 to the non-overlapping spacings Y,, = S,, — Sy, ,’s of variances
Uy, = 52 — s2_,. We immediately check that

TL—

so that

Uy, = 82— 52 | ~ (1 - —) and ng = (2log, uik) ~ (2log, u3). (K?2)

We have to remark that we still have, as k + oo,

1
b, = — max |X,,|
Up,, Nk—1<n<ng
= max |Y,, |
Np_1<n<ng

1
< — max]|X,
Up,, 1<nk

= O((Q log, sik)_l/z)) — 0.

il

because of the first part of Formula (K2) above. Now, we are in the
position to re-conduct the same method to the Y,,. So for 0 < 9,
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en, = (1=0)v,, — +00. We take v = (1—0)"*. Applying Theorem 13
with that value of v for large values of k so that we have b,, is small
enough and (1 — 6)(2log, u2 )"/? is large enough, leads to

2
P<Ynk/unk (1+6)(2log, up, )1/2) > exp (—%)

> exp ((1 —9) logQ(uik))
1
(2kloguy,, )(1 —0)
1

(1=6)"
<2k log(1 + 5))

Since the series of general term
P(Ynk/unk (1—61)(2logy u? )1/2>

diverges and the Y, are independent, we have by Point (i) of Borel-
Cantelli Lemma 4.

P(Ynk/unk > (1 —0)(2logy u? )1/2 z'.o.) =1
Set

O = (Y, Jtn, > (1 —06)(2logy u? )1/2, z'.o.).
On O = Q7 N5, we have

S

Sy = Snyy + Sney > (1= Oug(2logy ud)? + Sy, |, Q.0
= (Su > (1= 0)sn, (2logy 52,) % — 255, (21ogy 57, )"/?), .0
(S, > (1 5)(8nk(210g2 S ) %)

Sni (210g, S%k)” ) s, 2 log, 82,)1/ ?

), i.0. (L45)
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But, as £ — +o0
( wp(2logy u2)2 28, (2log, si“)m))

Sn, (210gy 57, )'7?) Sn, (210gy 57, )12

converges to

((1—5) (1-%)1/2—2) 11—

We conclude that Line (L41) above that
QF C (S, > (1 —6)s,, (21og, sflk)lp, i.0).
Since P(2*) = 1, we get that for any 6 > 0, we have
P(Shy > (1= 8)sn, (2108, 52,)1%2, o) = 1.

The proof of the theorem is now complete. []






CHAPTER 8

Conditional Expectation

1. Introduction and definition

We already saw in Chapter 7 the key role played independence in Prob-
ability Theory. But a very great part, even the greatest part, among
studies in Probability Theory rely on some kind on dependence rather
that on independence. However, the notion of independence, in most
situations, is used as a theoretical modeling tool or as an approximation
method. Actually, many methods which are used to handle dependence
are based transformation of independent objects or based on some near-
ness measure from the independence frame. So, the better one masters
methods based on independence, the better one understands methods
for dependence studies.

However there is a universal tool to directly handle dependence, pre-
cisely the Conditional Mathematical Expectation tool. This chapter
which is devoted to it, is the door for the study of arbitrary sequences
or family of random objects.

The most general way to deal and to introduce to this tool relies on
the Radon-Nikodym Theorem as stated in Doc 08-01 in Chapter 9 in
Lo (2017b). We already spoke a little on it in the first lines in Chapter
6.

DEFINITION 9. Let X be real-valued random variable (€2, A, P) which
is quasi-integrable, that is [ X+dP < oo for example. Let B be a o-
sub-algebra of A, meaning that B is a o-algebra of subsets of Q0 and
B C A. The mapping

o: B — R
A = ¢(B)= [, XdP

s well-defined and continuous with respect to P in the following sense

(VB € B), (P(B) = 0= ¢(B) =0).

279
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By Radon-Nikodym’s Theorem (See Doc 08-01 in Chapter 9 in Lo
(2017b)), there exists a random variable, uniquely defined a.s.,

Z : (,B)—R

which 1s B -measurable such that

(1.1) (VBGB),(/BXdIP’:/BZdIP’).

This random variable Z, is defined as the mathematical expectation of
X with respect to B and denoted by by

7 =E(X/B) = E5(X) a.s.,

* and the mathematical expectation is uniquely B-almost surely.

LetY be a measurable mapping Y (2, A) — (G, D), where (G, D) is an
arbitrary measurable space. As previously explained in the first lines in
Section 2 in Chapter 6;

By = {Y~(H),H € D}

15 the o-algebra generated by Y, the smallest one rendering Y measur-
able. It is a o-sub-algebra of A. The mathematical expectation with
respect to Y, denoted by E(X/Y), is the mathematical expectation with
respect to By that is

E(X/Y) = E(X/By).

Extension. Later we will define the mathematical expectation with
respect to a family a measurable mappings similarly to the one with
respect to one mapping Y as in the definition.

This definition is one of the most general ones. In the special case where
we work with square integrable real-valued random variables, a specific
definition based on the orthogonal projection on the closed linear space
H = L*(Q, B) of B-measurable random variables is possible. And the
mathematical expectation of X is its orthogonal projection on H. We
will see this in Section 1. But as we will see it, even in the general
case, the mathematical expectation is still a linear projection L' as
explained in Remark 1 below.
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2. The operator of the mathematical expectation

We already knew in Doc 08-01 in Chapter 9 in Lo (2017b), that E(X/B)
is a.s. finite (in the frame of Probability Theory) and is integrable
whenever X is. In stating the properties below, we fix B and we do
not need write the mention of with respect to B.

We have

PROPOSITION 26. Considered as an operator from L'(Q, A,P) to
LY, B,P), the mathematical expectation mapping

L LY AP) — LYQ,B,P)
X —  E(X/B)

1s linear and satisfies

L*=Land||L|| = 1.

It is non-negative in the following sense

X >0= L(X)>0.

The operator L is non-decreasing in the sense that, for (X,Y) € (L')?,

X <Yas = LX)<LY), as.

Proof. Let X and Y be two integrable random variables, defined both
on (Q, A), @ and § two real numbers. Then aX + Y and oE(X/B) +
PE(Y/B) are a.s. defined. Then for any B € B, we have

me+m&m:aéxm+ﬁéym,

which, by the the definition of the mathematical expectation, implies

o / E(X/B)dP + 3 / E(Y/B)dP — / (aE(X/B) + BE(Y/B)}dP.

Since aE(X/B) + PE(Y/B) is B-measurable, the equality entails that

E((aX + 8Y)/B) = aE(X/B) + E(Y/B), a.s.
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Next, as an immediate consequence of the definition, E(X/B) = X a.s.
whenever X is B-measurable. Since L(X) = E(X/B) is B-measurable,
it comes that

L*(X) = E(L(X)/B) = L(X),

which implies that L? = L. The non-negativity comes from Radon-
Nikodym’s Theorem which says the if X is non-negative, the mapping

BBB|—>¢(B):/BXdIP’:/B Z dP

is non-negative. Hence the its Radon-Nikodym derivative Z is non-
negative. Here is an easy proof. Indeed B, = (Z < a) € B, a < 0. Fix
a < 0. If B, is not a null-set, we would have

6B)= [ XdP= / Z dP < aP(B,) < 0.
Ba a

This is impossible since we have ¢(B,) > 0. So for k > 1, all the events
B_y)j, are null-sets. Since

(Z<0)= () Boap,

k>1
(Z <0) is a null-event and thus, Z > 0 a.s..

The non-decreasingness is immediate from the combination of the lin-
earity and the non-negativity.

Let us determine the norm of L defined by
IL|| = sup{ILCON, /11Xy, X € LY, || X]], # 0}

First let us show that L is contracting, that is
[E(X/B)| < E(|X]/B).

We have X < |X| and —X < |X|. We have E(X/B) < E(|X|/B) and
—-E(X/B) =E(-X/B) <E(|X|/B) > 0.

We conclude that
E(X/B)| <E(|X]|/B).

By applying the definition of the mathematical expectation, we have
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IE(X/B)Il, = E[E(X/B)| < EE(|X|/B) = E(|X]) = [|X]]; -

Hence we have
LX), < [1Xl, -

Next we have
ILy <1

But if || X||; # 0 and X is B-measurable, we have L(X) = X and for
such random variables, we have||L(X)||, / [|X||; = 1. We conclude that

IL]] = 1.

The proof of the proposition is complete.

REMARK 1. A linear operator L such that L?> = L is called a pro-
jection. Hence the mathematical operator is a projection of L' to the
sub-space of B-measurable functions.

3. Other Important Properties
PrRoPOSITION 27. We have the following facts.

(1) If X is B-measurable, then E(X/B) = X a.s.

(2) The mathematical conditional expectation is anon-negative linear
and non-decreasing operator.

(8) The mathematical conditional expectation is a contracting operator,
that is, whenever the expressions make sense,

[E(X/B)| < E(|X]/B).

(4) Let By and By be two o-sub-algebras of A with By C By C A. We
have

(3.1) E(E(X/By)/B1) = E(X/B))

and

(3.2) E(E(X/B1)/B;) = E(X/By).
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(5) Let X be a random variable independent of B in the following sense
o for any mapping B-measurable mapping Z : Q —— R and for any
measurable application h : R+— R,

E(Z x h(X))=E(Z) x E(h(X)).
Then, if B(X) exists, we have
E(X/B) =E(X).

(6) (Monotone Convergence Theorem for Mathematical expectation).
Let (X,)n>0 be a non-decreasing sequence of integrable random vari-
ables which are all non-negative or all integrable. Then we have

E(lim X,/B) = lim E(X,/B)

n—oo n—oo

(7) (Fatou-Lebesgue Theorems). Let (X,)n>0 be quasi-integrable real-
valued random variables which is a.s. bounded below by an integrable
random variable, then

E(liminf X,,/B) < liminf E(X,,/B).

n— o0

If the sequence is a.s. bounded above by an integrable random variable,
then

E(limsup X,,/B) > limsup E(X,,/B).

n—o0 n—oo

If the sequence is uniformly a.s. bounded by an integrable random vari-
able Z and converges a.s. to X, then

lim E(X,/B) = E(X/B)

n—oo

and
E(|X|/B) < E(|Z]/B).

(8) Let X be a quasi-integrable random variable. Let Z be B-measurable
and non-negative or integrable. Then we have

E(ZX/B) = Z x E(X/B).
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Proof.
Points from (1) to (3) are already proved in the first proposition.

Proof of Point (4). First we know that E(X/B;) is Bj-measurable
and thus By-measurable. By Point (1), we have

E(E(X/B,)/B,) = B(X/By).

Formula (3.1) is proved. Next, for any B € By C By, we have

/Xw / (X/B,)dP

since B is also in By. Now we apply the definition of the mathematical
expectation with respect to B; in the right-hand member to have

/Xm / (X/By)dP = LE@ummﬁmP

Since E(E(X/By)/B;) is Bi-measurable, we conclude that E(X/B;) =
E(E(X/By)/B;) a.s. Thus, we reach Formula (3.2).

Proof of (5). It is clear that the constant mapping w —— E(X) is
B-measurable. Hence for any B € B,

/BXdIP:E(le X)=E(1p) x E(X /dIP /

which proves that

E(X/B) = E(X), a.s.
Proof of Point (6). Let (X,),>0 be a non-decreasing sequences of
random variables such that E(X7) < oo pour tout n > 0. For any

B € B, we have
/ X, dP = / E(X,/B)dP
B B

Since the sequences (X,,),>0 and (E(X,,/B)),>0 are non-decreasing of
integrable random variable, we may apply the Monotone Convergence
Theorem to get
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/ lim X, dP = lim / X,dP = lim E(XH/B)dIP’:/ lim E(X,,/B)dP.
B B

Since lim,,_,, E(X,,/B)dP is B-measurable, we have

E(lim X,/B) = lim E(X,/B).

n—oo

Proof of Point (7). Based on the Monotone convergence Theorem for
conditional expectation in the previous Point (6), the Fatou-Lebesgue
Theorem and the Lebesgue Dominated Theorem are proved as in the
unconditional case, as done in Chapter 6 in Lo (2017b). B

Proof of Point (8). Let Z be a B-measurable random variable non-
negative or integrable. Thus ZE(X/B) is B-measurable. Suppose that
Z =1¢, C € B, that is Z is B-measurable indicator function. We have
for any B € B,

/ZXsz/chdIP’: X dP
B B BC

_ /B B(X/B)dP = /B 1CE(X/B)dP.

Thus, we have

/B Z X dP = /B 7 B(X/B)dP.

Since Z x E(X/B) is B—measurable, we get
E(ZX/B) = ZE(X/B).

To finish the proof, we follow the famous three steps method by extend-
ing the last formula to elementary functions based on B-measurable
sets, next to non-negative random variables using Point (6) above and
finally to an arbitrary random variable Z using the additivity of both
the expectation and the conditional expectation.

* We may and do have the same theory by using non-negative
B-measurable random variables in place of the elements of B in the
definition of the mathematical expectation.
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4. Generalization of the definition

Let us define by E(X/B) a B-measurable random variable such that
for all B-measurable mapping h : (2, B) — (R, B), we have

(A1) / h X dP — / HE(X/B) dP

We are going to quickly show that the definitions based on Formulas
(4.1) and (1.1) respectively are the same.

Before we do it, let us just say that Formula (4.1) usually offers a more
comfortable handling of the mathematical expectation.

Proof of the equivalence between Formulas (4.1) and (1.1). The
implication (4.1) = (1.1) by taking h = 15 for B € B. To prove the
converse implication, we use the classical three steps methods. Suppose
that Formula (1.1) holds.

Step 1. If h = 15 for B € B, Formula (4.1) is obvious.

