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Preface

Here are lecture notes of the course delivered at the Giessen University dur-
ing my visit as DFG guest professor (1999-2000 teaching year). The audi-
ence consisted of graduate and PhD students, as well as young researchers
in the field of nonlinear analysis, and the aim was to provide them with
a starting point to read monographs on spectral theory and mathematical
physics. According to introductory level of the course, it was required a
standard knowledge of real and complex analysis, as well as basic facts from
linear functional analysis (like the closed graph theorem). It is desired, but
not necessary, some familiarity with differential equations and distributions.
The notes contain simple examples and exercises. Sometimes we omit proofs,
or only sketch them. One can consider corresponding statements as prob-
lems (not always simple). Remark also that the second part of Section 9 is
not elementary. Here I tried to describe (frequently, even without rigorous
statements) certain points of further development. The bibliography is very
restricted. It contains few books and survey papers of general interest (with
only one exception: [9]).

It is a pleasant duty for me to thank Thomas Bartsch who initiated my
visit and the subject of course, as well as all the members of the Mathematical
Institute of Giessen University, for many interesting and fruitful discussions.
Also, I am grateful to Petra Kuhl who converted my handwritten draft into
a high quality type-setting.



1 A bit of quantum mechanics

1.1 Axioms

Quantum mechanics deals with microscopic objects like atoms, molecules,
etc. Here, as in any physical theory, we have to consider only those quantities
which may be measured (at least in principle). Otherwise, we go immediately
to a kind of scholastic. Physical quantities, values of which may be found
by means of an experiment (or measured) are called observables. It turns
out to be that in quantum mechanics it is impossible, in general, to predict
exactly the result of measurement. This result is a (real) random variable
and, in fact, quantum mechanics studies lows of distribution of such random
variables.

Now we discuss a system of axioms of quantum mechanics suggested by
J. von Neumann.

Axiom 1.1. States of a quantum system are monzero vectors of a complex
separable Hilbert space 'H, considered up to a nonzero complex factor. There
is a one-to-one correspondence between observable and linear self-adjoint op-
erators in H. In what follows we consider states as unit vectors in H.

If a is an observable, we denote by a the corresponding operator. We

say that observables aq,...,a, are simultaneously measurable if their values
may be measured up to an arbitrarily given accuracy in the same experiment.
This means that for an arbitrary state ¢ € ‘H the random variables a4, ..., a,
have a simultaneous distribution function Py (A1, ..., Ay), ie. Py(Ar, ..., \)
is a probability that the values of observables ag, . .., a,, measured in the state
1 are less or equal to Ay, ..., A\, respectively.
Axiom 1.2. Observables ay, ..., a, are simultaneously measurable if and only
if the self-adjoint operators ay, ..., a, mutually commutes. In this case

1 2 n 2
(1.1) Poseoha) = BV EY B

where E/(\k) is the spectral decomposition of unit corresponding to the operator
Qy.

It is clear that the right-hand side of (1.1) depends on the state itself, not
on representing unit vector ¢ (¢ is defined up to a complex factor ¢, |[( = 1).
Also this expression does not depend on the order of observables, since the
spectral projectors E&k) commute.

Among all observables there is one of particular importance: the energy.
Denote by H the corresponding operator. This operator is called frequently
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the (quantum) Hamiltonian, or the Schrédinger operator. It is always as-
sumed that H does not depend explicitly on time.

Axiom 1.3. There exists a one parameter group U; of unitary operators
(evolution operator) that map an initial state vy at the time t = 0 to the
state Y (t) = Uy at the time t. The operator Uy is of the form

(1.2) U, = e it

where h is the Plank constant. If 1o € D(H), the domain of H, then the
H—valued function 1(t) is differentiable and

(1.3) i %(f) = Hiy(t).

Thus, the evolution of quantum systems is completely determined by its
Hamiltonian H. Equation (1.3) is called the Schrddinger equation.

Axiom 1.4. To each non-zero vector of H it corresponds a state of quantum
system and every self-adjoint operator in 'H corresponds to an observable.

The last axiom is, in fact, too strong and sometimes one needs to weaken
it. However, for our restricted purpose this axiom is sufficient.

Now let us discuss some general consequences of the axioms. Let a be
an observable and a the corresponding self-adjoint operator with the domain
D(a). We denote by @, the mean value, or mathematical expectation, of the
observable a at the state 1.

If ¢ € D(a), then the mean value @, exists and

(1.4) ay = (A, ).

Indeed, due to the spectral theorem

@) - [ (B v)

[e.9]

However,
(E)\w7w) = (Eiw?w) = (E)\w7E)\w) = ||E)\wH2
Using (1.1), we see that

(i, 1) = / M| Exib|2 = / AP, () = .

Denote by 64a the dispersion of a at the state v, i.e. the mean value of
(a —ay)*.



The dispersion é,a exists if ) € D(a). In this case

(1.5) 50 =l — a0l

The first statement is a consequence of the spectral theorem (consider it as
an exercise). Now consider a self-adjoint operator (a — @, I)?, where [ is the
identity operator. Applying (1.4) to this operator, we have

dpa = ((a —ayl)*,v) = (@ —auD), (@ — auI)¥) = lay —ay|”.
Now we have the following important

Claim 1.5. An observable a takes at a state ¥ a definite value A with prob-
ability 1 if and only if ¥ is an eigenvector of a with the eigenvalue ).

Indeed, if a takes at ¢ the value A with probability 1, then @, = A and
6ya = 0. Hence, by (1.5), |layy — M| = 0, i. e. ayp = M. Conversely,
if ayp = Aip, then (1.4) implies that @, = (ay, ) = A(¢,¢¥) = A. Hence,
55 = lla — @2 = llaw — Alf? = 0.

Consider a particular case a = H. Assume that at the time ¢ = 0 the
state of our system is an eigenvector ¢y of H with the eigenvalue A\g. Then

U(t) = ey,

solves the Schrodinger equation. However, 1(t), differs from 1y by a scalar
factor and, hence, define the same state as 1y. Assume now that Uiy =
c(t)iyy. The function c(t) = (Upbo, 1) is continuous, while the group low
Uirs = UUs implies that c(t + s) = ¢(t)c(s). Hence, ¢(t) is an exponential
function. Therefore, it is differentiable and

o d
Huy = ZhEUt%h:o = Ao%o,

with Ag = ih %8|, .
Thus, the state of quantum system is a stationary state, i. e. it does
not depend on time, if and only if it is represented by an eigenvector of the

Hamiltonian. The equation
Hy =X\

for stationary states is called stationary Schrodinger equation.



1.2 Quantization

Let us consider a classical dynamical systems, states of which are defined
by means of (generalized) coordinates ¢, ..., q, and (generalized) impulses
P1,---,Pn. Assume that the (classical) energy of our system is defined by

n 2

Py
1.6 Hi=> 2 4 u(qr,...,q0),
(1.6) =gl

where m;, are real constants, ¢, € R,pr € R. A typical example is the
system of [ particles with a potential interaction. Here n = 3l, the number of
degrees of freedom, q3,_2, 3,1, g3 are Cartesian coordinates of rth particle,
P3r_2, P3r—1, P3r are the components of corresponding momentum, ms,_o =
Mmgr—1 = M3, is the mass of rth particle, and v(q1, g2, . . ., gn) is the potential
energy.

There is a heuristic rule of construction of corresponding quantum system
such that the classical system is, in a sense, a limit of the quantum one. As
the space of states we choose the space L?(R"™) of complex valued functions
of variables ¢1, ..., q,. To each coordinate ¢, we associate the operator ¢ of
multiplication by g

(quw)(qlv cee aQn) = ka(q1> ce >Qn)

Exercise 1.6. Let h(qi,...,q,) be a real valued measurable function. The
operator h defined by

(D) (@1, -1 @) = B, -, @) 0 (1, - - 4 ),
D(h) = {4 € L*(R") : h(q)¥(q) € L*(R™)},

is self-adjoint.
Thus, ¢ is a self-adjoint operator. We set also

. hd
Pr = ?8_%7
with o
D(px) = {¥(q) € L*(R") : 90 © L*(R™)},

where 0v/0qy, is considered in the sense of distributions.

Exercise 1.7. Show that py is a self-adjoint operator.



Now we should define the quantum Hamiltonian as a self-adjoint operator
generated by the expression

g~ 1 02
1.7 = —— —_— e Q).
( ) 9 - my, aqz +U(Q17 y g )

However, at this point some problems of mathematical nature arise. Roughly
speaking, what does it mean operator (1.7)7 It is easy to see that operator
(1.7) is well-defined on the space C§°(R™) of smooth finitely supported func-
tions and is symmetric. So, the first question is the following. Does there
exist a self-adjoint extension of operator (1.7) with C§°(R") as the domain?
If no, there is no quantum analogue of our classical system. If yes, then how
many of self-adjoint extensions do exist? In the case when there are different
self-adjoint extensions we have different quantum versions of our classical
system. In good cases we may except that there exists one and only one
self-adjoint operator generated by (1.7). It is so if the closure of H defined
first on C§°(R") is self-adjoint. In this case we say that H is essentially
self-adjoint on C§°(R™).