Step 2. h is an elementary function of the form
p
h = Z Oéi]_Bl.,
i=1

where B; € B et o; € R. By using the linearity, we have

/thIP’ — /(zp:aﬂ&))(dp

1=1

= Zp:ozi (/ 15,X dIP’)

i=1

_ Zp:ozi ( / 15 E(X/B) dIP)

_ / (i ailBi) E(X/B)dP = / IE(X/B) dP.

Step 3. h is B-measurable and non-negative There exists a sequence of
elementary (hy,),>0 based on elements of B such that h,  h and thus,

ho Xt 2 BXH and h,E(Xt/B) 2 RE(X/B).
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By the monotone convergence Theorem, we have

/ ho X TdP = / hoE(XT/B)dP 7 / hXtdP = / hE(X T /B)dP.

We similarly get

/ h X~ dP= / hE(X ™ /B)dP.

Thus by quasi-integrability, we have
/hX P = /hE(X+/B)dIP’—/h X~ dP
= /hE(X+/B)dIP—/h E(X~/B)dP = /hE(X/B) dP.

The proof is over. []
With the second definition, some properties are easier to prove as the
following one.

PROPOSITION 28. if Z is B-measurable either non-negative or in-
tegrable, we have for any quasi-integrable random variable,

E(Z x X/B) =7 x E(X/B).

Proof. Let h be any non-negative and real valued B)-measurable func-
tion. We have

/ W{ZX}dP = / (hZ}XdP = / (hZYE(X/B)dP = / h{ZE(X/B)} dP.
Since ZE(X/B) is B-measurable, we get that E(ZX/B) = ZE(X/B)
a.s. U

5. Mathematical expectation with respect to a random
variable

Let us consider that B is generated by a measurable mapping Y
(Q,,A) — (G, D), where (G, D) is an arbitrary leasure space, that is

B=By ={Y"YH), HcD}

Par definition, we denote
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E(X/By) = E(X/Y).

Let us prove that any real valued and By-measurable mapping h is of
the form ¢(Y’), where g is a measurable mapping defined on (G, D) and
takes its values in R.

To see this, let us use again the four steps method. In the first step,
let us suppose is an indicator function of an element of By. So there
exists C' € D, such that

h - 1y71(c) = 10(Y)

Clearly g = 1¢ is a real-valued measurable mapping defined on G such
that h = g(Y).

In a second step, let h be a of the form

h= Zally ) Zo‘le Y)= (Zaﬂ&) (V) = g(Y),

where ¢ is clearly D—measurable. We easily move to non-negative By
-measurable function by Point (6) of Proposition ... and the classical
fact that any measurable and non-negative function is a non-decreasing
limit of a sequence of non-negative elementary function. The extension
to an arbitrary quasi-integrable B-measurable function is done by using
the positive and negative parts.

In summary, whenever it exists, E(X/Y") is has the form
E(X/Y) = g(Y),

g is a measurable mapping defined on (G, D) and takes its values in R.

This function g is also called the regression function of X in Y
denoted as

E(X/Y =y) =g(y).
It is very interesting to see a discrete version of that formula, which

is very commonly used. Suppose that Y takes a countable number of
values denoted by (y;);es, 7 C N. We recall that we have

E(X) = E(E(X/Y)),
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and next by using the regression function, we have

E(X) =EE(X/Y)) = Eg(Y)
(5.1) = Zg(yj)P(Y =y;) = ZE(X/Y =y;)P(Y = y;).

This gives

E(X) =Y E(X/Y = y)P(Y =y,).

jedJ

If X itself is discrete and takes the values (;);c;, we have

(62 BX) =Y wBX =n/Y = )P =)

j€J
Let us study the Jensen’s inequality for the mathematical expectation.
We keep the same notations. For some details on convex function in

our series, on may consult Exercise 6 and its solution in Doc 03.09 in
Chapter 4 in Lo (2017b).

6. Jensen’s Inequality for Mathematical Expectation

THEOREM 23. Let X be random variable supported by an interval
I on which is defined a real-valued convex function ¢. Suppose that X
and ¢(X) are integrable. Then for any o-sub-algebra B of A, we have
o(E(X/B) < E(¢(X)/B).
Proof. Let us follows Chung (1974) in the first proof therein. Let us
proceed by step.

Step 1. Let us suppose that X takes a finite number of distinct values
(x;), j € J, J finite. Let us denote B; = (X = x;), j € J so that

X = alp, and Y 1z =1lg=1. (F1)

jeJ jeJd
and hence

$(X) =D oz,

jeJ
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By the linearity of the mathematical expectation, we have

=> ¢(x;)E(1p,/B). (F2)

jeJ

But the real numbers E(15,/B) add up to one since, because of Formula
(F1), we get

ZE 1p,/B) = (Z 1g, /B) E(1q/B) = 1.

Hence by the convexity of ¢, the right-hand member of Formula (F2)
satisfies

j{:q%ay) 1B /E; >>q5<<:§z:1b 1B )/13)
jeJ jeJ
and, surely, the right-hand member is
o(B( X aitn ) /8) = s(e0x/B). (73
j€J

By comparing the left-hand term of Formula (F2) and the right-hand
term of Formula (F3), we get the desired result.

Step 2. For a a.s. finite general random variable, we already know
from Measure Theory and Integration that X is limit of a sequence

elementary functions (X,),>1 with |X,| <|X]| for all p > 1.

If X is bounded a.s, say | X| < A < 400 .a.s, then by the continuity
¢, we have

o (J6COLsup 6061 ) < ol < 2.

By applying the result of Step 1, we have for all p > 1

P(E(X,/B) < E(¢(X,)/B).

By applying the Dominated Convergence Theorem in both sides, we
get the desired result.
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Step 3. Now suppose that X is not bounded above. By Proposition
17.6 in Choquet (1966), each point of (a, ¢(a)) of the Graph I' of the
convex function ¢ has a supporting line, that is a straight line which
passes through (a, ¢(a)) and is below I'. A quick drawing may help to
catch the meaning of this. For each n > 1, consider a supporting line
at the point (n, ¢(n)) with equation f,(z) = A,z + B,.

If X is not bounded below, we consider, for each n > 1, a supporting
line at the point (—n, ¢(—n)) with equation g) = Cp,x + D,,.

We may have X bounded below and not bounded above, X not bounded
below and bounded above or X neither bounded below and nor bounded

above. In all these situations, we will have similar way to handle the
situation. Let us take the last case. We define

¢n = gnl]—oo,—n[ + (bl[—n,n] + fnl]n,—l—oo[

We may check quickly that each ¢, is convex, ¢, < ¢ and ¢, T ¢ as
n T +o0o. By denoting, for each n > 1,

E, = ||¢||[—n,n]

and a,, = |A,|+|Cu| + | E,| and b,, = |B,| + | D,|, we have for alln > 1,
forall z € R

|90 (2)] < anlz| + by,
and next for alln > 1, for all p > 1
|¢n(Xp)| < an|Xp| +b, < an|X| + by, (F4)

Since for each n > 1, ¢,, is convex, the result of Step 1 gives for all
p=1,

On(E(X,/B) < E(dn(X})/B).
By fixing n > 1, by letting p — 400 and by applying the Dominated

Convergence Theorem in both sides on the account of Formula (F4),
we get

¢n(E(X/B) < E(¢n(X)/B).
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By letting n 1 400, and by applying the Monotone convergence Theo-
rem of the integrable functions in the right-hand member, we get the
general conclusion.

7. The Mathematical Expectation as an Orthogonal
Projection in L2

Let us suppose that X € E = L*(Q, A,P). For any o-sub-algebra
B of A, let us consider H = L*(,B,P) the square integrable and
real-valued B-measurable functions. At least 1 = 1o and 0 = 1y are
elements of H.

We already know that L%, A,P) is a Hilbert space endowed with
inner product

L*(Q,AP)? > (X,Y) = (X,Y) = E(XY).

We have the following projection theorem in Hilbert spaces (See for
example Theorem 6.26 in Chidume (2014), page 109).

PROPOSITION 29. Suppose that E is a Hilbert space and H a closed
sub-linear space. Fixz x € E. We have the following facts.

(1) There exists a unique element py(x) € H such that
d(x, H) = inf{||lz = h||, h € H} = ||z = pu(z)].

(2) pu(x) is also the unique element of H such that x — py(x) is or-
thogonal all elements of H.

We are going to apply it in order to characterize E(X/B). We have

THEOREM 24. For any o-sub-algebra B of A, H(B) = L*(Q, B, P)
is a closed linear space, and for any X € E = L*(Q, A, P),

E(X/B) = pun)(X). a.s.

Proof. Let us begin to show that H(B) is closed. Let Z a limit of
a sequence of elements of H(B). Since F is a Hilbert space, we know
that 7 is still in F, thus is square integrable. By Theorem 10 in Chap-
ter b, page 167, the concerned sequence converges to Z in probability
and next, by the relation between weak and strong limits seen in the
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same chapter, a sub-sequence of the sequence converges a.s. to Z. Fi-
nally Z being an a.s. limit of a sequence B-measurable functions is
B-measurable. In total Z € H(B). thus H(B) is closed in E.

Now for any X € E, Point (2) of Proposition 29 characterizes Z =
puB)(X). Thus for any B € B, h =15 € H(B), (X — Z,h) =0, that

is (X, Z) = (X, h)
AXW:LZW

We conclude that Z = E(X/B). O

8. Useful Techniques

In a great number of situations, we need to compute the mathematical
expectation of a real-valued function h(X) of X and we have to use
a conditioning based on another random variables Y where of course
X and Y are defined on the same probability space (2, .4, P), even if
they may have their values in different measure spaces (E1,Gg,) and
(Es,GE,). Suppose h : (E1,Gg, ) — R is measurable and that h is non-
negative or h(X) is integrable. We already know that there exists a
measurable function g : (Ey, Gg,) — R such that

E(h(X)/Y) =g(Y) (CGO1)
and by this, we have
E(h(X)) =E(g(Y)). (CG02)
Now suppose that Y is continuous with respect to a measure v that

is given on the measure space (Ey,Gg,). By reminding that g(y) =
E(h(X)/(Y =y)) for y € Ey, we have from formula (CG02)

E(h(X)) = E(g(Y))

which is, in short,
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E(h(X)) = /E o(y) dv(y). (CGO3)

This result takes the following particular forms.

(I) Conditioning by a discrete random variable.

Suppose that Y is discrete, that is the values set of Y is countable and
is written as D = {y;,€ J}, J C N. Hence the probability law of YV
is continuous with respect to the counting measure v with support D.

Thus by the Discrete Integration Formula (DIF1) (see page 66) applied
to Formula (CGO03), we get

E(h(X)) =) E(h(X)/(Y = y;))P(X = j;). (CD)

jeJ

(II) Conditioning by an absolutely continuous real random
vector.

Suppose that F; = R", r > 1. If Y is continuous with respect to the
Lebesgue measure \,, we get the formula

E(h(X)) = /TE(h(X)/(Y =) fr(y) d\(y). (CCO1)

(ITII) Conditional probability density function.

On top of the assumptions in Part (II) above, let us suppose also that
Ey =R® s> 1, with d = r +s. Let us suppose that Z = (X', Y")! has
a pdf fz = f(x,y) with respect to the Lebesgue measure on R?. Thus
the marginal pdf’s of X and Y are defined by

fx(z) = . foxvy(x,y) d\(y), x€R®
and
fr(y) = . fawny(z,y) dis(x), yeR".

Let us define
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fX|Y=y(I) = %7 fY(y) > 07

as the conditional pdf of X given Y = y. The justification of such a
definition relies in the fact that replacing E(h(X)/(Y =v))

[ 1) e fe) iro

and using Tonelli’s Theorem (when h in non-negative) or Fubini’s The-
orem (when h(X) is integrable) leads to

/ < / hl@) fxpy=y () dks(m‘)> fy(y) d(y)

- /(/ h(m)m;;)i((;)’y) dAs(x)) fy(y) die(y)

_ / ) fx(x)dAu(a)
— E(h(X)).

This leads to the frequent use the following formula

BX) = [ ([ 1o to) v ) frlo) dnio). (©Co2



CHAPTER 9

Probability Laws of family of Random Variables

1. Introduction

We have already studied the finite product measure in Chapter 8 in
Lo (2017b) for o-finite measures defined on arbitrary measure spaces.
In this chapter we give the Theorem of Kolmogorov which establishes
the arbitrary product of probability measures, but in special measure
spaces.

This theorem of Kolmogorov is the foundation of the modern theory of
probability. There is nothing above it, in term of probability laws. On
this basis, the modern theory of random analysis, which extends Real
Analysis (paths smoothness, differentiability, integration according to
different types, etc) is built on.

We recommend the reader, especially the beginner, to read it as many
as possible and to often and repeatedly come back to it in order to see
its deepness and to understand its consequences.

Among special spaces on which the construction is made, we count
Polish spaces. A Polish space is a complete and separable metric space
(E,d) like (R*, p), s > 1, where p is one of its three classical metrics.
An interesting remark is that the finite product of Polish spaces is a
Polish space. The finite Borel product ¢ of Polish spaces is generated
by the product of open balls.

Here, the level of abstraction is moderately high. Once again, we rec-
ommend the beginner to go slow and to give himself the needed time
to understand the definitions and the notation. This chapter may be
considered as a continuation of Chapter 8 in Lo (2017b).

We already encountered this Kolmogorov construction in finite dimen-

sions in Chapter 2 in pages 44 and 62. The results in this chapter will
be the most general extension of this kind of result.

297
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In the first section, we state and prove the existence of the product
probability measure. Next, we will see how to state a number of par-
ticular forms involving Lebesgue-Stieljes measures.

2. Arbitrary Product Probability Measure

Let (Ey, By, Py), t € T # (), be a family of probability spaces. We define
the product space by
E=]]E.

If T is finite, even countable, we may use the classical notation : T =
{t;,7 > 0}. It make senses to speak about the first factor Ej,, the
second F,, etc. The elements of

BE=1]&,.

J=0
may be denoted by z = (zy,, 74,, ...) as an ordered set.

But, the index set T" may arbitrary and uncountable. For example T be
may a set of functions. If the functions are real-valued, 7" is uncountable
and has a partial order. Sometimes we may not have an order at all.
So the general appropriate way to study F seems to consider F as a
set of functions. Thus, an element x of E, written as

z = (zi)er = (x(t), t € T),

is perceived as a function x which corresponds to each t € T a value
I(t) =X € Et.

Let us begin to introduce the projections and give relevant notation.
We denote by Py the class of finite and non-empty subsets of 7". Given
an element S = {sq,...,s,} of Py, we may write in any order of the
subscripts. This leads to the class of ordered and non-empty subsets
denoted by P,s. Elements of P, are written as k-tuples S = (sq, ..., i),
k> 1. For any S = (s1, ..., i) € P,y, we have the finite product space
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which is endowed with the finite product o-algebra
k
Bs = (X) B.,.
j=1

The projection of this space Eg is defined by

Ig: (E,B) — (Es, Bs)

(2.1) r= (@ ier — Lg(@) = (T, @s)

We name S as the index support of the projection.

Our first objective is to define a o-algebra on F, which renders mea-
surable all the projections on finite sub-products spaces.

2.1. The Product o-algebra on the product space. Let us
begin by the definition

DEFINITION 10. The product o-algebra on E, denoted by B, is the
smallest o-algebra rendering measurable all the projections of finite in-
dex support.

We already know that such a o-algebra exists. Compared to the finite
product o-algebra, there is nothing new yet.

In the sequel, we have to change the order of elements of V' € P,;. So
the following recall may be useful. Indeed, by permuting the elements
of V.= (v1,...,v5) € Posr, k > 1, by means of a permutation s of
{1,2,...,n}, the correspondence

(E,B) —  (Eys), Bys))

2.2
(22) (T ooy Tuy, ) (xs(vl),...,xs(vk))

is a one-to-one mapping. Also, in parallel of the notation of Ey, we
may and do adopt the following notation

Ty = ([L’S(Ul), ceey :L's(vk)).

As well, the space Sy denote the class of measurable rectangles in Ey, .

Now, as in the finite product case, we have to see how to generate
B by what should correspond to the class of measurable rectangles.
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Here, we use the phrasing in Loeve (1997) of measurable cylinders.
Let S = (s1,...,5;) € Pos, k > 1. A finite measurable rectangle in Eg
is generally denoted by

k
(2.3) As =] A4, (A, € B, 1<) <k)
j=1
It is clear that IIg"(Ag) is the set of all z = (2;);er such that
T, EAsj, 1<j5<k.

We write the above fact as

s (As) =As x [ E.. (FP

t¢S

DEFINITION 11. The class S of measurable cylinders of F is the
class of subsets of E which are of the form I1g'(Ag), S € Poy.

In other words, a measurable cylinder of E is a product of measurable
subsets Ay € By of the form

[T4. (spoy)

teT

such that at most a finite number of the A, t € T, are non-empty. If
V =A{v1,...,up} CT is such that Ay =0 fort & V, then the product

Ay = HA (SP02)

veV

1s called a finite support of the cylinder and the cylinder is written as

= Ay x H E,. (SP03)
7%

Remarks. The following remarks are important.
(1) In the definition of the support of the cylinder in Formula (SP02),

the order of V' is not relevant in the writing of the cylinder ¢(Ay ), but
it really counts in the writing of the support Ay .



2. ARBITRARY PRODUCT PROBABILITY MEASURE 301

(2) A support is not unique. For example if one of E,, v € V| is equal
to F,, may may drop it from the support. As well, we may add to V'
any other w ¢ V such that A, = F,, : we may drop full spaces from
the support and add full spaces to it.

(3) Formula (SP03) means that = (x;);er is in the cylinder only if
x, € E,, v € V, and we do not care about where are the x;, t ¢ V.
The only knowledge about them is that they remain in their full space
E,teV.

(4) The notation ¢(Ay ) introduced in Formula (SP03) stands for cylin-
der of support Ay where V' is non-empty set of T'.

(5) For the sake of shorter notation, we may write the formula in (SP03)
in the form

c(Ay) = Ay x Ey where FEg= HEt

teV

The coming concept of coherence, which is so important to the theory
of Kolmogorov, depends on the understanding of the remarks above
and the next remark.

(6) Common index support of two cylinders. Consider two cylin-
ders

(24)  c(Av)=Ay x [[ B and c(Bw) = Bw x [] E..
2% t¢w

of respective supports V = (v1,...,v,) € Poy and W = (wy, ..., w,) €€
Pof,pZLqu.

We want to find a common support for both ¢(Ay) and ¢(Ay ). We
proceed as follows. Let us form an ordered set U by selecting first
all the elements of V' in the ascendent order of the subscripts. Next
we complete by adding the elements of W which were not already in
U, still in the ascendent order of the subscripts. At the arrival, the
elements of W, corresponding to the common elements of V' and W if
they exists, may not be present if U in the original order of the their
subscripts in W. Rather, they are present in U in the subscripts order
of some permutation s(WW) of W.
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Example. Suppose that V = (vy,v9,v3,v4,v5)(1,4,7,2,5) and W =
(wq, we, w3, wy) = (5,2,10,8). We have

U=1(1,4,7,2,5,10,8)
* So the elements of W are given in order in (ws, wq, ws, wy) which is

s(W) with s(1) = 2, s(2) =2, s(3) = 3 and s(4) = 4.

But we already saw that the order of the subscripts of V', or W or U
does not alter the cylinders ¢(Ay), ¢(Bw), ¢(Ay) or ¢(By). We have

(25) C(Av) = AU X E[,J and C(Bw) = BU X E(/J

Actually, we formed Ay (resp. Ay) by adding full spaces E; to the
support Ay (resp. By) fort € U\ V) (resp. fort € U\ W) .

We say that we have written ¢(Ay ) and ¢(By ) with a common index
support U. This consideration will be back soon.

(5) In the definition of a cylinder, the finite support, say Ay, is a

measurable rectangle. But in general, Ay may be a measurable subset
of Ey, that is Ay, € By and we still have

I (Ay) = Ay x By,
which is to be interpreted as
r €Ay x Ey, &y € Ay.
Now, we are ready to go further and to give important properties of S.

PROPOSITION 30. § s a semi-algebra.

Proof. (i) Let us see that £ € S. If we need to prove it, we consider
a point ¢y € T', put Ay, = Ey, and get that

E = Ato X H Et = C(A{t()}) .
t#to

(ii) Next, by the definition of a cylinder of support S € P,y, checking
that = belongs to ¢(Ag) or not depends only of zg € Ag or not. So we
have
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(2.6) c(Ag)" = Ag x [] E..

t¢S

Next, let us check that the complement of any element of S is a finite
sum of elements of S. We already knew that the class of measurable
rectangles in Ey is a semi-algebra, so that A§ is a finite sum of elements

of measurable rectangles Ag), 1<j3<r,r>1,of Fs. And it becomes
obvious that

c(Ag)* = Agx [ E
t¢S

- (Z Ag>) < [[ &

1<j<r t¢S

- (Ag> . HEt)

1<j<r tgs
= > «AY).

1<j<r

Our checking is successful.

(iii) Finally, let us check that S is stable under finite intersection. To
do so, let us consider two cylinders

(27)  c(Av)=Ay x [[ B and c(Bw) = Bw x [] E..
3% t¢w

and next their expressions using a common index support as explained
earlier, we have

(28) C(Av) = AU X E[,J and C(Bw) = BU X E(/J
It becomes clear that we have

(29) C(Av) N C(Bw) = C(Av) = (AU N BU) X E;J,

which is element of S since
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AUﬂBU - HAtht
teU
* We also have

THEOREM 25. The o-algebra on E generated by the projections,
denoted B in Definition 10, is also generated by the class of cylinders
of finite support S, called the product o-algebra and denoted as

B=)B.

teT

Proof. Let us denote by B the o-algebra on E generated by the pro-
jections with finite support and by By the one generated by S.

(1) Let us prove that B C By. Let us fix V' € P,s. For any measurable

rectangle Ay which in Ey, that is Ay € o(Sy), we already now, since
Formula (FP), that

7T_1(Av) = AV X E{/
and next

7T‘71(Av) = Ay X E(/ €S C Bp.

So each projection W‘jl of finite support is By-measurable. We conclude
B C By by the definition of B.

2) Let us prove that By C B. It is enough to prove that S C B. But
any element A of (S) can be written as

A=A x ] E = Av x E}, A €B,

tev t¢V
which is
A =TI, (Ay),

and then to B, since Ay € By and Il is B-measurable. [
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3. Stochastic Process, Measurability for a family of Random
Variables

I - General case : family of random variable.

Now we have the product space
E=]]E,
teT

endowed with the product o-algebra

B=)B.

teT
We may study the measurability of mappings X : (2, 4) — (F,B).
According to the notation above, we denote

Vw € Q, X(w) = (Xo(w))ier

For all t € T, the mapping w — X;(w) taking its values in F; is called
the t-th component or margin. We immediately have that for each t € T',

Xt:HtOX.

It become clear that if X is measurable, thus each margin X;, t € T,
is also measurable. Actually, this is a characterization of the measura-
bility of such mappings.

PROPOSITION 31. A mapping X (Q,A) — (E,E) is measurable
if and only if each margin Xy, t € T, is measurable. Indeed, we have

Proof. We only need to prove the implication that if all the margins
X, t € T, are measurable, then X is. Suppose that all the margins
X;, t € T, are measurable. It will be enough to show that X ~(cl(Ay))
is measurable whenever cl(Ay) € S. By using the notation above, we
have

w e X (c(Ay)) X(w) € ¢(Ay)
(Vv eV, X,(w) € 4,)
(Vv eV,w e Xv_l(Av))
we [ X, (A,

vEA

rTe
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which, by the measurability of the X,’s, gives

X e(Av)) = () X, (A) € A.D

vEA
IT - Stochastic Processes.

Let consider the special case where all the E; are equal to one space
Ey on which is defined a g-algebra By. The product space is denoted
by

E=E!
and is the class of all mappings defined from T to Ey. As in the general

context, elements of E are denoted z = (x;);er, where for all t € T,
xy € Ey. The product o-algebra is denoted by

B =BT
We have the general terminology :

(1) A measurable application X : (Q,4) — (EJ,By") is called a
stochastic process.

(2) Ey is called the states space of the stochastic process.
(3) T is called the time space in a broad sense.

(4) If T'= {1} is a singleton, the stochastic process is called a simple
random variable.

(5) If T'={1,...,k} is finite with 2 < k € N, the stochastic process is
called a random vector.

(6) If T'= N, the stochastic process is a sequence of random variables.
(7) If T = 7Z, the stochastic process is called a time series.

(8) If T'= R, the terminology of time space is meant in the real-life
case.
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(9) If T in endowed with a partial order, we generally speak of a ran-
dom field or random net.

(10) For any w € €2, the mapping

is called a path of the stochastic process on Ej.

4. Probability Laws of Families of random Variables

(I) The concept of Coherence.

Consider a probability measure PP on the product measure space (E, B).
The image measure on a sub-product (Eg, Bg) by the projection Ilg,
where S = (s1, ..., 5;) € Poy is

Ps = PII",
We recall that for any Bs € Bg, we have
Ps(Bs) = P(Il5' (Bs)).

We get the family of probability measures
{P»S? S S Pof(T>}7

which we called the family of marginal probability measures with finite
index support. By a language abuse, we also use the phrase of family
of finite-dimensional marginal probability measures of P.

We are going to discover some important relations between the finite-
dimensional marginal probability measures. But we should also keep
in mind that, for any S € P,;(7"), a probability measure Pg on (Eg, Bs)
is characterized by its values on Sg, which the class of measurable rect-
angles on Ejg.

First, let us consider (S, Ss) € P,r(T)?, such that one of them is a

permutation of the other, that is S; = s(Ss), where S7 = (s, ..., Sx),
and s is a permutation {1,2,...,k}. Consider any Ag, € Ss,. We have

S(Asl) = S(Asl X ... X Ask) = AS(Sl) X ... X As(sk) = AS2~
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Furthermore, the projection on Eg, is the composition of the projection
on Eg, and the permutation of that projection by s, which gives

H52 = SOH51,

from which, by the characterization of a finite product probability by
its values on the measurable rectangles, we have

—1 _ -1 1
I, =15 os,
and similarly,

Hgll = ngl 0 S.
Hence, for any Bg, € Bg,, we have
Pﬂgll(le) = ]P)HE; © S(BS1)7
which leads to

Ps, (Bs,) = Ps,(s(Bs,)),
and
Ps, () = Py(sy)(s())-

* We already reached a first coherence (or consistency) condition. Let
us discover a second one. Let U = (uy,..,u,) C S = (s1, ..., S), where
the inclusion holds with the preservation of the ascendent order of the
subscripts. Then the projection on Ey is obtained by the projection on
E on Ejg first, and next by the projection of Eg on Ey denoted Ilg .
Accordingly to the notation above, we have for any By C Ey,

gy, (Bu) = By x Eg,

which is interpreted as

rg = (ZL'U, I’S\U) € Hg}U(BU) S ay € By.
Going back to the considerations which were made above about the
projection on S, we have

[Ty = IIgy o Ilg,
and next,
PIL;' = PIIg Tl

and finally,

Py = Psllgy,.
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We get a second relation between the marginal probability measures.
Based on the previous developments, we may define

DEFINITION 12. A family of finite-dimensional probability measures
{Pg, S € Pop(T)} is said to be coherent if and only if we have the follow-
ing two conditions, called coherence coherent or consistency conditions :

(CHl1a) For any ordered and finite subsets U and S of T' such that U
1s subset of S with the preservation of the ascendent ordering of the
subscripts of U in S, we have

Py = Psllgy,.