By means of direct calculation one can verify that the operators of im-
pulses and coordinates satisfy the following Heisenberg commutation rela-
tions

In fact, these relations are easy on C§°(R™), but there are some difficulties
connected with the rigorous sense of commutators in the case of unbounded
operators. We do not go into details here. Remark that there is essentially
one set of operators satisfying relations (1.8). In the classical mechanics
coordinates and impulses are connected by relations similar to (1.8), but
with respect to the Poisson brackets. In our (coordinate) representation
of quantum system with Hamiltonian (1.7) a state is given by a function
¥(qu, - .., qn, 2) with belongs to L*(R"™) for every fixed time ¢. Moreover,

w(qlv <o+ Qn, t) = e_%tHQMQb <oy Qn, 0)

The Schrodinger equation is now of the form

N R N

7 = —— —— +v(q1,-...,qn).
ot 2 ; my Oq; (a an)¥
The function ¥(qq, ..., qn,t) is called a wave function of the quantum sys-

tem. (The same term is used frequently for functions 9 (qy,...,q,) € L*(R")
representing states of the system).



Let Egk) be a decomposition of identity for ¢y,

Gr = / AE®.

—00

Then Eg\k) is just the operator of multiplication by the characteristic function
of the set

{o=(q- - an) ER" 1 qu <A}

Hence the simultaneous distribution of ¢, ..., q, is given by

A1 An
m(xl,...,xn):/ / (s g gy - . dg.

Therefore, the square of modulus of a wave function is exactly the
density of simultaneous distribution of ¢,...,q,. Thus, the probability
that a measurement detects values of coordinates ¢y, ..., g, in the intervals
(ay,b1), ..., (an,b,) respectively is equal to

b1 bn
/ / |1/}<Q177(Jn)|2d(1177d%
al an

We have just described the so-called coordinate representation which is, of
course, not unique. There are other representations, e. g. so-called impulse
representation (see [1] for details).

We have considered quantization of classical systems of the form (1.6).
For more general classical systems quantization rules are more complicated.
In addition, let us point out that there exist quantum systems which cannot
be obtained from classical ones by means of quantization, e.g. particles with
spin.

1.3 Heisenberg uncertainty principle

Let us consider two observables a and b, with corresponding operators a and
b. Let ¢ be a vector such that (ab — ba)y makes sense. The uncertainties of
the results of measurement of a and b in the state ¢ are just

Aa = A¢a = \/61/,(1 = Hddj - az/)¢||
b= Aub= /55 = [lows — By
‘We have

(19) Aadb > (@~ by, v)

9



Indeed, let Gy = G — @yl,by = b — byl. Then a1b; — byay = ab — ba. Hence,

(@b — ba)yy, )| = |((diby — bid )b, ¥))|
= |(d1byp,v) — (bravy, ¥)| = |(bat), drep) — (d@re), b))
= 2|Im(d1v, byp)| < 2|(dreb, brh)| < 2ld@re]]][Bref]
= 2l|ay) — a1l — bytp = 2AaAb.

We say that the observables a and b are canonically conjugate if

In this case the right hand part of (1.8) is independent of 1) and
(1.10) AaAb > h/2

It is so for the components ¢, and p; of coordinates and momenta, and, as
consequence, we get the famous Heisenberg uncertainly relations

(1.11) AppAgy > h/2.

Due to Axiom 1.2, two observables are simultaneously measurable if the
corresponding operators commute. Relation (1.11) gives us a quantitative
version of this principle. If an experiment permits us to measure the coordi-
nate g, with a high precision, then at the same experiment we can measure
the corresponding impulse p, only very roughly: the accuracies of these two
measurements are connected by (1.11).

1.4 Quantum oscillator

The classical (1-dimensional) oscillator is a particle with one degree of free-
dom which moves in the potential field of the form

The classical energy is of the form

2 2 2
m mw* 5 P mws

M, = —()? - 4 —
. 2(:v)+2x 2m+2$’

where m is the mass of the particle, and p = mz is its momentum.

10



The space of states of the quantum analogue is H = L?(R), the oper-
ators of coordinate and momentum were defined above, and the quantum
Hamiltonian H is a self-adjoint operator generated by the expression

h d*  mw?
z?

2m dax? + 2

For the sake of simplicity we set h = m = w = 1. Then

H==(—2_ 1.
2( dx? +7)
Let H be a linear subspace of L2(R) (not closed!) that consists of all functions

of the form

22

P(x)e™ 7,
where P(z) is a polynomial.

Exercise 1.8. H is dense in L*(R).

Now let us introduce the so-called operators of annihilation and birth.

1 1
A= Lo =Ly
ﬂ@w) xﬁzm

In fact, one can show that A* is the adjoint operator to A, defined on H.
However, we do not use this fact. So, one can consider A* as a single symbol.
These operators, as well as p, & and H, are well-defined on the space H and
map H into itself (verify this). As consequence, on the space H products and
commutators of all these operators are also well-defined. Verify the following
identities (on H):

(1.12) [A,A*] = 1,

1 1
(1.13) H = A'A = 51 = AX — <1,
(1.14) [H,Al— A, [H A = A

Exercise 1.9. Let 1) € H be an eigenvector of H with the eigenvalue A and
A*p # 0. Then A*y is an eigenvector of H with the eigenvalues A + 1.

11



Now let

»

x

Yo(z) =€ 2
Then )
Hpy = 51/107

and 1y € H is an eigenvector of H with the eigenvalue % (verify!). Let us
define vectors v, € H by

Vi1 = V2A™ Yy,

or

Vi = (V24" 4.
Exercise 1.10. Hi, = (k + 1)ty

Hence, 1 is an eigenvector of H with the eigenvalue (k + %) Since
U € 'H, we have

22

V() = Hy(z)e 7,

where Hy(x) are polynomials (the so-called Hermite polynomials). The func-
tions 1y are said to be Hermite functions.

Exercise 1.11. Calculate (Hy, ;) and verify that {i} is an orthogonal
systems in L*(R) (not normalized).

Exercise 1.12. Show that the system {¢} may be obtained by means of
orthogonalization of the system

N

e T,

Exercise 1.13. Verify the following identities

n _x? d" —z2
Hofz) = (~1e S emst
THy
dzn o

Hyi(x) =22H,(z) — 2nH,_1(x) .
Calculate Hy(x), Hi(z), Ho(x), H3(z) and H,(x).
Exercise 1.14. Show that {t}} is an orthogonal basis in L?(R). Moreover,

el = 2° - k7.

12



As consequence, the functions
~ x 1
V2ER\T 2k kT

form an orthonormal basis. In addition,

oS

Hy(z)e™

3 1 -
Uy = ﬁ(A )*1ho.

Since, with respect to the basis {¢}, the operator H has a diagonal form,
we can consider this operator as self-adjoint, with the domain

1

2)]2<oo}.

D(H) = { € L*(R) : Y _[(4, ) (k +

Therefore, the spectrum of H consists of simple eigenvalues (energy levels)
k+ %, kE=0,1,..., with corresponding eigenvectors (stationary states of the

oscillator) Ur. In general case, the energy levels are

1
(115) hk:hw<k:+§),k:0,1,,

with corresponding stationary states

1
Py(r) = \4/ %\/ ﬂHk-(f)e_%a

mw
S=

The last change of variable reduces general problem to the case h = m =
w = 1. Moreover, in general case we also have corresponding operators of
annihilation and birth, A and A*. Formula (1.15) means that the oscillator
may gain or loss energy by portions (quanta) multiple of hw. The minimal
possible energy level is equal to

ho = hw/g 7é 0,

where

i.e. the quantum oscillator cannot be at absolute rest. Operators A and
A*, acting on wave functions of stationary states decrease and increase, re-
spectively, the number of quanta, i.e. A* generates new quanta while A
annihilates them. This explains the names ”birth” and ”annihilation”. Fi-
nally, let point out that the picture we see in the case of quantum oscillator
is not so typical. In general, the spectrum of a quantum Hamiltonian may
contain points of continuous spectrum, not only eigenvalues.

13



2 Operators in Hilbert spaces

2.1 Preliminaries

To fix notation, we recall that a Hilbert space H is a complex linear space
equipped with an inner product (f, g) € C such that

(f.9.) = (9, /),
()\7f1 + )\2f27g) - )‘1<f1>g) + )‘2<f2>g)7
(£, A 91+ Xog2) = Mi(f, g1) + Xa(f 92),

where A1, A\ € C and " stands for complex conjugation,

(f.f)>0,f€eH,

(f,f)=0iff f=0. Such inner product defines a norm

LFIl = (f, )"

and, by definition, H is complete with respect to this norm.

Exercise 2.1. Prove the following polarization identity

(F.9) = +9.f+9)~(F~0.f )
for every f,g € H.