(CH2) For any ordered and finite subset S of T and for any permutation
s of Eg, for any Bg € Bg,

]Ps(Bs) = ]P)s(s) (S(Bs))

Important Remarks.

(a) The condition (CH2) is useless when 7' is endowed with a total
ordering. In that case, we may and do write the finite subsets of T’
always in that total order.

(b) The main coherence condition (CHla) may have different equiva-
lent forms.

(bl) First we may write (CHla) when S has only one point more than
U. From the new condition, we have the general one by simple induc-
tion.

(b2) We may also consider V and W two finite ordered subsets of 7" such
that U = V N'W is not empty, and as usual, we suppose that V. NW
is in V and in W with the same ascendent order of the subscripts.
Condition (CHla) gives

PSH;}U = PSH;V{U

and this, in turn, implies (CHla) for U =V C W = S. So we have the
following new coherence condition :
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(CH1b) For any U = (u1,..,u,) € Pop(T) and S = (u1, ..., Uy, Ups1)
with w11 ¢ U,

Py = Psllgy,
which is equivalent to saying that for B € By, .. 4,),

Pus,..., uf-)(B) =P, ur7ur+1)(B X Eur-+1)-
(CH1c) For any two finite and ordered subsets of V' and W of T such

that U = V N W is not empty and is in V' and in W with the same
ascendent order of the subscripts, we have

PsIly = PsIlyy.

(II) Towards the construction of a probability law of a coher-
ent family of marginal probability.

In this part, we try to solve the following problems.
(i) Given a coherent (or consistence) family of real-valued, non-negative,

normed and additive mappings Ly, V' € P,¢(T") defined on By, and
denoted

F=A{Ly, Ve Py(T)},
does it exists a real-valued, normed and non-negative and
additive mapping L on B such that the elements of F are the finite-
dimensional margins of L, that is for any V' € P,s(T),

Ly = LII;,'?

(ii) Given a coherent family of finite-dimensional probability measures
Py, S € Pys(T'), defined on By and denoted

F=A{Py, Ve P(1)},
does it exists a probability measure P on B such that the elements
of F are the finite-dimensional marginal probability measures of P, that

is for any ,

Py = PII,'?
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Of course, if Problem (ii) is solved, Problem (i) is also solved, by taking
L = P. On the other side, the solution of Problem (i) is the first step
to the solution of Problem (ii).

We are going to see that Problem (i) has a solution with no supple-
mentary conditions. We have

THEOREM 26. Given a coherent family F = {Ly,V € V,¢(T)} of
non-negative, normed and additive applications, as described above, it
erists a normed and non-negative and additive application L
on B such that the elements of F are the finite-dimensional margins of

L, that is for any V € Por(T),

Ly = LII;".

Proof. We adopt the notation introduced before to go faster. Let us
suppose we are given a coherent family of {Ly, S € P,¢(T)}. Let us
define & C P(F) the class of cylinders of finite support, the following

mapping

(4.1) Ay x By, — L(Ay x Ey) = Ly (Ay)

for all V€ P,¢(T') and Ay € Sy, or in an other notation
(4.2) I, (Ay) = L(II, (Ay)) = Ly (Ay)

The first thing to do is to show that IL is well-defined. Indeed, the
support of A = Ay x E{, € § (with Ay € Sy) is not unique. Let
us consider an other represent of A : A = Ay x Ej,, Aw € Sw). If
U=V NW is empty, it means that all the factors of A are full spaces
and and so A = E and, and since all the IL;’s are normed, we have

Ly (Av) = Lw(Aw) = 1 = L(A).

If U is not empty, what ever how it is ordered, it is present in V'
according to a certain order corresponding to a permutation of r of it.
Also, there exists a permutation s of Ey such that r(U) is in W with
the preservation of the ascendent order of the script. So we may denote
r(U) = (ug,.yug), V= (v1, ..., ), (W) = (wy,...,wy), p > k, ¢ > k.
We have
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Ay = Ayw) X BEvyey and Ayw) = Avwy X Esownew)

and it is clear that

Lv(Av) = Lv(Ar( )XEV\T‘(U)) (L]_l)

= LV( V,r (U T‘(U )

r(U( T’U)) (L13>
= Lew)(r(Av)) (L14)
= Lu(Ay) (L15)

In Lines (L11)-(L13), we used the coherence condition (CHla) while

(CH2) was used in Lines (L14) and (L15).

At the arrival, using any writing of A € S leads to the same value.
Then the mapping L is well-defined and normed.

In the next step, we have to show that L is additive of S. For this, let

us consider an element of § that is split into two disjoint elements of
S. Suppose

A=B+C
with

A:AUXE;J, B:AVxE(/ and C:CWXE[//V

Let consider Z = U UV U W given in some order of the subscripts.
There exist permutations s, » and p of Ey, Ey and Ey respectively
such that r(U), s(V') and p(W) are given in Z with the preservation of
the ascendent order of the subscripts and we have :

A :<A7‘(U) X EZ\’I‘(U)) X E,Z = A*Z X E/Z’
B :(BS(V) X EZ\s(V)) X E,Z = B} X ElZ?

and
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C= (Cp<2> X EZ\p(W)) x By = Cy x Ey,
with
Ay x EY, :(B} X E’Z)+(C} X Elz)
This is possible only if we have
A, =B, + (7,
with
Lz (A%) =Ly(Ay), Lz(B,)=Ly(By), and Lz(C%)=Lw(Cy)

Using the coherence conditions, we have

L(B) = Lgz(By)) (L31)
= Lz (42 (Baon)) (£32)
= L) (Brvy) (£33)

~ Ly(By).

By doing the same for A and C, we have

L(A) = Ly(Ay) = Lz(AZ)),
L(B) = Ly (Bv) = Lz(B%)),
L(C) = Lw(Cw) = Lz(C%))

Bu using the additivity of Lz, we conclude that
L(A) =L(B) + L(C).

The mapping L is normed and additive on the semi-algebra. From
Measure Theory and Integration (See Doc 04-02, Exercise 15, in Lo
(2017b)), L is automatically extended to a normed and additive map-
ping on the algebra C generated by S.
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Now, we face Problem (ii). Surely, the assumptions and the solution
Problem (i) ensure that there exists a normed and additive mapping L
whose margins are the Py, V' € P,(T'). Let us call it P. All we have
to do is to get an extension of P to ¢(C) = B.

A way to do it is to use Caratheodory’s Theorem (See Doc 04-03 in
Lo (2017b) for a general revision). But, unfortunately, we need spe-
cial spaces. Suppose that each (E;,d;), t € T, is Polish space, that is
a metric separable and complete separable space. The following facts
are known in Topology. For V' € P,¢(T'), the space Ey is also a Polish
space. In such spaces, the extension of P to probability measure is pos-
sible. The proof heavily depends on topological notions, among them
a characterization of compact sets.

We give the proof in the last section as an Appendix. In the body of
the text, we focus on probability theory notions. However, we strongly
recommend the learners to read the proof in small groups. We have
the following Theorem.

THEOREM 27. (Fundamental Theorem of Kolmogorov) Let us sup-
pose that each (Ey, d;), t € T is Polish Space. For anyV € Pus(T), Ev
1s endowed with the Borel o-algebra associated with the product metric
of the metrics of its factors.

For T # 0, given a coherent family F = {Py, V € Por(T)} of finite-
dimensional probability measures, there exists a unique probability mea-
sure on B such that the elements of F are the finite-dimensional mar-
gins of L, that is for any V € P,p(T),

Py = PIT, .

Now, we are going to derive different versions of that important basis
of Probability Theory and provide applications and examples.

To begin, let us see how to get the most general forms the Kolmogorov
construction in finite dimensions (See Chapter 2 in pages 44 and 62).
Let us repeat a terminology we already encountered. For any mapping

X : (AP — (E,B)
we have X (w) = (X¢(w))ter. For any V' = (vy,...,v) € Pop(T), k > 1,

Xy = Xy, - Xy ) =y (X),
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is called a finite-dimensional (and ordered) margin of X. We have

THEOREM 28. Let us suppose that each (E;,d;), t € T is a Polish
Space. For any V € P,p(T), Eg is endowed with the Borel o-algebra
associated with the product metric of the metrics of its factors.

For T # 0, given a coherent family F = {Py, V € P,s(T)} of proba-
bility measures, there exists a probability space (2, A, P) and a measur-
able mapping X defined on Q0 with values in (E,B) such that for any
Ve Pof(T), k> 1,

Py =Py, = PX;".

In other words, there exists a probability space (€2, A, P) holding a mea-
surable mapping X with values in (E, B) such that the finite-dimensional
marginal probability measures Py, V € P,r(T) are the probability laws
of the finite-dimensional (and ordered) margins Xy of X.

Furthermore, the probability laws of the finite-dimensional (and or-
dered) margins Xy of X determine the probability law of X.

Proof. We apply Theorem 27 above to get the probability measure
on P on (F, B) whose finite-dimensional marginal probabilities are the
Py, V € Pos(T). Now we take

(Q,AP)=(E,B,P)
* and set X as the identity mapping. We have

Py, = PX,'=PIy(X)"!
= PI,' X!
Py X
Now for any By € By,

]P)XV(BV) = ]Pv({w S Q,X(w) =w Bv}) = ]ID\/(B\/)

We get the desired result : Px, = Py, V € P,¢(T). To finish, the
probability law of X is given by

Px(B) =PX Y(B), B € B.
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By the uniqueness of the Caratheodory’s extension for a c-additive
and proper mapping of from an algebra to the o-algebra generated,
the probability measure PX ~! on B is characterized by its values on S.
But an element of § is of the form

B =By x Ey,,By € B, V€ Py(T).
We have have
X € B=By x E, & Xy € By
that is
X7H(B) = Xy (By).
Hence, by applying P at both sides, we get

]P)X(BV X E(/) = ]P)XV(B\/).
* Since the values of Px are functions only of the values of the prob-

ability laws of the finite-dimensional (and ordered) margins Xy of X,
these latter finally determine Py. [J

We are continuing to see developments of the Kolmogorov Theorem in
special sections.

5. Skorohod’s Construction of real vector-valued stochastic
processes

(I) - The General Theorem.

Let T' be an non-empty index set. For each t € T, let be given E;, =
RU®)  where d(t) is positive integer number. Let us consider a family
of probability distribution functions described as follows : for V =
(1, ..y v) € Pop(T), k > 1, we set d(V) = d(v1) + ... + d(vg). The
probability distribution function associated to V' is defined for z,, €
R 1< j <k, by

RYYV) 5 (24, o0y Ty ) > Fur (2, oony Ty )
The family of {Fyy, V' = (v1, ..., v5) € Pos(T)} is coherent if and only if :

(CHS1), for V € Pop(T), for any (wy,, ..., 2., ) € RU) for any permu-
tation of Ey,
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FV(:EUU x) zvk) - Fs(V)(S(xvp x) zvk))

and

(CHS2) for V € P,;(T), for any (z.,, ..., v,,) € RIV) forany u € T\V,

Fy(@y,, .o Ty,) = uT{Jlrig.%dW Fy (@, sy Ty, , ).

In all this part, by writing (z,,, ..., 2, ) € R¥Y) | we also mean that
Ty, € R4 for all j € {1,...,k}.

Here is the Skorohod Theorem as follows.

THEOREM 29. Given a coherent family of probability distribution
functions {Fy, V = (v1,...,u5) € Pop(T)}, there exists a probability
space (2, A,P) holding a measurable mapping X with values in (E,B)
such that each finite-dimensional marginal probability distribution func-
tion Fx,, V € Poy(T) is Fy, that is for of V = (vy,...,v), k > 1, for
(Tuys ey Ty, ) € RV

Fy (@, ooy ty,) = P(Xy, < @yyy oo, Xy, < ).

Proof. The proof results from the application of The Kolmogorov
Theorem and a smart use of the Lebesgue-Stieljes measures. We remind
first that for any ¢ > 1, a finite measure on R’ is characterized by its
values of the elements of the form

| —00,a] = H | —00,a], a=(ay,...,as)

1<j<¢t

which form a 7-system denoted Dy, which in turn, generates B(R?).
Consider the unique Lebesgue-Stieljes probability measure Py on RY)
associated with Fy, V' = (vq,...,v5) € Pop(T)}, k > 1. By keeping the
previous notation, we have that for any (z,,,...,2,,) € RY) and for
any permutation of Ey
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Pv(’U) == FV(xvlu -"7ka)
_ FS(V)(S(I’Ul, ceey ka))

= Py <8 < H ] — O@%-]))

= IP)S(V)S—l < H | — OO,IUJ-]) .

1<j<k

Since the probability measures Py and IP’S(V)S_l coincide on Dy(y), they

are equal and the first coherence condition is proved. To prove the
second, we have

Py ( H | — oo,xvj]> = Fy(xy,...,Ty,)

Rd(“)Tl{l-Ifnoo}d(u) FVU{U} (S(xvlv ceey ka), u)

— lim Py U ( H ] — 00,3y, x] — oo,u])

d(w) d(u)
R {400} d(u ek

= PVU{u} ( H ] — OO,IUJ.] X Eu> .