Let ‘H; and Hs be two Hilbert spaces. By definition, a linear operator
A :'Hi — Hs is a couple of two objects:

- a linear (not necessary dense, or closed) subspace D(A) C ‘H; which is
called the domain of A;

- a linear map A : D(A) — Ha.
We use the following notations

ker A={f e D(A): Af =0},
imA={geHs:9=Af,f € DA}

for kernel and image of A respectively. (Distinguish im A and ImA, the
imaginary part of a complex number.)

14



The operator A is said to be bounded (or continuous), if there exists a
constant C' > 0 such that

(2.1) [AfIF< ClIfI f € D(A).
The norm ||A]| of A is defined as the minimal possible C' in (2.1), or

A
(2.2) A= sup LA

sepayrzo ILfI

In this case A can be extended by continuity to the closure D(A) of D(A).
Usually, we deal with operators defined on dense domains, i.e. D(A) = H;.
If such an operator is bounded, we consider it to be defined on the whole
space H;.

If ker A = {0}, we define the inverse operator A~! : Hy — H; in the
following way: D(A™!) = im A and for every g € im A we set A~lg = f,
where f € D(A) is a (uniquely defined) vector such that g = Af.

Let A: H; — Hy and B : Hy — Hs be linear operators. Their product
(or composition) BA : Hy — Hs is defined by

D(BA) = {f € D(A) : Af € D(B)},(BA)f = B(Af), f € D(BA).

Certainly, it is possible that im AN D(B) = {0}. In this case D(BA) = {0}.
The sum of A : Hy — Hy and Ay : ‘Hi — Hs is an operator A; + A, :
‘H, — Hy defined by

D(A; 4+ As) = D(A;) N D(A,),
(AL + Ao f = ALf + Aof.

Again, the case D(A; + Ay) = {0} is possible.
Let A : Hy — Haz be a linear operator. By definition the graph G(A) of A
is a linear subspace of H; @ Hz consisting of all vectors of the form {f, Af},

f e D(A).

Exercise 2.2. A linear subspace of H; & Hs is the graph of a linear operator
if it does not contain vectors of the form {0, g} with g # 0.

A linear operator A : Hy; — Hy is said to be closed if its graph G(A)
is a closed subspace of H; x Hy. A is called closable if G(A) is the graph
of some operator A. In this case A is called the closure of A. Equivalently,
A Hy — Hy is closed if f,, € D(A), f, — fin H; and Af, — g in H
imply f € D(A) and Af = g. A is closable if f,, € D(A), f, — 0in H; and
Af, — g in Hy imply g = 0.

Now let us list some simple properties of such operators.

15



e FEvery bounded operator A is closable. Such an operator is closed pro-
vided D(A) is closed.

o [f A is closed, then ker A is a closed subspace of H;.
o If A is closed and ker A = 0, then A~! is a closed operator.

Let Ay, As : H1 — Hs be two linear operators. We say that A, is an extension
of Al (11’1 symbols Al C_Ag) if D(Al) C D(Ag) and Agf = Alf, f S D(Al)
Obviously, the closure A of A (if it exists) is an extension of A.

2.2 Symmetric and self-adjoint operators

First, let us recall the notion of adjoint operator. Let A : H;y — Hs be a
linear operator such that D(A) = H; (important assumption!). The adjoint
operator A* : Hy — H; is defined as follows. The domain D(A*) of A*

consists of all vectors g € Hy with the following property:
there exists g* € Hi such that (Af,q9) = (f,9") Vf € D(A).

Since D(A) is dense in H;, the vector g* is uniquely defined, and we set
Ag=g
In particular, we have

(Af,g) = (f,A%g), f € D(A),g € D(A").

Evidently, g € D(A*) iff the linear functional [(f) = (Af,g) defined on
D(A) is continuous. Indeed, in this case on can extend [ to D(A) = H; by
continuity. Then, by the Riesz theorem, we have I(f) = (Af,g) = (f,g") for
some g* € H;.

Let us point out that the operation * of passage to the adjoint operator
reverses arrows: if A : H; — Ha, then A* : Hy — H;. In the language of the
theory of categories this means that * is a contravariant functor.

Now we list a few simple properties of adjoint operators.
o [f Ay C Ay, then A5 C Aj.

o If A is bounded and D(A) = Hy, then D(Ay) = Ha and A* is bounded.
Moreover, ||A*|| = || A]l.

e For every linear operator A, with D(A) = Hy, A* is a closed operator.
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If F is a linear subspace of H, we denote by E+ the orthogonal comple-
ment of F, i.e.

Et={geM:(f,g)=0Vf€E}
Evidently, E+ is a closed subspace of H, and E+ = (E)*.
Exercise 2.3. (i) ker A* = (im A)*.

(ii) Operators (A*)~' and (A™1)* exist iff ker A = {0} and im A is dense in
Ho.

(iii) In the last case, (A*)™t = (A71)*.

Proposition 2.4. D(A*) is dense in Hy iff A is closable. In this case A =

Proof. By definition of H; & Ha,

{fr, 01} f2, 92}) = (1, f2) + (91, 92)-

Now we have easily that {g,¢*} € G(A4*) iff {¢g*, —g} L G(A) (prove!). This
means that the vectors {A*g, —¢g} form the orthogonal complement of G(A).
Hence, G(A) is the orthogonal complement to the space of all vectors of the
form {A*g,—g}.

The space D(A*) is not dense in Hs if and only if there exists a vector
h € Hs such that h # 0 and h L D(A*), or, which is the same, {0,h} L
{A;, —g} for all g € D(A*). The last means that {0,h} € G(4), i.e. G(A)
cannot be a graph of an operator and, hence, A is not closable.
__ The last statement of the proposition is an exercise. (Hint: G(A™)

G(A)).

(Il

Now we will consider operators acting in the same Hilbert space H(H =
Hi = Hz). Let A:"H — H be an operator with dense domain, D(A) = H.
We say that A is symmetric if A C A*, i.e.

(Af,9) = (f,Ag) Vf,g€ D(A).

First, we remark that every symmetric operator is closable. Indeed, we have

G(A) C G(A*). Since A* is closed, (ie. G(A*) = G(A*)), we see that
G(A) C G(A*) = G(A*). Hence, G(A) does not contain any vector of the
form {0,h},h # 0. Therefore, G(A) is the graph of an operator. It is easy
to see that the closure A of symmetric operator A is a symmetric operator.

An operator A : H — H is said to be self-adjoint if A = A*. If A is self-
adjoint, we say that A is essentially self-adjoint. Each self-adjoint operator
is obviously closed. If A is self-adjoint and there exists A~!, then A~! is

self-adjoint. Indeed, (A™1)* = (A*)~!' = AL
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Proposition 2.5. A closed symmetric operator A is self-adjoint if and only
if A* is symmetric.

Proof. We prove the first statement only. If A is closed, then, due to Proposi-
tion 2.4, A** = A. Since A* is symmetric, we have A* C A*x = A. However,
A itself is symmetric: A C A*. Hence, A C A* C A and we conclude. O

Exercise 2.6. An operator A with the dense domain is essentially self-adjoint
if and only if A* and A** are well-defined, and A* = A**.

Theorem 2.7. An operator A such that D(A) = H is essentially self-adjoint
iff there is one and only one self-adjoint extension of A.

The proof is not trivial and based on the theory of extension of symmetric

operators. It can be found, e.g., in [8].

2.3 Examples

We consider now a few examples.

Example 2.8. Let J be an interval of real line, not necessary finite and a(z)
a real valued measurable function which is finite almost everywhere. Let A
be the operator of multiplication by a(x) defined by

D(A) ={f e L*(J) :af € L*(J)},
(Af)(x) = a(z) f(z).

Then A is a self-adjoint operator. To verify this let us first prove that D(A) =
L*(J). Let g € L*(J) be a function such that

/fgd:c =0 VYfe D).
J
We show that g = 0. With this aim, given N > 0 we consider the set
Jy={x € J:|a(z)] < N}.
Since a(x) is finite almost everywhere, we have
meas(J \ US_;Jny) = 0.

Hence, it suffices to prove that g|;, = 0 for all integer N. Let xn be the
characteristic function of Jy, i.e. xy =1 on Jy and yy =0 on J\ Jy. For

every f € L?(J) we set fy = xn/f.
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Then, obviously, fy € L*(J) and afy € L?(J). Therefore, for all f €
L*(J) we have

fodx = /ngdx = 0.
I J

If we take here f = g, we get

/ ggdz = | |gPdz =0,
JN JN

and, hence, g = 0 on Jy.
Now, let g € D(A*), i.e. there exists g* € L?(J) such that

/afﬁd:v:/ffdx Vf e D(A).
J J

If we take as f an arbitrary function in L?(.J) vanishing outside Jy, we see as
above that ag = g* almost everywhere, i.e. g € D(A). Hence, D(A*) = D(A)
and A*g = Ag, i.e. A= A*.

To consider next examples we need some information on weak derivatives
(see, e.g., [6], [8]). Let f € L*(J). Recall that a function g € L*(J) is said
to be the weak derivative of f if

(2.3) /Jg@da: = —/Jf@’d:c Vo € C5°(J).

In this case we write g = f’. For any integer m we set H™(J) = {f € L*(J) :
f® € L2(J),k=1,...,m}. Endowed with the norm

1 llazm = QPP 7)1
k=0

this is a Hilbert space. One can prove that the expression

(L1172 + 17 1Z) 2

defines an equivalent norm in H™. We have also to point out the following
properties:

(i) f e H™(J)iff f € LA(J)NC(J), is continuously differentiable up to or-
derm—1, f™ exists almost everywhere, and f'™ € L*(J). Moreover,
in this case all the functions f, f',..., f™ 1 are absolutely continuous.
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(ii) For f,g,€ H(J) the following formula (integration by parts) holds
true:

(2.4) /t Fody — f(tQ)g(tQ)—f(tl)g(tl)—/t CPladnityty € Jty <t

(iii) In the case of unbounded J, if f € H*(J), then lim, ., f(z) = 0.

Let us recall that a function f(x) is said to be absolutely continuous if, for
every € > 0 there exists 6 > 0 such that

D IFB) = flay)| <,

whenever (a1, £1), .. ., (ag, Bx) is a finite family of intervals with > (8;—«;) <
5.

Example 2.9. Operator id/dx on real line. Define an operator By in the
following way:
df
(Bof)(z) = i
This operator is symmetric. Directly from definition of weak derivative we
see that D(Bg) = H'(R) and

(Big)w) = 1529 € D(B;).

Moreover, properties (i) and (iii) above imply that B is self-adjoint. Now
we prove that the closure B = B, of By coincides with Bj. To end this it
suffices to show that for any f € D(B;) = H'(R) there exists a sequence
fn € C(R) such that f,, — f in L*(R) and f, — f"in L*(R), i.e. f, — f
in H'(R). This is well-known, but let us to explain briefly the proof. Choose
a function x,, € C§°(R) such that y, = 1if |[z| < N, xy =0if |z| > N + 1,
and |xy(z)] < C (independently of N). Then cut off f: set fy = xnf. We
have fy — f in H'(R). So, we can assume that f = 0 outside a compact
set. Now choose an even function ¢ € C§°(R) such that p(z) > 0, ¢(z) =0,

if |x| > 1,
/gp(m)daj =1
R

and set o (z) = e 1p(z/€). Let

fila) = / oula — ) f(y)dy.

20



One can easily verify that f. € C5°(R) and (f). = (f.)’. From this one can
deduce that f. — f in HY(R), i.e. fo — fin L*(R) and f/ — f" in L?(R).
Thus, B = B} is a self-adjoint operator.

Remark 2.10. Let F' be the Fourier transform
1 .
_ —iz€
(FINE) = Gz | S@)e .

It is well-known that F' is a bounded operator in L*(R). Moreover, F' is
a unitary operator, i.e. F has a bounded inverse operator F~! defined on
L*(R) and

(Ff,Fg)=(f.9), VYf.g€LR).
In fact,

(F'h)(e) = oy [ MEede

One can verify, that
(2.5) B=F'AF.

In particular, FD(B) = D(A). Equation (2.5) means that the operators A
and B are unitary equivalent.

Example 2.11. Operator id/dz on a half-line. Let By be the operator id/ix
in L?(RT), where Rt = {x € R : z > 0}, with D(By) = C°(R"). As in
Example 2.9, B} is id/dx, with D(Bg) = H'(RT). On the other hand, By is
id/dx, with

D(B,) = {f € H'(R") : f(0) = 0} = Hy(R").

Indeed, it is easy that D(By) C H}(R*). Now, a function f € H}(R")
can be considered as a member of H'(R): extend f to the whole R by 0.
If we set f(z) = f(x — ¢€), we see that f. — f in H'(R"). Therefore, to
show that each f € H}(R™T) belongs to D(By), we can assume without loss
of generality that f vanishes in a neighborhood of 0. Now we may repeat the
same cut-off and averaging arguments as in Example 2.9. We also see that
By and By are symmetric operators. Since By = By* # By = (Bo)*, By is
not self-adjoint and By is not essentially self-adjoint. Moreover, By has no
self-adjoint extension at all. Indeed, if C'is an extension of By, then

D(By) = Hy(R") € D(C) C D(B}) = H'(R").
However,
dim H'(R*)/H)(R') =1
(prove!) and, hence, D(C) = H}(RT) or H'(R*). i.e. C = By or C = B}.
Both these operators are not self-adjoint.
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Example 2.12. Operator —d?/dz? on real line. Consider an operator Hy in
L*(R) defined as —d?/dz?, with D(Hy) = C§°(R). Then Hg is —d?/dx?, with
D(H;) = H*(R). Moreover, H = Hy = H} is a self-adjoint operator, and
H, is essentially self-adjoint. This can be shown, basically, along the same
lines as in Example 2.9.

Example 2.13. Operator —d?/dz? on a half-line. Let Ho i be —d?/da?,
with D(Homin) = C§°(R™). This operator is symmetric. (Homin)* = Hmax 1S
just —d?/dz?, with the domain H?*(R"), while Hyyy, = Ho min is the operator
—d?/dz?, with the domain

D(Huin) = Hy(R) = {f € H*(R") : f(0) = f'(0) = 0}.

[We use such notation, since H;, is the minimal closed operator gen-
erated by —d?/dz?, while Hyax is the maximal one]. Hp, is a symmetric
operator. Now we define Hy as —d?/dx?, with the domain D(H,) consisting
of all functions f € C? (@Jr) such that f(0) = 0 and f(x) = 0 for z sufficiently
large. Prove that

D(H;y) ={f € H*([R"): f(0) = 0}
d*f
12
Moreover, H is self-adjoint and H = Hy = H;. Therefore, H is a self-adjoint
operator and Hj essentially self-adjoint.

Certainly, Hy;, C H C Hpay, and the next problem is to find all self-

adjoint extensions of H,,. It turns out to be (this is an exercise) that every
self-adjoint extension of Hyy, is of the form Hy, ¢ = €' € C, where

D(H) ={f € H(R") : cos g - f(0) +sing - f(0) = 0},

o =-21
dz

Hint: the domain of any such extension lies between HZ(RT) and H!(R™).

On the other hand, the rule f — {f(0), f/(0)} defines an isomorphism of

H?(RT)/HZ(R') onto C?. This means that all such extensions form, or are
parametrized by, the unit circle in C.

H'f =22, f € D(H}).

f € D(H)).

Example 2.14. Let us define an operator By in L?*(0,1) as id/dz, with
D(Bo) = Hy(0,1) = {f € H'(0,1) : f(0) = f(1) = 0}.

Then By is symmetric and Bg is again id/dz with D(Bg) = H'(0,1). Every
self-adjoint extension of By is of the form B, ¢ € C, [(| = 1, where

D(By) ={f € H'(0,1) : f(1) = f(0)},
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and B = id/dxz on this domain. All such extensions again form the unit
circle in C.

Example 2.15. Let H be the operator —d?/dz? in L*(0,1), with
D(H) = H*(0,1) 1 H}(0,1) = £ € H*(0,1) - F(0) = (1) = 0}.

This operator is self-adjoint (prove!)

2.4 Resolvent

Let A : H — H be a linear operator. We say that z € C belongs to the
resolvent set of A if there exists the operator R, = (A — 2I)~! which is
bounded and D(R,) = H. The operator function R, is called the resolvent
of A. The complement of the resolvent set is called the spectrum, o(A), of
A.

If A is a closed operator, and z ¢ o(A), then D(R,) = H, since R, is
closed. One can verify that the resolvent set is open. Hence, o(A) is closed.
Moreover, R, is an analytic operator function of z on the resolvent set.

Remark 2.16. There are various equivalent definitions of analytic operator
functions. The simplest one is the following. An operator valued function
B(z) defined on an open subset of C is said to be analytic if each its value is a
bounded operator and for every f, g € H a scalar valued function (B(z)f, g)
is analytic.

For z,2' € C\ o(A), the following Hilbert identity
(2.6) R.— R, =(z—2)R.R.
holds true.

Proof.
Rz — Rz/ = RZ(A — Z/ )Rzl — Rzl
=R,[(A—2zI)+ (2 — 2)I|R, — R,
= [[ -+ (Z — Z/)RZ]RZ/ — R,
= (z — 2 )R.R..

Let us introduce the following notations:

Ct={z€eC: Imz >0}
C ={ze€C: Imz<0}.

We have C = CT UR U C~, where R is considered as the real axis.
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Proposition 2.17. Suppose A to be a self-adjoint operator. The o(A) C R
and the resolvent set contains both C* and C~. If z € CtUC™, then Rt = Rs.
Moreover,

(2.7) IR < [Imz| ™.