1<j<k

But the two probability measures on RY) : Py (B) and Py, (B x E,),
B € By, coincide on Dyyy. Hence for any B € By, we have

]Pv(B) = ]PVU{u} (B X Eu) .

Thus, the coherence condition (CH1b) holds. Finally there exists a
probability measure P on (£, B) whose finite-dimensional marginal
probability measures are the elements of {Py, V € P,}. Let us take

(Q,AP)=(E,B,P)

and set X as the identity mapping. We have, for any (z,,,..., %y, ) €
RV
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P(Xy, < Zpyyoo, Xop <) = PH{w € Ewy, < Tyyy ooy, < Ty )

= P(J]]-o0.2] x E})

1<j<k

= Py ( H ]—oo,zvj]>

1<j<k

= Fv(l’vl, aXvk)

The proof is finished. [

Other forms of the Skorohod Theorem using densities of prob-
ability.

Suppose we have the similar following situation as earlier. For each
t €T, let be given F;, = Eg(t), where d(t) is positive integer number.
Let v be a o-finite measure on Ey. On each By = EY, V € Pyp(T), we
have a the finite product probability :

vy = V®d(vl)1/ ®®d(v2) R ® V®d(vk) — V®d(V)‘

* Now a family of marginal probability density functions (pdf) { fv, V =
(V1, ..., v) € Pop(T')}, each fy is pdf with respect to v ®@d(V') on Eg(v),
is said to be coherent if the two conditions hold :

(CHSD1) For V' € P,p(T), for any (zy,,...,xy,) € EM) for any
permutation of Ey,, we have

fV(va ey zvk) - fS(V)(S(va X ka))

and,

(CHSD2) for V' € Pys(T), for any (xy,, ..., 2y, ) € RV for any u €
T\V,

Jv(Zoys ooy Tyy) = 473 G u)du®d(”“)(u),
Eo,

meaning that fy(z,,, ..., 2, ) is a marginal pdf of fu (zy,, ..., Ty, , u).
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Let us consider the finite distribution probability measure on Ey de-
fined by

Ev(=E") 3 B Py(B) = | fulte, . 20 )dvr® ) (z,, . . 20),
Ey

It is easy to see that (CHSD1) and (CHSD2) both ensure that the Py
form a coherent family of finite dimensional probability measures. We
apply theorem to conclude that :

For any coherent family of marginal probability density functions (pdf)
{fv, V= (v1, ..., 0) € Pos(T)}, each fy is pdf with respect v®4V) on
Eg(v), there exists a probability space (£2,.4,P) holding a measurable
mapping X with values in (F, B) such that each finite-dimensional pdf
Ifx,, V€ Poy(T) is Fy, that is for of V = (vy,...,v;), k > 1, for
(Toyy ooy Ty, ) € RAV)

dP(X,,, -, Xy,) = fudv®V).

In general, this is used in the context of R, d > 1, with v being the
Lebesgue measure or a counting measure on R. But it goes far beyond
as a general law.

6. Examples

To make it simple, let 7" =R, or T'= N. So we do not need to care
about the first coherence condition since we have a natural order. Let
be given E; = Eg(t), where Ej is a polish space and d(t) is positive
integer number.

Problem 1. Given a family of Probability measures P, on each E,
of dimension d(t). Does-it exist a probability space (€2, .4, P) holding
a stochastic process (X;);er with independent margins such that each
margin X; follows the probability law P;.

Solution. We can easily that the family of finite dimensional proba-
bility measure,

k
P(tl,t27---7tk = ® Ptj;
Jj=1
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for t; < ... < t, defined by, for any B; € B(Ey), j € {1,...,k},

k
P(tl,t2,~~~,tk ( H Bj) = HPtj(Bj)'
j=1

1<j<k

is coherent since for ¢4 > t;,

k
]P)(t1<t2<...<tk ( H Bj X Ej-i-l) = HPtj(Bj) X Ptj+1(Ej+l)

1<j<k

Thus, the answer is positive.

Problem 2. Many techniques are based on the symmetrization method
as in the proof of Proposition 24 (See page 224). We need to have two
sequences (X,,),>1 and (Y},),>1 on the same probability space and hav-
ing their values on R? such that X,, =, Y,, for each n > 1. Is it possible?

Here is the statement of the problem for independent margins.

Given a family of Probability measures P, on each Ej;, of dimension
d(t). Does-it exist a probability space ({2, A,P) holding a stochastic
process (X;)ier with independent margins such that :

(a) X, € B, that is X, = (X", X?)!

(b) For each t € T', for each i € {1,2}, P P,.

x =
If this problem is solved and if Ej is a linear space, we may form the
symmetrized form X ) = Xt(l) — Xt(z) with Xt(l) =4 Xt(Z).

Solution. Let us apply the solution of Problem 1 for the case where
FEy = R in the context of independent margins. We notice that nothing
is said about the dependence between Xt(l) and Xt(z). So we may take,
for any t € T, an arbitrary probability distribution function F; on R
such that the margins
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F’t(xla C Ly Td(t)) 400, -+, +00
N —
d(t) times d(t) times
and

Ft(+00, ) +O€7 Td(t)+1, """ 7x2d(t))7

J

g

d(t) times d(t)\trimes
are equal both the probability distribution function of P;. This is pos-
sible by the use of copulas. With such a frame, we apply again the
Skorohod Theorem to get our solution.

Problem 3. Existence of the Poisson Process. Given 8 > 0, by the
solution of Problem 1, there exists a probability space (€2, A, P) holding
a sequence independent random variables identically distributed as the
standard exponential law £ denoted X7, X5, etc.

Let us call them the independent and exponential inter-arrival times.

Let us define the arrival times 7y, Z; = X; +---+ X, 7 > 1, so that
we have
Z()<Z1 < ZJ

If we suppose that the Z; are the arrival times of clients at a desk (say
a bank desk) and Zy = 0 is the opening time of the desk, we may wish
to know the probability law of the number at arrived clients at a time
t>0,

N(]0,t]) = N, = Z L(z,<0)-

Jj=1

Here, we say that we have a standard Poisson Process (SPP) of inten-
sity 6. Sometimes, authors mean (NNV;);>o which is the counting function
of the SPP, others mean (X,,),>1 which is the sequence of arrival times
or (Z,)n>1 which is the sequence of inter-arrival times.

Problem 4. Existence of Brownian Movement by the exercise. Let
0=ty <t; <..<t, ben real numbers and consider Y3,Ys,...,Y,, n
non-centered Gaussian with respective variances t1,ty —t1,...,t, —t,_1.
Set
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X: (X17X27"‘7Xn) - (}/17}/14_}/277}/1_'_}/2_'__'_}/70

a) Find the density of X.
b) Give the distribution function of X.

¢) Now, consider that family of distribution functions indexed by the
ordered and finite subsets of R+ . for any (21,29, ...,7) € RF k> 1,

t1 o, . <ty) (I1a$2> . (BROl)
1(yi_yi2_1)
d d -] d
/ yl/ Yo / Hv/—t—tzl < 2tz’—t—1) Yk

where (t; < tg,... < tg) is an ordered and finite subset of R, with
Yo = t() =0.

cl) Say on the basis of questions (a) and (b), why do we have, for all
(t < to,... < ty), k> 2; for all (x1,2s,...,25_1) € RF?

ll'Irl’l F(tl,tg, ,t )(I‘l, T2, ..., .flfk) = F(t17t27___7tk71)($1, o, ...,Ik_1>
T o0

c2) Show this property directly from the definition (BRO1).

¢3) Conclude by the Kolmogorov-Skorohod, that there is a stochastic
process (£, A, P, (By)er, ) for which we have

FiB(t1),B(t2),....Btx) (L1, T2y ooy Ti) = Fliy g, <) (T1, T2, .., Tg)

for any finite and ordered subset (t1,ts,... < ;) of R,.

Alternatively, use the system of pdf’s indexed by the ordered and finite
subsets of Ry : for any (z1, 29, ...,2%) € R¥, k> 1,

f(tl,tg,...<tk) (,Tl, T2y ey ,',Uk) (BRO2)
l(yz yl 1))

Ead
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where (t; < to,... < t;) is an ordered and finite subset of R, with
yo = to = 0, and the coherence condition (CHSD2) (page 319) to jus-
tify the existence of such a process.

d) Such a stochastic process (By)icr, is called Brownian motion in
Probability Theory and Wiener Process in Statistics.

Show or state the following facts.
d1) Its finite distributions are non-centered Gaussian vectors.
d2) For all 0 < s < t, B, — B, and By are independent.
d3) For all t > 0,
By — By ~ B(t — s) ~ N(0,t — s).
d4) I'(s,t) = Cov(By, Bs) = min(s,t), (¢,s) € R%.

(e) A stochastic process (X;):>o is said to be Gaussian if and only if its
finite margins are Gaussian vectors.

Show the following points :

(el) Show that the probability law of a Gaussian Process is entirely
determined by its mean function

m(t) = E(X;), t € Ry.
and by its variance-covariance function
['(s,t) = Cov(Xy, Xy), (t,5) € R2.

(e2) Deduce from this that the probability law of the Brownian Process
is entirely the variance-covariance function

I'(s,t) = Cov(Xy, Xs) = min(s, t), (t,s) € R3.
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7. Caratheodory’s Extension and Proof of the Fundamental
Theorem of Kolmogorov

Our departure point is the end of the Proof of Theorem 26. The con-
struction mapping IL; we denote now as P is additive and normed on
the algebra C = a(S) generated by S. By Carathéodory Theorem (Doc
04-03 in Lo (2017b)), IP is uniquely extensible to a probability measure
whenever it is continuous at (), that is, as n — oo,

<c 5 A, l @) — (P(An) w).

Actually, we are going to use an ab contrario reason. Suppose that
there exists a non-increasing sequence (A, ),>o C C and P(A4,,) does not
converges to zero. Since the sequence (P(A,,)),>1 is non-increasing, its
non-convergence to zero is equivalent to

Je > 0), (Yn>1,P(4,) > ¢).

At the beginning let us remark that C = a(S) is formed by the finite
sum of elements of S, we rely on the above considerations on finite
sums of elements of §, and easily get that any element of C, and then
any A, is of the form

An:BVn XE(/H, n > ]_,

where By, € By,, and V,, € P,s(T"). Hence the whole sequence does
involve only a countable spaces E;, t € Tj, where

U
j=1

and denote, accordingly,

Er, =[] E-

teTy

So we may ignore all the other factors in F.

A, =By, x ] E.
tﬁéTO\Vn

As well, we may use the natural order of integers and only consider
supports index sets of the form V,, = (1,...,m(n)), n > 1. Now we are
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going to use the following key topological property : in a Polish space,
for any Borel set B, for any finite measure y, for any € > 0, there exists
a compact set K (¢) such

B\ K(e)) <e

Then for any € > 0, for any n > 1, there exists a compact set By, C By,
such that

Py, (By, — By, ) < 27D,

Let us denote
Al = B(,n X E}O\Vn

Hence for each n > 1,
P(A, — A}) = Py, (By, — By,) <270,

Let us set
C.=ANn.NA,.

We have for each n > 1,
P(A, = Cn) = P(A,N (O(A3>C)) < ZP(An N (45)%)

Z P(A, — A)

ZP(Aj — AL

< N et <2
j=1

But C, C Al C A, we have
P(C,)=P(A,) — P(A,—C,) > P(A,) —¢/2>¢/2.

IN

IN

We conclude that for all n > 1, C), is non-empty. So, by the axiom of
Choice, we may choose, n > 1, 2 = (z{", 2\ ....) € Ey, such that
™. By the non-decreasingness of the sequence (Cp)n>1, the sequence
(I("))nzl is in ', which we recall is such that
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Cy C Ay = By, x Ep\y,
vn>1, (2,20 M) € By,

Since Bj, est compact, there exists a sub-sequence (z(™1+)) of (z(™)
such that

(n1,k) (n1,k) (n1,k)

(1’1 ’ ,$2 ’ ,...,a':rn,l7 )) _) (:Lﬁ{, m(l)) E B C BVl

But the sub-sequence Now by the nature (z(™+)) € C, whenever
nik > 2 (which happens for from some value ky > 0 since the se-
quence (ny)k>1 is an increasing sequence of non-negative integers).
We thus have

Vk > ky > 1, (xgnl’k),xénl’k), ...,x(nlk))) € EV2

We conclude similarly that there exists a sub-sequence (x("2#)),5; of
(z(™1#))>1 such that
(:)sgn”),:zém’k), ngf ’“))) = (27, .+, T)y0)) € Bua-

It is important the for a common factor j between Ay, and Ay,, the
limit 27 remains unchanged as the limit of a sub-sequence of converging
sequence. We may go so-forth and consider the diagonal sub-sequence

(I(nk’k))kZL

We have that for each n > 1, there exists K (n) > 0 such that (:E("kvk))kZK(n) C
C,. Hence, for each n > 1,

So by denoting

= (x], x5, ...),

we get that z* belongs to each A,,, n > 0. Hence A is not empty.






CHAPTER 10
Appendix

1. Some Elements of Topology

I - Stone-Weierstrass Theorem.

Here are two forms of Stone-Weierstrass Theorem. The second is more
general and is the one we use in this text.

PROPOSITION 32. Let (S,d) be a compact metric space and H a
non-void subclass of the class C(S,R) of all real-valued continuous func-
tions defined on S. Suppose that H satisfies the following conditions.

(i) H is lattice, that is, for any couple (f,g) of elements of H, f AN g et
fVgarein H

(ii) For any couple (z,y) of elements of S and for any couple (a,b) of
real numbers such that a = b if x = y, there ezists a couple (h,k) of
elements of H such that

h(z) =a and k(y) = b.