Proof. Let us calculate ||(A — zI)f||?, where f € D(A), z = z + 1y, y # 0.
We have

I(A==2D)f|* = (A= 2D)f, (A= =D)f)
(A=) f —iyf,(A=zl)f —iyf)
1A = 2D) fII* + 2| FII*.

This implies that

1A= =D fII* > 21 1"
From the last inequality it follows that (A — zI) has a bounded inverse
operator and

I(A—=2D)7H < 1/]yl.
Now let us prove that (A — Iz)~! is everywhere defined. Indeed,
(2.8) (A=zI)=A"—Z[ =A—-ZI.
Next,
[im(A — 2I)I]* = ker(A — zI) = {0}.

Hence, im(A — zI) = D((A — 2I)™') is dense in H. However, the operator
(A — 2I)7! is bounded and closed. Therefore, D((A — zI)~!) = H.

The identity Rf = R; follows from (2.6) and the identity (B~')* =
(BY)1. 0

A self-adjoint operator A is said to be positive (resp. non-negative) if
there is a constant a > 0 such that

(Af.f) = alfI*, Vfe D(A)

(resp., if (Af,f) >0 Vf e D(A)). In symbols A > 0 and A > 0, respec-
tively.

Exercise 2.18. If A > 0 (resp., A > 0), then o(A) C (0,400) (resp.,
o(A) C [0, +00)).

Exercise 2.19. (i) For the operator H defined in Example 2.4 (or in Ex-
ample 2.5), prove that H > 0.

(ii) Let H be the operator of Example 2.15. Prove that H > 0.

For more details we refer to [8] and [12].
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3 Spectral theorem of self-adjoint operators

3.1 Diagonalization of self-adjoint operators

In Example 2.1 we have shown that operators of multiplication by a measur-
able (almost everywhere finite) functions are self-adjoint. It was also pointed
out (Remark 2.1) that the self-adjoint operator in L?(R) generated by id/dx
is unitary equivalent to the operator of multiplication by the independent
variable z, i.e. it is essentially of the same form as in Example 2.1.

Let us now look at an extremely simple situation, the case when H is
finite dimensional, dim’H = n < oo. We recall that in this case each linear
operator is bounded and everywhere defined, provided it is densely defined.
If A is a self-adjoint operator in H, then, as it is well-known, there exists

a complete orthogonal system {ej,...,e,} of normalized eigenvectors, with
corresponding eigenvalues A1, ..., A, € R. Denote be £ a linear space of all
functions f : {1,...,n} — C. Endowed with the natural inner product, & is

a Hilbert space. Denote by b(k) the function b(k) = Ay, k = 1,...,n, and by
B the corresponding multiplication operator:

(Bf)(k) = b(k)f(k), k= 1,...,n.

It is easy that B is a self-adjoint operator in £. Let us also define an operator
U:H— &, letting

(Uej)(k) = jk,j,k]: 1,...,n,

where 6, is the Kronecker symbol. It is a simple exercise that U is a unitary

operator and
A=U"'BU.

Therefore, each self-adjoint operator in an finite dimensional Hilbert space
is unitary equivalent to an operator of multiplication.

In fact, there is something similar for general self-adjoint operators. To
formulate corresponding result rigorously, let us recall some basic notions
from measure theory. A measure space is a triple (M, F, p), where M is a
set, F is a o-algebra of subsets of M, and p : F — R U {oo} is a measure
on M. Further, one says that a collection F of subsets is a o-algebra if it is
closed with respect to complements and countable unions (hence, countable
intersections), and, in addition, ) € F (hence, M € F). A measure on M is
a nonnegative function on F, with values in R U {oco}, which is o-additive,

B u(UXL) = 3 (X,
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where {X,} is at most countable family of mutually disjoint members of F.
Moreover, u(f)) = 0. A real-valued function f on M is said to be measurable
if it is finite almost everywhere, i.e. outside a set of measure 0, and every

sublevel set
{meM: f(m) <AL AeR,

is measurable, i.e. belongs to F'. A complex valued function is measurable if
both its real and imaginary parts are measurable. On a measurable space one
develops integration theory, like Lebesgue’s theory. Particularly, the space
L*(M, dy) is well-defined. This space consists of all complex valued functions
with square integrable modulus. Any two such functions are considered to
be equal if they may differ only on a set of measure 0. Endowed with the
natural inner product

(f.9) = /M £ (m)g(m)du(m),

L*(M, p1) becomes a Hilbert space.

Proposition 3.1. Let a(m) be a real-valued measurable function on M, A
an operator of multiplication by a(m) with

D(A) = {f € L*(M,dp) : a(m) f(m) € L*(M, dp)}.
Then A is a self-adjoint operator.
Proof. Repeat the arguments of Example 2.1 O
Now we formulate, without proof, the following

Theorem 3.2. Let A be a self-adjoint operator in a Hilbert space. Then there
exist a measure space M, with measure o, a real-valued measurable function
a(m) on M, and a unitary operator U from H onto L*(M, o) such that

(i) f € D(A) iff f € H and a(m)(Uf)(m) € L*(M,0);
(ii) for every f € D(A) we have
(UAf)(m) = a(m)(U f)(m).

This means that

A=U"1aU.
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See, e.g., [1], [8] and [12] for proofs.

In the case of separable H, one can choose M, o, and a(m) in the following
manner. The space M is a union of finite, or countable, number of straight
lines I; of the form

lj={(z,y) eR* 1y = j}.
On each such line it is given a monotone decreasing function o; having fi-
nite limits at +o0o0 and —oo. The function o; defines the Lebesgue-Stieltjes
measure do; on [;. We always assume that o is right-continuous, i.e. o;(k+
0,7) = 0;(z,j). [For every interval A = {(z,j) : @ < z < g} C l; we have
doj(A) = 0j(8) — 0;(a)]. By definition, a set B C M is measurable iff each
B N; is measurable, and in this case

do(B) =Y do;(BNl;).
The function a(m) is now
a(m) =z,m = (z,7).
We also have the following orthogonal direct decomposition
L*(M, o) = ®L*(l;,do;).

It must be pointed out that the measurable space (M, do) is not uniquely
determined and, therefore, is not an invariant of a self-adjoint operator.

Example 3.3. Consider again the operator of multiplication by = in L*(R).
It is not exactly of the form described after Theorem 3.1. To obtain that
one, we consider M = Ul; and define o; by

0 ifx<jy
oGa)={e—j  Hweljj+l]
1 ite>j5+1.

With respect to do;, the sets (—oo, j| and [j + 1, +o0] in [; have measure 0.
Therefore, L?(l;,do;) ~ L*(j,7 + 1). Now we see that

L*(R) ~ @L*(lj, doy) ~ ®L*(j,j + 1),

where the isomorphism is defined by f — {f]|};j+1}jez- In both these spaces
our operator acts as multiplication by .
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3.2 Spectral decomposition

Now we describe the so-called spectral decomposition of a self-adjoint op-
erator A. We start with a construction of corresponding decomposition of
identity. By Theorem 2.1, A = U 'aU, where U : H — L*(Mo) is a unitary
operator and a(m) is a real valued measurable function on M. Let us denote
by xx = xa(m) the characteristic function of the set

My ={me M :alm) <A},
ie. xo =1 on M, and x, = 0 on M \ M,. Define operators E), A € R,
acting in ‘H by
(3.1) E\=U"'\\U.

Here and subsequently, we do not make notational distinction between func-
tion and corresponding operators of multiplication. All the operators F), are
bounded and || E,|| < 1. We collect certain properties of the family E) which
is called decomposition of identity. All these properties are unitary invariant,
and we can (and will) assume that A = a. Certainly, every time such unitary
invariance should be verified, but this is a simple thing.

Proposition 3.4. The operator Ey is an orthogonal (=self-adjoint) projector

Proof. Since y, is real valued, E) is self-adjoint. Since x3 = x,, we have
FE? = E). Hence, E, is a projector. Being realized in L?*(M), E\ projects
L?(M) onto a subspace of functions vanishing on M \ M, along a subspace
of functions vanishing on M,. Each of these two subspaces is an orthogonal
complement to another one. O

The next property is a kind of monotonicity of Fj.
Proposition 3.5.
(Z) E)\Eu = EHE)\ = E)\ Zf/\ S M-

(ii) For every f € H the function (Exf, f) = |[Exf]|? is monotone increas-
mng.

Proof. 1t is easily seen that xxX, = XuXx = Xa, A < p. This proves (i).
Since Ey = E} and FE), is self-adjoint, (E\f, f) = (EAf, f) = (Exf, Exf) =
||E)\f||2 Next,

afl?= [ f(m)do(m),
My

and this formula trivially implies (ii). O
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Proposition 3.6. E) is right-continuous (Ex,o = E)) in the strong operator
topology, i.e.

(3.2) im [ Bayef = Exgll = 0.
Proof. Let us first prove (3.2) for f € L, the space of bounded measurable

functions vanishing outside a set of finite measure. For such a function f let
S ={m: f(m) > 0} (this set has a finite measure). Now

|Exsef — Erf|l? = / (trse — X2 Pdor(m)

_ / o ()
< Co((SN Myge) \ (SN My)).

Since
() (SN Myye,) = SN M,
€ >0
Ek—>0

we have

limo((S N M)\ (SNM,))=0.

Thus, for f € L, (3.2) is proved. For f € H, let us take fr € £ such that
6 = ||f — fxl| — 0. Then we have (recall that ||Ey|| < 1)

[Exief — Exfll < [[(Exse — Ex)fill + [[(Exye — EX)(f = fi)ll
SN (Exve — Ex) fill + [ Exee(f = fe)ll + 1S = fi)ll
< N(Exge — Ex) fill fe +2[1f = fell = (Exe — Ex) frl| + 265

This is enough (let first € — 0 and then k£ — 00). O
Proposition 3.7. lim,_,_ . F)\ =0, limy_ o, F\ = I in the strong operator
topology.

Proof. Similar to that of Proposition 3.3. O

Proposition 3.8. Let A = (A, \2)(A1 < \2) and E(A) = E\, — E\,. Then
E(AYH C D(A), A|[E(A)YH] C E(A)H and

(3-3) ML) (A ) < M(f.f), feEAR.
Moreover, for f € E(A)H
(3.4) [(A=ADfI < o= M[-[fl, AeA.
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Remark 3.9. The last inequality means that , for A small, elements from
E(A)H are almost eigenvectors of A, with an eigenvalue A € A. Certainly,
it is not trivial only in the case F(A) # 0.

Proof. xx, — X, vanishes outside M,, \ M,,. On the last set a(m) is bounded
(pinched between A; and Ap). Hence (x», — xa,)f € D(A) for every f €
L*(M). Next, f € E(A)YH iff f =0 outside M,, \ M,,, and we have easily

M /M o lipastm) < /M Ao (m)

<o / |Fdo(m),
My, \My,

which implies (3.3). In a similar way one can prove (3.4). O

Proposition 3.10. f € D(A) if and only if

/ T Nd(B f) = / N By < oo

—00

Moreover, for f € D(A) the last integral coincides with ||Af]|* and

(35 Af= [ M),
where the last integral is the limit in 'H
B
lim M(E\f),
B e

while the integral over a finite interval is the limit of its integral sums (in the

norm of H).

Proof. First, let us recall what does it mean

B
/ S(N)dB(N),

where ¢ is continuous, # is monotone increasing and right-continuous. Given
a partition 7 of (a,b] by points A\; < Ay < ... < Ay1 = 0 (Mo = @), we
choose &; € (A, A\i+1) and set

IVl = m?X()\z‘H — ).

30



Then

B
| etas hmZm A1) — B0V,

/V (BExf, f) = /v /:L’)\ (m)do(m)

- / \d M|f<m)!2da(m)
— lim Zg}/ | £ (m) 2do(m)

We have

|v|—0 M>‘i+1\M)‘1
= lim h2(m)|f(m)|*do(m),
V=0 J Mg\ M,

where h,(m) =& on My,,, \ M,,. Since
0 < h2(m) < max(a?, %) =

then h2(m)|f(m)|* is bounded above by an integrable function C'|f(m)?| on
M3\ M,. Obviously, h,(m) — a(m) almost everywhere on Mz \ M,. By the

dominated convergence theorem, we have

8
[ xvaEsn= [ | am 1)),

Passing to the limit as @« — —oo and 3 — +o0, we get

| vaEs.s) = [ atmplsm)Pdom) = AP
—o0 M
Now an integral sum for the right-hand part of (3.5) is

Y &l (m) = xa (m)] f(m) = hy(m) f(m),m € Mg\ Ma,

and vanishes outside Mgz \ M,. Hence,

/M (X5 — Xa)a(m) £(m) — (x5 — Xa)ho (m) £ (m) 2o ()
- /M ., Jatom) = pofom) Pl o) m).
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As above, we see that the last integral tends to 0. Therefore

I}
(g — Xa)af = / A(E ).

Letting o« — —o0, # — +00, we conclude. O

A family FE) satisfying the properties listed in Propositions 3.1 - 3.6 is
called a decomposition of identity corresponding to a given self-adjoint op-
erator A. We proved its existence. Remark without proof that given a
self-adjoint operator there is only one decomposition of identity.

3.3 Functional calculus

Let (M), A € R, be a function which is measurable (and almost everywhere
finite) with respect to the measure d(E, f, f) for each f € H. Let M, do, a(m)
and U diagonalize A. Then ¢(a(m)) is measurable. By definition,

p(A) = U p(a(m))U

Proposition 3.11.

D(p(4) {feH/ NPA(ES, f) < o).

Moreover, for every f € D(p(A)) and g € H
(A5.9) = [ eOVd(E:f.g).

Since the proof makes use the same kind of arguments as in section 3.2,
we omit it. Due to this proposition, the operator ¢(A) is well-defined: it
does not depend on a choice of M, do,a(m) and U. The following statement
is easy to prove by means of diagonalization.

Proposition 3.12.
(i) If () is bounded, then p(A) is a bounded operator.
(i

i)
(iii) If |p(N)| = 1, then p(A) is a unitary operator.
) ¥

( ) <A> = <901902>(A)-

If p(N) is real valued, then p(A) is a self-adjoint operator.

(iv
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Remark 3.13. If A is bounded, then (1 + ¢2)(A4) = ¢1(A) + p2(A). For
unbounded A the situation is more complicated. Take p1(A) = A\ @pa(N) =
—X. Then (o1 + 2)(A) = 0, with the domain H, while ¢;(A) + p2(A) is the
same operator, but considered only on D(A) # H.

Proposition 3.14. A\ € R\ o(A) if and only if E does not depend on X in
a neighborhood of \g. In other words, o(A) is exactly the set of increasing of
E,.

Proof. Let Ay € R\ 0(A). We know that the resolvent set is open and
R, depends continuously on A. Therefore, there exists ¢ > 0 such that
(Mo — 6, o+€)Nao(A) =0 and ||Ry|]| < C for |A — | < e. (Pass to the
diagonalization M, a(m),...). Evidently, R,, if exists, must coincide with
multiplication by 1/(a(m)—X\). Recall now that the operator of multiplication
by, say, b(m) is bounded if b(m) is essentially bounded, and the norm of this
operator is exactly ess sup|b(m)|. Hence,

ess sup <C A€ (N — €, +€).

ja(m) = Al
This implies directly that the set a=!(A\g—¢, Ag+¢) is of measure 0. Therefore,
due to construction of Ey, E\ = const for A € (A\g — €, \g + €). The converse
statement is almost trivial. If E\ = const on (A\g — €, A\g + €], then X, —
Xro—e = 0 almost everywhere, i.e. a™'((Ag — €, Ao + €]) is of measure 0.
Therefore, 1/[a(m) — Ao| is essentially bounded. O

Exercise 3.15. Let E),_¢ # E),. Then there exists an eigenvector of A with
the eigenvalue \g. If, in addition, Ey\ = E\,—¢ for A\ — A > 0 small enough,
and E) = E), for A\— Xy > 0 small, then P\, = E), — E\,—o is the orthogonal
projector onto the subspace of all eigenvectors with eigenvalue .

Now let ¢(A) = @¢(A) = exp(itA). Then, due to Proposition 3.12 U; =
exp(itA) is a unitary operator. Moreover,

Ut+s = UtUsv t: ERS R?
Up=1

Exercise 3.16. Prove that U, is a strongly continuous family of operators,
i.e. for every f € H the function U, f of t is continuous.

In other words, operators U, form a strongly continuous group of unitary
operators.
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Exercise 3.17. The derivative

d 1
%(Utf)‘tzo = %1_{% ;(Utf - f)

exists if and only if f € D(A). In this case the derivative is equal to iAf.

Exercise 3.18. Prove that for all t € R

d
%Utf =iAUf, f € D(A).
The last means that U; is the so-called evolution operator for the Schro-

dinger equation
CZZ—Q; = iAu,
since, for f € D(A), the function u(t) = U, f is a solution of the last equation
with the Cauchy data u(0) = f.
Remarkably, that the famous Stone theorem states: if U, is a strongly
continuous group of unitary operators, then there exists a self-adjoint oper-
ator A such that U; = exp(itA). The operator A is called the generator of

Us.
Exercise 3.19. In L?(R) consider a family of operators U; defined by

Uf)(@) = flz—1t), fe€L*R).

Prove that U; is a strongly continuous group of unitary operators and find
its generator.