Then H is dense in C(S,R) endowed with the uniform topology, that is
each continuous function from S to R is the uniform limit of a sequence
of elements in H.

THEOREM 30. Let (S,d) be a compact metric space and H a non-
void subclass of the class C(S,C) of all real-valued continuous functions
defined on S. Suppose that H satisfies the following conditions.

(i) H contains all the constant functions.

(ii) For all (h,k) € H*>, h+ k€ Hohx ke HueH.

329
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(iii) H separates the points of S, i.e., for two distinct elements of S, x
and y, that is x # vy, there exists h € H such that

h(x) # h(y).

Then H is dense in C(S,C) endowed with the uniform topology, that is
each continuous function from S to C is the uniform limit of a sequence
of elements in H.

Remark.

If we work in R, the condition on the conjugates - © € H - becomes
needless.

But here, these two classical versions do not apply. We use the following
extension.

COROLLARY 4. Let K be a non-singleton compact space and A be
a non-empty sub-algebra of C(K,C). Let f € C(K,C). Suppose that
there exists Ky C K such that k \ Ky has at least two elements and f
1s constant on Ky. Suppose that the following assumption hold.
(1) A separates the points of K \ Ky and separates any point of Ky
from any point of K \ K.

(2) A contains all the constant functions.
(8) For all f € A, its conjugate function f = R(f) —iZ{(f) € A,
Then
feA
A proof if it available in Lo (2018b).

II- Approximations of indicator functions of open sets by Lip-
schitz function.

We have the

LEMMA 15. Let (S,d) be an arbitrary metric space and G be an
open set of S. Then there exists a non-decreasing sequence (fi)i>1 of
non-negative real-valued and Lipschitz functions defined on S converg-
g to lg.
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Proof. Let GG be an open set of S. For any integer number k£ > 1, set
the function fi(z) = min(kd(x,G),1), v € S. We may see that for
any k > 1, f,, has values in [0, 1], and is bounded. Since G* is closed,
we have

o J >0ifred
d(a:,G)—{ 0if x € G°

Let us show that f is a Lipschitz function. Let us handle | fx(z) — fi(vy)]
through three cases.
Case 1. (z,y) € (G)?. Then

|fe(@) = fr(y)| = 0 < k d(z,y).

Case 2. x € G and y € G° (including also the case where the roles of
x and y are switched). We have

| fe(@) = [i(y)| = [min(kd(z, G°),1)| < k d(z,G°) < k d(z,y),
by the very definition of d(x, G¢) = inf{d(z, 2), ze G°}.
Case 3. (z,y) € G*. We use Lemma 16 in this section, to get

| fr(x) = fr(y)| = [min(kd(z, G%), 1) — min(kd(y, G°), 1)| < |kd(z, G°) — kd(y, G°)|,
<kd(z,y)

by the second triangle inequality. Then f; is a Lipschitz function with
coefficient k. Now, let us show that

fle(;aSkTOO.

Indeed, if © € G, we obviously have fi(x) =010 = 1g(z). If z € G,
that d(z,G°) > 0 and kd(z,G) 1 oo as k T oo. Then for k large
enough,

(1.1) fr(x) =11 1g(x) =1 ask T 0.
_J
III -Lipschitz property of finite maximum or minimum.

We have the

LEMMA 16. For any real numbers x, y, X, and Y,
(1.2) Imin(z, y) —min(X,Y)| <[z — X|+ [y — Y.
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Proof. Let us have a look at the four possibles case.

Case 1 : min(z,y) = x and min(X,Y) = X. We have
lmin(z,y) — min(X,Y)| < |z — X|
Case 2: min(z,y) = rzand min(X,Y) =Y. Ifx <Y, wehave Y > X,
we have
0 <min(X,Y)—min(z,y) =Y - < X -z
If z >Y, we have X > Y, we have
0 <min(z,y) —min(X,Y)=2-Y <y—-Y
Case 3 : min(z,y) =y and min(X,Y) =Y. We have
|min(z,y) — min(X,Y)| < |y — Y|

Case 4 : min(z,y) =y and min(X,Y) = X. This case id handled as
for Case 2 by permuting the roles of (z,y) and (X,Y).
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2. Orthogonal Matrices, Diagonalization of Real
Symmetrical Matrices and Quadratic forms

I - Orthogonal matrices.

We begin by this result.

PROPOSITION 33. For any square d-matriz T', we have the equiva-
lence between the following assertions.

(1) T is invertible and the inverse matriz T—' of T is its transpose
matriz, that is

TT' =T'T = I,

where 14 is the identical matriz of dimension d.

(2) T is an isometry, that is T preserves the norm : For any v € RY

[ T|[ =[]

(3) The columns (T(l), T, .. T(d)) form an orthonormal basis of RY.

4) The transposes of the lines | T, ..., T% | form an orthonormal basis
1 d
of RY.

Besides, if T is orthogonal, its transpose is also orthogonal and satisfies

det(T) = +1.

Before we give the proof, we provide the definition of an orthogonal
matrix.

DEFINITION 13.
A square d-matrix is orthogonal if and only if one of the equivalent
assertions of Proposition 33 holds.
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Now we may concentrate of the

Proof of Proposition 33.

Recall that, in finite dimension linear theory, the d-matrix B is the in-
verse of the d-matrix A if and only if AB = I, if and only if BA = 1.
(See the reminder at the end of the proof).

Let us show the following implications or equivalences.

(i) (1) & (3). By definition, for any (i,5) € {1,...,d},

(TtT).. — (Tt)iT(j) — (T(j))tT(j) — (T(i),T(j)>. (101)

ij
and

1777

t
(1), = T, = TEy (1) () = (1)) (102)
By Formula (I01), we have the equivalence between 7T = I; and (3),
and thus, (1) and (3) are equivalent.

(i) : (1) < (4). The same conclusion is immediate by using Formuka
(102) instead of Formula (I01).

(ii) (3) <= (2). We have for all z € R,

|Tz|? = (Tx, Tz)='(Tx)(Tz)='2'TTx

- i i (tTT)z'j Lilj = i i(T(i), TU))ZEil'j. (1501)

i=1 j=1 i=1 j=1

Hence, (3) implies that for all z € R?,
Tl =) i = ||,
i=1

which is the definition of an isometry.

(ili) (2) <= (3). Let us suppose that (2) holds.
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To show that each 700) for a fixed i € {1,...,d} is normed, we apply
(ISO) to the vector  whose coordinates are zero except z;, = 1. We
surely have ||z|| = 1 and all the terms of

Z Z 7O TN g,

i=1 j=1

are zero except for i = j = io, and the summation reduces to (T'00), T(0)) 72 =
(TG0) T00)) Equating the summation with ||z||* gives that

<T(io)’ T(Z'O)) = 1.
So, T1%) is normed.
To show that two different columns 700) and 709, for a fixed ordered
pair (ig, jo) € {1,...,d}?, are orthogonal, we apply (ISO) the vector x

whose coordinates are zero except x;, = 1 and z;, = 1. We surely have
|z||? = 2 and all the terms of

Z Z 7O, TV

i=1 j=1

are zero except for i = j =iy, i = j = jo and (7, j) = (ip, Jo), and the
summation reduces to

<T(io)’ T(i0)>x?0 + <T(jo)7 T(j0)>x?0 + 2(T(ZO) T(Jo)>x20 2
By equating with the summation with ||z||?, we get
2 =2+ 2(Tt0) o)y,
This implies that (700, 70} = 0.
We conclude that (2) holds whenever (3) does.

We obtained the following equivalences
1) < )
) )
(4) (2),
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from which we deive the equivalence between the four assertions.

It remains the two last points. That the transpose of T is orthogo-
nal with 7', is a direct consequence of the equivalence between asser-
tions (3) and (4). Since a square matrix and its transpose have the
same determinant and since TT" = I;, we get that 1 = det(TT") =
det(T)det(T?) = det(T)?. B

A useful reminder.

In finite dimension linear theory, the d-matrix B is the inverse of the
d-matrix A if and only if AB = [I; if and only if BA = I;. But in
an arbitrary algebraic structure (E,*) endowed with an internal op-
eration x having a unit element e, that is an element of e satisfying
rxe=exx =z for all x € E, an inverse y of x should should fulfills :
r*y =1y*+x = e. The definition may be restricted to x xy = e or to
y * x = e if the operation e is commutative.

In the case of d-matrices, the operation is not commutative. So using
only one of the two conditions AB = I; and BA = I; to define the

inverse of a matrix A is an important result of linear algebra in finite
dimensions.

IT - Diagonalization of symmetrical matrices.
Statement and proof.

We have the important of theorem.

THEOREM 31. For any real and symmetrical d-matrixz A, there ex-
ists an orthogonal d-matriz T such that TAT® is a diagonal matriz
diag(01, ...,04), that is

TAT! = diag(dy, ..., 0q),

where 0;, 1 < i < d, are finite real numbers.

Remark. In other words, any real and symmetrical d-matrix A ad-
mits d real eigen-values (not necessarily distinct) d;, 1 < i < d and the
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passage matrix may be chosen to be an orthogonal matrix.

Proof. Let us suppose that A is symmetrical, which means that for
any u € R?, we have

(Au,v) = (u, Av). (9)

In a first step, let us borrow tools from Analysis. The linear application
R? > v — Au is continuous so that

[All= sup [[Aul[l= sup [Aul < +oo.
weRd, [ul|<1 weR?, || X |lul

Since the closed ball is closed a compact set in R, there exists, at least,
ug such that ||ug|| =1 and

sup || Aul| = [| Auo]|
[Jull<1

In a second step, let us assume that A has two eigen-vectors u and v
associated to two distinct real eigen-valeues p and A. By Formula (S)
above, we have

plu, v) = Au, v)
= (= A){u,v) =0.

We get that v and v are orthogonal. We get the rule : two eigen-vectors
of a symmetric square matrix which are associated to two distinct real
eigen-values are orthogonal.

In a third step, let us show that if a linear sub-space F' in invariant
by A, that is for all w € F, Au € F (denoted AF C F), then the
orthogonal F'* of F is also invariant by A. Indeed, if F' is A-invariant
and v € F-, we have

Vu € F, (Av,u) = (v, Au) = 0;

since Au € F.
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Finally, in the last and fourth step, we have for v € R? such that
|Au|| = 1, by applying the Cauchy-Schwartz Inequality

| Au|| == (Au, Au) = (u, A%u) < || A%u|. (S1)
The equality is reached for some w; (with |jui|| = 1) only if u; and
A%y, are linearly dependent, that is exists A such that

A2U1 = )\Ul,

meaning that u; is an eigen-vector of A? where, by taking the norms,
we have

A= [[A%uy .
Now, we have all the tools to solve the problem by induction. By
definition, we have

IAN? = [| Auo||* < | A%uol| < [|Alll[Auoll < | ANl Alllluoll,

and hence Formula (S1) becomes an equality for ug. The conclusion
of the fourth step says that ug is an eigen-vector of A? associated to
A = ||A||%. For X\ = p?, this leads to A%ug = u?uy, that is

(A — ,U,]d)(A + ,uId)uo = 0.
Now, either (A + uly)up = 0 and ug is an eigen-vector of A associated

to —p, or vg = (A+puly)ug # 0 and vy is an eigen-vector of A associated
to p. In both case, the eigen-value is £|| AJ|.

We proved that A has at least on real eigen-vector we denote by e;
associated to \; = £||A]|. In a next step, let us denote F; = Lin({e;})
and Gy = Fj-. Tt is clear that F} is invariant by A, so is Gy. We
consider the restriction of A on G;. We also have that A; symmetri-
cal and clearly ||As|| < ||A||. We find an eigen-vector ey of As, thus
of A, associated with Ay = +£||As|| and |A;| > |2 and e; and ey are
orthogonal. We do the same for Fy = Lin(ey, e3), Gs = F3- and As the
restriction of Ay (and hence of A) on G5. We will find an eigen-vector
ez of Ay, thus of A, associated with A3 = £||As|| and |\| > |Aa| > |As]
with {ej, e, e3} orthonormal. We proceed similarly to get exactly d
normed eigen-vectors orthogonal associated to a decreasing sequence
of eigen-values in absolute values. B
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(b) Some consequences.
(b1) Determinant.

If TAT" = diag(y, ..., 04), where T' is orthogonal, we have
det(TAT") = det(T)det(T")det(A) = det(T)*det(A) = det(A)

and next

det(A) = det (dz’ag(dl, 5d))

which leads to

d

det(A) =[] 6.

1

(b2) A useful identity.

If TAT" = diag(dy,...,04), where T is orthogonal, we have, for any
(i,5) € {1, ...,d}*

d
> o (T(h) (T<h>)t) — a;;. (UID)
j=1 ij

Proof. Let us denote D = diag(dy, ...,04) and suppose that TAT" =
D, T being orthogonal. We get A=T"DT. Hence, for any (i,j) €
{1,...,d}?, we have

(A)y; = (Ttp) ‘T(j).

)

But the h elements, 1 < h < d, of the line <TtA) are <Tt) D),

which are

Z t1i0n0rn = Opthi-

1<r<d

Thus, we have
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1<h<d 1<h<d ij

IIT - Elements from Bi-linear Forms and Quadratic Forms
Theory.

Before we begin, let us remind Formula (ACBT), seen in the proof of
(P5) in Points (b)-(b2) in Section 5.2 in Chapter 2 : for any (p X d)-
matrix A, any (dx s)-matrix C' and any (g X s)-matrix B, the ij-element
of ACB! is given by

>N amcubi

1<k <s1<p <p

Let us apply this to vectors u = A" € R¢, v = B* € R* and to a matrix
(d x k)-matrix C'. The unique element of the (1 x 1)-matrix u'Cv is

u'Co = E E CijUWiV;.