3.4 Classification of spectrum

Let do be a finite Lebesgue-Stieltjes measure generated by a bounded mono-
tone increasing function o. Then [11] it may be decomposed as

(3.6) do = dog. + dog. + doy,

where do,. is absolutely continuous with respect to the Lebesgue measure,
dos. is purely singular, i.e. its support has Lebesgue measure 0 and at the
same time do,. has no points of positive measure, and do, is a purely point
measure. The last means that there are countably many atoms (points of
positive measure with respect to do,) and the measure of any set is equal
to the sum of measures of atoms contained in this set. On the level of
distribution function o, we have

0 = 0gc+ Ogc + Op.
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Here o,. is a monotone absolutely continuous function, o, is a monotone con-
tinuous function, whose derivative vanishes almost everywhere with respect
to the Lebesgue measure, and o, is a function of jumps:

op(z) = Z aj,

T <T

where {z;} a countable set of points, a; > 0 and ) o; < 0.
Now we introduce the following subspaces:

H, ={f € H:d(E\f, f) is a purely point measure} ,
Hoe = {f € H:d(E\f, f) is absolutely continuous} ,
Hse = {f € H:d(E\f, f) is purely singular} .

It turns out that these subspaces are orthogonal, invariant with respect to A
and

H — Hp @Hac ®HSC'

The spectra of the parts of A in the spaces 'H,, H,. and H,. are called pure
point spectrum o,(A), absolutely continuous spectrum o,.(A) and singular
spectrum o.(A), respectively. If, for example, Hs. = {0}, we say that A has
no singular spectrum and write o,.(A) = (), etc. See [8], [1] for details.
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4 Compact operators and the Hilbert-Schmidt
theorem

4.1 Preliminaries

First, let us recall several properties of bounded operators. The set L(H)
of all bounded operators is a Banach space with respect to the operator
norm ||A||. In L(H) there is an additional operation, the multiplication of

operators, such that
IAB| < [|All[|B]|-

Another way to express this is to say that L(H) is a Banach algebra (not
commutative!). Moreover, passage to the adjoint operator, A — A* is an
anti-linear involution (A** = A) and

A" = 1]l

(prove this). In other words, L(H) is a Banach algebra with involution. Even
more, we have

1AA"] = [|A]”?

(prove this) and this means that L(H) is a C*-algebra. We summarize these
facts here, since later on we will deal with particular subsets of L(H) which
are (two-side) ideals.

Proposition 4.1. Let A € L(H) be a self-adjoint operator. Then

[A|l = sup [(Af, f)l.
Ifll=1

Proof. Let m = supy s _1|(Af, f)|. Clearly,

[(Af, O < IAFIILA < IANILFN?

and, hence, m < ||A||. To prove the opposite inequality, note that

(A(f+9), f+9) — (A(f — 9), f — g) = 4Re(Af, g).
Therefore,
Re(Af, ) < gmlllf + ol +11f — olP) = 5m(IIP + gl
Assuming that ||f|| = 1, take here g = Af/||Af||. We get ||Af]| =

Re(Af,g) < m. Hence ||A]| <m.
O
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4.2 Compact operators

An operator A € L(H) is said to be compact if for any bounded sequence
{fx} € H the sequence {Af;} contains a convergent subsequence. The set
of all such operators is denoted by S(H) (more natural would be S (H),
as we will see later on). Obviously, the sum of two compact operators is a
compact operator. Moreover, if A € L(H) and B € S(H), then AB € S(H)
and BA € S(H). Thus, S(H) is a two-side ideal in L(H). If dimH < oo,
all linear operators in H are compact. It is not so if dim H = oo. For
example, the identity operator I is not compact. As consequence, we see
that a compact operator cannot have a bounded inverse operator.

Theorem 4.2. If A € S(H), then A* € S(H).

Proof. Let B be the unit ball in H. Then its image M = A(B) is compact.
Consider the set of functions F = {¢ : p(z) = (z,y),y € B} defined on M,
i.e. here z € M. F is a subset in C(M), the spaces of continuous functions
on M. The set F' is bounded, since

(@) < llzll - llyll < ll=ll, =€ M,

and M is bounded. Moreover, F' is equicontinuous, since ||¢(x) — ¢(2')]| <
||x — 2'||. By the Arzela theorem, F' is a compact subset of C'(M).

Now, for any ¢ > 0 there exists a finite number of functions ¢;(x) =
(x,11), ..., on(x) = (x,yy) with the following property. For any ¢ € F, we
have |p(z) — ¢;(z)| < € for some j and all x € M. This means that for any
y € B there exists an element y; such that

((Az,y —y;)| <€ Ve B,

or
|(z, A"y — A*y;)| <€ VzeB.

The last means that
A"y — A"yl < e

Since € is arbitrary, the closure of A*(B) is compact (A*(B) is precompact)
and the proof is complete. O

Theorem 4.2 means that the ideal S(H) is invariant with respect to the
involution, or *-ideal.

Now let us point out that any finite dimensional operator A, i.e. a
bounded operator whose image im A is a finite dimensional subspace of H,
is obviously a compact operator. The set Sy(H) of all finite dimensional
operators is a two-side *-ideal (not closed!).
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Exercise 4.3. Prove the last statement.
Theorem 4.4. S(H) is closed. Moreover, S(H) is the closure of So(H).

Proof. Assume that A, € S(H) and A, — A. Let {f;} be a bounded
sequence in H. Then {A;f;} contains a convergent subsequence {4; f;l) }

the sequence {A f](l)} contains a convergent subsequence { A f]@)}, etc. Let

yj = fj(j ) be the diagonal sequence. Certainly, {Af;} is convergent for each
k. One can prove that {Ay;} is convergent.

Now let A € S(H). For arbitrarily chosen orthogonal basis {e;}, denote
by Py the orthogonal projector onto the subspace spanned on {ey,..., e}
Then P, A is a finite dimensional operator and P,A — A in L(H). O

Exercise 4.5. Complete the proof of Theorem 4.4.

4.3 The Hilbert-Schmidt theorem

Now we will clarify spectral properties of compact self-adjoint operators.

Proposition 4.6. A compact self-adjoint operator has at least one eigen-
value.

Proof. Assume A # 0 (otherwise the assertion is trivial). Then

m = H?nglKAf, HI#0.

For definiteness, assume that

m = sup (Af, f).
lI.flI=1

There exists a sequence {fx} such that || fx|| = 1 and
(Afe, fi) = m.

Since A is compact, we can assume that Af, — ¢g. By Proposition 4.1,
m = ||A|| and

IAfe = fell = |ASfell® = 2m(Afy, fr) +m?
< |NAIP® = 2m(Af, fr) +m® = 2(m® — m(Afy, fi))

The right-hand side here tends to 0, hence, ||Afx — mfx| — 0. Therefore,
fr = g/m = fy and || fo|| = 1. Evidently, Afy = mfo. O
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Proposition 4.7. Let A be a compact self-adjoint operator. For any r > 0
there is at most a finite number of linearly independent eigenvectors, with
eigenvalues outside of [—r,r]. In particular, each eigenspace with nonzero
ergenvalue 1s finite dimensional.

Proof. Assume there is an infinite sequence of mutually orthogonal eigenvec-
tors fg, || fxl| = 1, with eigenvalues Ay, |\g| > r. The sequence gy = fi/\x is
bounded and therefore the sequence Ag; contains a convergent subsequence.
However, the last is impossible, since Agy, = fi and || fi—f;l| = V2,7 # k. O

The next result is known as the Hilbert-Schmidt theorem.

Theorem 4.8. Let A be a compact self-adjoint operator. Then there exists
an orthogonal system {ex} of eigenvectors, with nonzero eigenvalues {\x},
such that each vector f € H has a unique representation of the form

f= chek + fo.
k=1

where fy € ker A. Moreover,

Af = Z Ck AK€k
A

and Ay — 0, provided the system {ey} is infinite.

Proof. By proposition 4.6, there exists an eigenvector e; with the eigenvalue
A = +m; = £m (in terms of Proposition 4.6). Let &} be the 1-dimensional
subspace generated by e; and H = Xi-. It is not difficult to see that AH; C
Hy. If A|Hy = 0, the proof is complete. Otherwise, there exists ey € Hs such
that ||es]| = 1, Aea = £mges, where

my = sup |(Af, f)].
Ifl=Lfers

And so on. O

Thus, for a self-adjoint compact operator A any non-zero point A € o(A)
is an eigenvalue. Certainly, 0 € 0(A4) and may be not an eigenvalue. Let P,
be an orthogonal projector onto the eigenspace with eigenvalue A;. Then for
the corresponding decomposition of identity, we have

Ex=) P,
Aj<A

Let us remark that a non self-adjoint compact operator in an infinite dimen-
sional Hilbert space may have no eigenvalues. In the case of finite dimensions
any operator has an eigenvalue.
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Exercise 4.9. Let ¢? be the Hilbert space of all sequences z = {x;} such

that -
]| = O lael*)"/?.
k=1

The operator A is defined by Ar = y, where y; = 0, yp = 27 %z,_1, k =
2,3,.... Then A is compact, but has no eigenvalues. In fact, o(A4) = {0}.