1< <d 1<j<k

This formula plays a key role in bi-linear forms studies in finite dimen-
sions.

If d-matrix C is diagonal, that is C;; = 0 for ¢ # j, we have

u'Cv = Z 5jvj2». (C0)

1< <d

where §; = ¢j;, j € {1,...,d}. We may use the Kronecker’s symbol
defined by

s o1t i=
TV 00 iAo

to get the following notation of a diagonal matrix. A d-diagonal matrix

D whose diagonal elements are denoted by d;, j € {1,...,d}, respec-
tively, may be written as follows :

D= diag(él, ey 52) = ((5@52]) .
1<i,j<d
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(a) - Bi-linear Forms.
By definition, a function
f:R{xRF SR
is bi-linear if and only if :
(i) for any fixed u € R?, the partial application v — f (u,v) is linear
and
(ii) for any fixed v € R¥, the partial application u +— f (u,v) is linear.
The link with matrices theory is the following. Let (e, e, ...e,) be an

orthonormal basis of R? and (g1, €3, ..., &) an orthonormal basis of R*.
Let us define the (d x k)-matrix A by

a;; = f(ei, ;)
and denote the coordinates of v € R? and v € R* in those bases by
U= Zuiei and v = Zvjej.
i=1 j=1
We have the following expression of the bi-linear form
fu,v) = u'Av.

The proof is the following :

f(u,v) = f(Zuiei,Zvjaj>

i=1 7j=1
n m

= E u; f %E Vi€,
i=1 j=1

n m

= Zuizvjf(€i>5j)
=1 j=1
n m

i=1 j=1
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Thus, we may conclude with the help of Formula (uTCv) above.

(b) - Quadratic forms.

For any bi-linear form f : (RY)? — R, the mapping

z >R Qf(x) = f(z,2)

is called the quadratic form associated with f.

The quadratic form is said to be semi-positive if and only if Q;(z) >
0, for all z € R%.

It is said to be positive if and only if Q;(x) > Oz, for all 0 # z € R%.

We already know that f may be represented by a d-matrix A and thus,
(s may be represented as

Qs(u) = u'Au, u € R%

But, since Qf(u)! = u'A'u = Q;(u), we also have for all u € R? that

A+ A
2

u, u € R

Qr(u) = u'

The matrix B = (A + A")/1 is symmetrical and we have

Qs(u) = u'Bu, u € R?,
which leads to the :

PROPOSITION 34. Any quadratic form Q on R? is of the form.

Q(u) = u'Bu, u € R?,

where B is a d-symmetrical form.
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(c) - Canonical reduction of a Quadratic forms.

Reducing a quadratic form @ on R? to a canonical form consists in
finding an invertible linear change of variable v = Tu = (vy, ..., v4)%
such that Qo(v) = Q(T) is of the form

Qo(’U) = Z 5]‘1]2-.

1<j<d

This may be achieved in finite dimension in the following ways. Let B
be a symmetrical matrix associated to the quadratic form B. According
to Part II of this section, we can find an orthogonal matrix 7T such
that TBT" is a diagonal matrix D = diag(dy,...,d04). For v = Tu =
(v1, ..., vq)¢, we have

Q(T) = v (T'AT)v = v'Dv = Z d;jviv; = Z §;v2.
1<i<d, 1<j<d 1<j<d
This leads to the

PROPOSITION 35. Any quadratic form Q on R the form.
Q(u) = u'Bu, u € R?,
where B is a d-symmetrical matriz, may be reduced to the canonical for

Qu)= ) o), (CF)

1<j<d

where v = Tu and the columns of Tt form an orthonormal basis of R?
and are eigen-vector of B respectively associated to the eigen-values 0;,
1<j<d

Consequences. From the canonical form (CF), we may draw the
straightforward following facts based on the facts that T is invertible
and its determinant is +1. Hence each element u € R? is of the from
u = Tv. Hence, Formula (FC) holds for all u € R? with u = Tv.

(1) If all the eigen-values are non-negative, the quadratic form @ is
semi-positive.
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(2) If all the eigen-values are positive, the quadratic form @) is semi-
positive.

(3) If the quadratic form @ is semi-positive and B is invertible or has
a non-zero determinant, that it is positive.

Before we close the current section, let us remind that a canonical form
as in (CF) is not unique. But the three numbers of positive terms 74,
of negative terms (n_) and zero terms (1) are unique. The triplet
(M=), M), N(+)) is called the signature of the quadratic form.

3. What should not be ignored on limits in R - Exercises
with Solutions

Definition ¢ € R is an accumulation point of a sequence (2n)n>0 of real
numbers finite or infinite, in R, if and only if there exists a sub-sequence
(Zp(k)) k>0 Of (25)n>0 such that z,) converges to ¢, as k — +o0.

Exercise 1.
Set y, = infy>, r, and z, = sup,>,, z, for all n > 0. Show that :
(1) Vn > 0,y < 2 < 250

(2) Justify the existence of the limit of y,, called limit inferior of the
sequence (z,),>0, denoted by liminf z,, or lim x,, and that it is equal
to the following

lim z,, = liminf z,, = sup inf z,,.
n>0 PN

(3) Justify the existence of the limit of z, called limit superior of the
sequence (z,),>o denoted by limsup z,, or lim z,, and that it is equal

lim z,, = limsup z,, = inf sup x,,.

n>0 p>n

(4) Establish that

—liminf z, = limsup(—z,) and - limsupz, = liminf(—z,).
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(5) Show that the limit superior is sub-additive and the limit inferior
is super-additive, i.e. : for two sequences (s,),>0 and (¢,)n>0

limsup(s, + t,) < limsup s, + limsupt,
and

liminf(s, + ¢,) > liminf s, + liminf ¢,.
(6) Deduce from (1) that if

liminf z,, = limsup z,,,

then (z,),>0 has a limit and

lim z,, = liminf x,, = limsup z,,
Exercise 2. Accumulation points of (z;,),>0-

(a) Show that if {;=liminfz, and ¢, = limsupz, are accumulation
points of (z,),>0. Show one case and deduce the second one and by
using Point (3) of Exercise 1.

(b) Show that ¢; is the smallest accumulation point of (x,),>0 and ¢5
is the biggest. (Similarly, show one case and deduce the second one
and by using Point (3) of Exercise 1).

(c) Deduce from (a) that if (x,),>0 has a limit ¢, then it is equal to
the unique accumulation point and so,

¢ =1lim z,, = limsup z,, = inf sup z,,.

n20 p>n

(d) Combine this result with Point (6) of Exercise 1 to show that a
sequence (,),>0 of R has a limit ¢ in R if and only if liminfz, =
lim sup z,, and then

¢ =limx, = liminf x,, = limsup x,,.
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Exercise 3. Let (7,),>0 be a non-decreasing sequence of R. Study
its limit superior and its limit inferior and deduce that

limz, = sup z,.
n>0

Deduce that for a non-increasing sequence (,),>o of R,

lim z,, = inf z,,.
n 23>0 n
Exercise 4. (Convergence criteria)

Prohorov Criterion Let (z,,),>0 be a sequence of R and a real number
¢ € R such that: Every subsequence of (1,,),>0 also has a subsequence
( that is a subssubsequence of (x,),>0 ) that converges to ¢. Then, the
limit of (z,,),>0 exists and is equal /.

Upcrossing or Downcrossing Criterion.

Let (2,)n>0 be a sequence in R and two real numbers a and b such that
a < b. We define

B inf {n >0z, <a}
17 400 if (Vn > 0,2z, > a)

If 1 is finite, let
o inf  {n>wv,z, > b}
27 ) +oo if (n > vy, 2, < D)
As long as the v}s are finite, we can define for vy, _o(k > 2)
{ inf {n > vop 9,2, < a}
Vg1 =

+o0 if (Vn > Vo9, Ty = CL)
and for v9,_; finite,

- inf {n > Vok—1,Tpn > b}
7 400 if (n > vap_y, zn < )

We stop once one v; is +00. If vy; is finite, then
Ty, — Ty, , > b—a.

We then say : by that moving from z,,, , to x,,;, we have accomplished
a crossing (toward the up) of the segment [a, b] called up-crossings. Sim-
ilarly, if one vy, is finite, then the segment [z,, ,2,,,. ] is a crossing
downward (down-crossing) of the segment |[a, b]. Let

D(a,b) = number of up-crossings of the sequence of the segment [a, b].
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(a) What is the value of D(a,b) if vy, is finite and vo,; infinite.
(b) What is the value of D(a,b) if 194 is finite and vor 1o infinite.
(c) What is the value of D(a,b) if all the v}s are finite.

(d) Show that (x,),>0 has a limit iff for all @ < b, D(a,b) < co.

(e) Show that (x,),>0 has a limit iff for all a < b, (a,b) € Q?, D(a,b) <
.

Exercise 5. (Cauchy Criterion). Let (z,),>0 R be a sequence of
(real numbers).

(a) Show that if (z,),>0 is Cauchy, then it has a unique accumulation
point ¢ € R which is its limit.

(b) Show that if a sequence (x,),>0 C R converges to ¢ € R, then, it
is Cauchy.

(c) Deduce the Cauchy criterion for sequences of real numbers.
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SOLUTIONS
Exercise 1.

Question (1). It is obvious that :

infz, <z, <supz,,
p=>n p>n

since x,, is an element of {x,,, 11, ...} on which we take the supremum
or the infimum.

Question (2). Let y, = ig%xp = i:ngn, where A, = {z,, Tpi1,...} 1S
p= p=n

a non-increasing sequence of sets : Vn > 0,
An+1 C A,.

So the infimum on A, increases. If y, increases in R, its limit is its
upper bound, finite or infinite. So

Yn /‘ h_m Ly
is a finite or infinite number.

Question (3). We also show that z, = sup A4,, decreases and z, | lim
Ty,

Question (4) . We recall that
—sup{z,z € A} =inf {—z,x € A},

which we write
—sup A = inf(—A).
Thus,

—z, = —sup A, = inf(—An) = inf {_xpvp > n}

The right hand term tends to —lim x,, and the left hand to lim(—,)
and so

~lim z,, = lim (—,).

Similarly, we show:
—lim (z,) = lim (—a,,).

Question (5). These properties come from the formulas, where A C
R,BCR:

sup{z+y,ACR, BCR} <supA+supB.
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In fact :
Vre Rz <supA
and
Vy € R,y <sup B.
Thus
x+1y <supA-+supB,
where
sup = +y <supA+supB.
reA,yeB
Similarly,
inf(A+ B > inf A + inf B.
In fact :
V(z,y) € Ax B,x > inf A and y > inf B.
Thus
x+y >inf A+ inf B,
and so
inf (r+y)>inf A+infB
reAyeB
Application.

sup (z, + y,) < sup , + sup y,.
p>n P> P>

All these sequences are non-increasing. By taking the infimum, we
obtain the limits superior :

lim (2, + ) < lim 2, + lim z,,.
Question (6). Set

lim z,, = lim x,,.
Since :
Ve > 1, y, <z, < z,,

Yp — lim z,
and

2, — lim z,,,
we apply the Sandwich Theorem to conclude that the limit of x,, exists
and :
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lim z,, = lim «,, = lim z,,.
Exercice 2.
Question (a).

Thanks to Question (4) of Exercise 1, it suffices to show this property
for one of the limits. Consider the limit superior and the three cases:

The case of a finite limit superior :
limx,, = ¢ finite.

By definition,

So:
Ve >0,3(N(e) > 1),Vp> N(e),l —e <z, <l+e.
Take less than that:

Ve>0,In. > 1: 0 —e<x, <{+c¢.

We shall construct a sub-sequence converging to /.

Lete=1":
ANy 0 —1<zy, =supzx, <+ 1.
p>n
But if
(3.1) Zn, = supx, > —1,

p>n
there surely exists an n; > N; such that
Ty, >0 — 1.
If not, we would have
(Vp > Ny,z, <l —1)=sup{zp,p > N1} =25 >{—1,
which is contradictory with (3.1). So, there exists n; > Nj such that

(—1<uxz, <supz, </l-—1.
p>N1

l.e.

(—1<x, <{(+1.
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We move to step ¢ = % and we consider the sequence(z, )n>n, Whose

limit remains ¢. So, there exists Ny > ny :

1 1
€—§<ZN2§€—§
We deduce like previously that ny > N5 such that

1 1

with ny > N1 > ny.

Next, we set ¢ = 1/3, there will exist N3 > ny such that

1 1
and we could find an ns > N3 such that
1 1

Step by step, we deduce the existence of z,,, pn,, Ty, ..., Tp,, ... With
ny <ng <ng < ..<ng<ngy <..such that

1 1
ie.
1
which will imply:
T, —

Conclusion : (x,, )k>1 is very well a subsequence since nj < ngq; for
all £ > 1 and it converges to ¢, which is then an accumulation point.

Case of the limit superior equal +o00 :

Mxn = +00.

Since z, T 400, we have : Vk > 1,dN, > 1,

For k=1, let zy, = 1>n]£ x, > 141 =2. So there exists
pP=iN1

ny > Ny
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such that :

Tp, > 1.
For k = 2, consider the sequence (2,)n>n,+1. We find in the same
manner

ne >ng+1

and

Tpy > 2.
Step by step, we find for all £ > 3, an n, > ng_1 + 1 such that

T, >k,

which leads to x,, — +00 as k — +oo.
Case of the limit superior equal —oo :
limz, = —oc.

This implies : Vk > 1,4N,, > 1, such that
Zn, < —k.
For k = 1, there exists n; such that
2, < —1.
But
Tny < 2, < —1.
Let k& = 2. Consider (zn)anJrl } —oo. There will exist ny > nq +1:
Ty < 2p, < —2

Step by step, we find ng; < ng4q in such a way that x,, < —k for all
k bigger than 1. So
Ty, — +00

Question (b).

Let ¢ be an accumulation point of (z,),>1, the limit of one of its sub-
sequences (Zy, )x>1. We have

Yn, = 1>nf Ty < Ty, < SUP Tp = 2y,
Pk p=ng

The left hand side term is a sub-sequence of (y,) tending to the limit
inferior and the right hand side is a sub-sequence of (z,) tending to the
limit superior. So we will have:
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lim 7, < ¢ <lim z,,

which shows that lim z,, is the smallest accumulation point and lim z,,
is the largest.

Question (c). If the sequence (z,),>1 has a limit ¢, it is the limit
of all its sub-sequences, so subsequences tending to the limits superior
and inferior. Which answers question (b).

Question (d). We answer this question by combining point (d) of this
exercise and Point 6) of the Exercise 1.

Exercise 3. Let (z,),>0 be a non-decreasing sequence, we have:

Zp = SUp T, = sup Tp, vn > 0.
pzn p20

Why? Because by increasingness,

{xp,p >0} ={2,,0<p<n—1}U{x,,p>n}.

Since all the elements of {z,,0 <p <mn—1} are smaller than than
those of {x,,p > n}, the supremum is achieved on {z,,p > n} and so

{ = sup x, = supx, = 2.
p=20 p=n

Thus
zp =0 — /.

We also have y,, = inf {z,,,0 < p < n} = z,,, which is a non-decreasing

sequence and so converges to ¢ = sup .
p=0

Exercise 4.

Let ¢ € R having the indicated property. Let ¢ be a given accumulation
point.
(Zny) o1 € (2n),5 such that z,, — £

By hypothesis this sub-sequence (z,, ) has in turn a sub-sub-sequence

x"“““’”)pl such that Trgepy — las p — +o0.

But as a sub-sequence of <xn(k)> )

/
Tnguey — v,
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Thus
(=17,
Applying that to the limit superior and limit inferior, we have:
lim z,, = lim x, = /.

And so lim z,, exists and equals /.
Exercise 5.

Question (a). If vy, is finite and if v, is infinite, then there ate
exactly k up-crossings : [1,,, ,,Z.,], j = 1,..,k, that is, we have

D(a,b) = k.

Question (b). If vy is finite and o4 is infinite, then there
are exactly k up-crossings: [,,, ,,Z.,], j = 1,...,k, that is we have

D(a,b) = k.

Question (c). If all the v/}s are finite, then there are an infinite num-
ber of up-crossings : [2,,, ,,7.,,], j > 1k : D(a,b) =

Question (d). Suppose that there exist a < b rationals such that

D(a,b) = +oo. Then all the vjs are finite. The subsequence w,,, , is
strictly below a. So its limit inferior is below a. This limit 1nfer10r is
an accumulation point of the sequence (z,,),>1, S0 is more than lim z,,,
which is below a.

Similarly, the subsequence z,,; is strictly below 0. So the limit superior
is above a. This limit superior is an accumulation point of the sequence
(Zn)n>1, S0 it is below lim x,,, which is directly above b. This leads to :
lim z, < a < b <lim z,.

That implies that the limit of (z,,) does not exist. In contrary, we just
proved that the limit of (z,,) exists, meanwhile for all the real numbers
a and b such that a < b, D(a,b) is finite.

Now, suppose that the limit of (z,) does not exist. Then,

lim z, < lim z,,.

We can then find two rationals a and b such that ¢ < b and a number
€ such that 0 < ¢, such that
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limz, <a—e<a<b<b+e<limz,.

If lim 2, < a —¢€, we can return to Question (a) of Exercise 2 and con-
struct a sub-sequence of (x,) which tends to lim z,, while remaining
below a —e. Similarly, if b+e < lim z,,, we can create a sub-sequence of
(2,) which tends to lim x,, while staying above b+ e. It is evident with
these two sequences that we could define with these two sequences all
v; finite and so D(a,b) = +o0.

We have just shown by contradiction that if all the D(a,b) are finite
for all rationals a and b such that a < b, then, the limit of (z,,),>¢ exists.

Exercise 5. Cauchy criterion in R.

Suppose that the sequence is Cauchy, i.e.,
lim T, —x,) = 0.
(p.)—(+00,400) (7 = )

Then let z,, , and z,,, be two sub-sequences converging respectively
to ¢, = lim z,, and ¢ = lim z,,. So

(pﬂ)—)(l-ll:IOlO,—l—oo) (1 = Tnga)

, By first letting p — +o00, we have

lim fl — l’nq2 = O,
q—+o00 !

which shows that /; is finite, else ¢, — z,,,, would remain infinite and
would not tend to 0. By interchanging the roles of p and ¢, we also
have that ¢, is finite.

Finally, by letting ¢ — 400, in the last equation, we obtain

¢, = lim z,, = lim z,, = 05.
which proves the existence of the finite limit of the sequence (z,).
Now suppose that the finite limit ¢ of (z,) exists. Then

lim (xp —xy) =0 —L =0,

(p,q)— (+00,+00)
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which shows that the sequence is Cauchy.

Improper Riemann integral of an odd function on R. Consider

We have

+oo 1 .
[ dem [ edtons) = ng]| =

—00

Hence f is a pdf. Let X be a random variable associated to the pdf f.
Set g(z) = zf(z), x € R. Since g* and g~ are non-negative and locally
bounded and Riemann integrable, we have

/R 9" (x)dA(z) = /R g~ (2)d = +o0 and /R g*(x)dA\(z) = / gt (2)d = +o0,

R

by using for example the D’Alembert criterion. Hence E(X) does not
exist,.

4. Important Lemmas when dealing with limits on limits in
R

(1) - Cesaro generalized Limit.

The following result is often quoted as the Cesaro lemma.

LEMMA 17. Let (x,)n>1 C R be a sequence of finite real numbers
converging to x € R, then sequence of arithmetic means

1+ ...+ Ty
n — s

n

n>1

S also converges to x.

Proof. Suppose that (x,),>1 C R converge to x € R as n — +o0. Fix
e > 0. Thus, there exists N > 1 such that |z, — z| < e for all n > N.
Now, for any n > N, we have
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rn+..+tx, yY+..+y
|yn_$| = -
n n
@ =)+ (2, —2)
B n
_ (v — )+ ... + (xy — ) N (xny1 — ) + oo + (T — )
n n

(xnyy1 —2)+ ... + (2, — ) .

= Ay -+

with Ay = |(z1 — ) + ...+ (xy — )|, which is constant with N. Hence
for for any n > N, we have

1
lyn — 2l < < Av+ —(Jonver — ol + o+ |2 — 2])
A - N
n n

we conclude that, for all € > 0,

limsup [y, — 7| <,
n—-+4o00

and this achieves the proof. [

Remark. The limit of sequence of arithmetic means (x; + ... + ,,) /n,
n > 1, may exists and that of (x,),>1 does not. In that sense the
limit of the arithmetic means, whenever it exists, is called the Cesaro

generalized limit of the sequence of (z,),>1.

(2) - Toeplitz Lemma. Let (a,1)n>1, 1<k<k(n) be an array of real
numbers such that

(i) For any fixed k > 1, a,x — 0 as n — 400,

(i) there exists a finite real number ¢ such that sup,,~; 21 <y <pg [ank] <
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Let (2,,)n>1 be a sequence of real number and define y,, = Zlghgk(n) Tl ;
and b, = Sup;<j<k(n) ank, > 1. We have the following facts.

(1) If x, — 0 as n — +o0, then y,, — 0 as n — +oo.
(2) If b, —» 1 and x,, - x € R as n — +o0, then y,, — = as n — +oo.

(3) Suppose that k(n) = n for all n > 1. Let (cx)r>0 be sequence
such that the sequence (b,)n>0 = (D <r<,, [Ckln>0 is non-decreasing
and b, — oo. If 2, - x € R as n — +o00, then

1
— Z Xy — T as n— +oo. O

" 1<k<n
Proof. All the convergence below are meant as n — 4o0.
Proof of (1). Since z,, converges to 0, we can find for any fixed n > 0

a number kg = ko(n) > 0 such that for any k > ko, || < n/c and (by
this), we have for any n > 0

ol < max( D lwellanel, D lanllansl + Y |wellankl) (21)

1<h<ko 1<h<ko ko<h<k(n)
< S Jedlond £ /) Y Jansl
1<h<ko 1<h<k(n)
< Y fawllans] +n,
1<h<ko
in short

1<h<kq

In the Line (L1) above, it is not sure that k(n) might exceed kg, so
we bound by the first argument of the maz if k(n) < ky. The the last
equation, we let n go to infinity to have, for all n > 0,

lim sup |y,| <7,

n—-+400

since that finite number of ky sequences |zx||a, x| (in n) converge to
zero, which implies that y, converges to zero.
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Proof of 2. We have

Yp =T Z Qp e + Z (T — )

1<h<ko 1<h<ko

which implies

(o —al <2l Y ann =1+ clay — 2],
1<h<ko

* which by the assumptions lead to vy, — 0.

Proof of (3). By setting a, ; = cx/b,, 1 < kn, we inherit the assump-
tion is the former points with ¢ = 1 and we may conclude by applying
Point (2). O

(3) - Kronecker Lemma. If (b,),>0 is an increasing sequence of
positive numbers and (z,,),>0 is a sequence of finite real numbers such
that (Zlgkgn x’f)nzo converges to a finite real number s, then
Z1gkgn bew
bn
Proof. Set by =0, ax = bps1 —bi, £ >0, 51 =0, Spa1 = 21 + .. + Sy,
n > 2. We have

—0asn— 0. O

Zlgkgn by, B Zlgkgn bi(Sk+1 — si)
br, br,
1
Sp+1 — b_ Z bksk. (LQ)
™ 1<k<n

To see how to get Line, we just have to develop the summation and to
make the needed factorizations as in

bn(Spt1 — Sn) + bn—1(8n — Sn—1) + bp—2(Sn—1 — Sp—2) + - - - b3(54 — 53) + ba(53 — 52) + b1 (52 —
bnSnt1 — Sn)(by — by1) — Sp—1(8p—1 — bp—2) + - - - s2(ba — by) + s1b1.
From Line (L2), we may apply Point (3) of the Toeplitz’s Lemma above,

since b, = a; + ... + a,, to conclude that the expression in Line (L2)
converges to zero as n — +oo. [
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5. Miscellaneous Results and facts

A - Technical formulas.

A1. We have for all t > 0, we have

VteR,, e <14t<et ¢
Proof. Put g(t) = (1 4+1t) —e' t > 0. It is clear that ¢'(t) = 1 — €' is
non-positive and hence ¢ is non-decreasing on R, and thus : for any
t € Ry, g(t) < g(0), which leads to the right-hand. To deal with the
left-hand one, we put g(t) = ¢~V —¢(t — 1)), t € R. The first two
derivatives of g are

g (t) = (=2t +1)e!™ D —1 and ¢"(t) = (4> — 4t — 1)e!™V | t e R.

The zeros of 41> —4t —1)e'*"V are t;, = (1—+/2)/2 and t, = (14++/2)/2.
Since t; < 0, ¢” is negative on [0, t5] vanishes on ¢, and positive on
|ta, +oo[. This means that ¢’ which vanishes at 0 and tends to —1
at 400, decreases on [0, %s], reaches its minimum at value at ¢t and
increases to —1 on |ta, +00[. So we have proved that ¢’ is non-positive
on t € Ry;. We conclude that for any ¢t € R, g(t) < ¢(0), which is
the right-hand member of the inequality.

Acknowledgement. This proof is due to Cherif Mamadou Moctar
Traor, University of Bamako, Mali.

6. Quick and powerfull algorithms for Gaussian probabilities

Visual Basic' " codes to compute F(z) = P(NV(0,1) < 2).

Function ProbaNormale(z As Double) As Double
Dim al As Double, a2 As Double, a3 As Double, A4 As Double
Dim A5 As Double, w As Double, W1 As Double, PO As Double

al = 0.31938153

a2 = —0.356563782
ad = 1.781477937
A4 = —1.821255978

A5 = 1.330274429
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W1 = Abs(z)

w=1/ (1 + 0.2316419 * W1)

WI = 0.39894228 x Exp(—0.5 % W1 x WI)
PO = (a3 + w x (Ad + A5 x w))

PO =w x (al +w x (a2 +w *x P0))

w

PO = W1 = PO

If z <= 0 Then
PO =1 - PO
End If

ProbaNormale = 1 — PO
End Function

Quantile Function.

The quantile function or inverse function of F/(z) = P(N(0,1) < z2) is
computed by :

Public Function inverseLoiNormal(z As Double) As Double

Dim al As Double, a2 As Double, a3 As Double, A4 As Double, A5 As Dou
Dim A6 As Double

Dim W1 As Double, w As Double, W2 As Double, Q As Double

al = 2.515517: a2 = 0.802853: a3 = 0.010328
A4 = 1.432788: A5 = 0.189269: A6 = 0.001308

If z <= 0 Then
inverseLoiNormal = —4
Exit Function
Elself z >= 1 Then
inverseLoiNormal = 4

Exit Function
End If

Q= 0.5 — Abs(z — 0.5)
w = Sqr(—2 * Log(Q))
Wl =al +w=x* (a2 + a3 x w): W2=1+4+w x (Ad +w *x (A5 + A6 x w))
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inverseLoiNormal = (w — W1 / W2) % Sgn(z — 0.5)
End Function
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