Example 4.10. In L?(0,1) let us consider an operator A defined by

(Af)(x) = / " ft)d.

This operator is compact, o(A) = {0} and there are no eigenvalues.

Compact operators with o(A) = {0} are commonly known as Volterra
operators.

4.4 Hilbert-Schmidt operators

An operator K € L(H) is called a Hilbert-Schmidt operator if for some
orthonormal basis {ex} the following norm

(4.1) IKl2 = (Y| Kexll?)!?

is finite. The set of all Hilbert-Schmidt operators is denoted by Ss(H). Cer-
tainly, one has to prove that this notion is well-defined.

Proposition 4.11. If the quantity (4.1) is finite for some orthonormal basis,
than same is for every orthonormal basis and || K ||z is independent on the
choice of basis. If K € Sy(H), then K* € S2(H) and

(4.2) K™ l2 = [[K]-
Moreover,
(4.3) K[| < [ K]l

Proof. Inequality (4.3) follows immediately: if

f = kaelm

then

LKA = 1) felel® < (1 fulll Kexl)®
<D U IKexl = (K371
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Now let {e}} be an orthonormal basis (perhaps, the same as {ex}). We have

[Kexl? = |(Kex, e))l

Hence,
(4.4) D lEel® =) Ien Kreh) = Y 1K
k k,j J
This implies (4.2) and independence of || K||; on the basis. O

Proposition 4.12. Every Hilbert-Schmidt operator is a compact operator,

i. e. So(H) C S(H).

Proof. We have
Kf=>Y (f ex)Key.
Set

N
Exf=>) (f,en)Key.
k=1

Then

1K - Kn|? < |K = Exl3< ) [[Keql* — 0.
k=N+1
O

Proposition 4.13. Let K be a compact self-adjoint operator. K € Sy(H) iff

Z A7 < 00,
where { A} are all nonzero eigenvalues of K, counting multiplicity.
Proof. Obvious. O

Now we want to study Hilbert-Schmidt operators in the space L*(M, do)
(for simplicity, one can think that M is an open subset of R"”, and do is the
Lebesgue measure, or a Lebesgue-Stieltjes measure).

Proposition 4.14. Let K be a bounded linear operator in L*(M,do). K is
a Hilbert-Schmidt operator iff there exists a function

K(mag,m1) € L*(M x M,do x do)
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(the kernel function of K) such that

(45) () ms) = [ Koma, ) f s )dor(m).

My

The function K is uniquely defined, up to a set of do x do-measure 0 and

(4.6) IK2 = / / K (ma, m) Pdor(ma)do(my).

Proof. Let {e;} be an orthonormal basis in L*(M,do) (for simplicity we
assume that L?(M, do) is separable) and K € Sy(L?*(M, do)). We have

A7) Kf=KY (feer = (fren)Ker =Y (Kex,e;)(f,ex)e;.

k k,j

By (4.4),
K3 = |(Kex, ).
k?j

The functions {ex(m2)e;(m1)} form an orthonormal basis in L*(M x M, do x
do) (check this). Now we set

(4.8) K(ma,ma) =) (Ke, e5)e;(ma)ex(m).
Then K € L*(M x M,do x do) and
I Z2000r) = Y| (Kew, £;)* = | KI5

Equation (4.5) follows directly from (4.7).
Now let K is defined by (4.5), with K € L*(M x M) Then

(4.9) K(mg,my) = chjfj(m2)€k(m1),

where > |ex;|? < co. By (4.4),

KI5 =) lewsl,

since Keg = ), cxje;. O
Exercise 4.15. Prove uniqueness of K.

Exercise 4.16. Prove that S2(H) is a two-side ideal in L(H) (not closed!).
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4.5 Nuclear operators

First, we introduce an inner product on Sy(H), so that Sa(H) becomes a
Hilbert space. Set

(4.10) (K.L)» =) (Kex, Ley), K,L € Sy(H),

where {e;} is an orthonormal basis. Certainly, this inner product induces
the norm in Sy(H) defined above.

An operator A € L(H) is said to be nuclear if it can be written in the
form

N
(4.11) A=) "B;C;, B;,C;€ Sy(H),

where N depends on A. We denote the set of all such operators by S;(H).
One can verify that S;(H) is a two-side ideal in L(H) (not closed), and
S1(H) C S2(H). In algebraic terms, S;(H) is the square of the ideal Sa(H) :
S1(H) = Sa(H)%

Proposition 4.17. Let A € S1(H) and {ex} an orthonormal basis. Then
(4.12) Z\(Aek,ek)\ < 00

and

(4.13) trA=> (Aey,ex),

the trace of A, is independent on the choice of {ey}. The trace of A is a
linear functional on S1(H) such that tr A >0 for A >0 and

(4.14) tr A* = tr A.
Moreover,
(4.15) (K,L)y =tr(L*K), K, L € S3(H).

Proof. Using (4.11), we have

N N
(Aeg, er) = Z (B;Cjer, ex) Z Cjex, Bj*ex),
=1 =1

which implies (4.12) and the following equation
N

> (Aegen) =Y (Cy,B))a.

k j=1

Hence tr A does not depend on the choice of basis. Nonnegativity of tr A and
(4.14), (4.15) are evident. O
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Proposition 4.18. Let A be a self-adjoint compact operator and Ay, Ao, . ..
all its nonzero eigenvalues (counting multiplicity). A € S1(H) iff

(4.16) > A < o0

Moreover,

(4.17) rA=Y )\

Proof. Let A € S1(H). Choosing as {ex} the eigenbasis (it exists!), we get
(4.16) and (4.17). Conversely, assume (4.16). Let {ex} be the eigenbasis of
A, ie. Ae, = M\peg. Define the operators B and C' by

Bey, = | Me|%ey,
Cer = M| \e| 7Y %ey.
We have B,C € Sy(H) and A = BC. Hence A € S;(H). O
The next statement is, perhaps, the most important property of trace.
Proposition 4.19. If A € S1(H) and B € L(H), then
(4.18) tr(AB) = tr(BA).

Lemma 4.20. Every operator B € L(H) is a linear combination of four
unitary operators.

Proof. We have
B = DB; +1iDB,,

where
B, =B} =(B+ B*)/2, By=DB;=(B—B")/2i.

Hence, we need to prove that each self-adjoint operator B is a linear combi-
nation of two unitary operators. In addition, we may assume that || B|| < 1.

Now
1 1
B = 5(B +iVI — B?) + 5(3 —ivI — B?).
To verify that B+iv/I — B? is a unitary operator one can use the functional
calculus. a

Proof of Proposition 4.19. Due to the Lemma, we can assume that B is a
unitary operator. In this case the operators AB and BA are unitary equiv-
alent:

AB =B YBA)B

However, unitary equivalent nuclear operators have the same trace, since
trace does not depend on the choice of basis. O
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4.6 A step apart: polar decomposition

An operator U € L('H) is said to be partially isometric if it maps isometrically
(ker U)* onto imU, i. e. ||Uf|| = ||f|| for f € (kerU)*. Remark that in this
case im U is a closed subspace of H. As consequence,

(4.19) U'U=E, UU*=F,

where F is the orthogonal projector onto (ker U)% and F the orthogonal
projector onto im U. Certainly, if ker U = {0} and imU = H, then U is a
unitary operator.

Exercise 4.21. Prove (4.19).
Let A € L(H). If

(4.20) A=US,

where S € L(H), S* =S5, S > 0, and U is a partially isometric operator
with

(4.21) ker U = ker S = (im S)*,

we say that (4.20) is a polar decomposition of A. In the case H = C, we
have L(H) = C and polar decomposition is exactly the representation of a
complex number in the form r exp(if).

Proposition 4.22. For each bounded linear operator there exists a unique
polar decomposition.

Proof. Assume that (4.20) is a polar decomposition. Then A* = SU*. Hence
A*A = 8SUUS = SES.

Due to (4.21), ES = S. Therefore,

(4.22) A*A =52

which implies

(4.23) S =VA*A.

Due to (4.20), the operator U is uniquely determined on im S, hence, on
im S. Since, by (4.21),

ker U = (im S)* = (im S)*,
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the operator U is unique.

To prove existence, we first define S by (4.23). Here A*A is a nonnegative
self-adjoint operator and the square root exists due to functional calculus.
Now we define U letting

Uf=o, f e (mS)* = m8)*
Uf =Ag, f=S8g€imb.

Equation (4.22) implies immediately that if Sg = 0, then Ag = 0. Therefore,
U is well-defined on im S & (im S)* which is, in general, only a dense subspace
of H (im S @ (im S)* = H!). However, (4.22) implies

1Sg|* = (Sg,S9) = (S%g,9) = (A*Ag,g) = (Ag, Ag) = || Ag|)®,

ie. |Uf|| = ||f]] for f € imS. Hence, S is bounded and, by continuity, can
be extended to a (unique) partially isometric operator on whole H. O

For A € L(H) we denote by |A| the operator S from the polar decompo-
sition of A (|A| = VA*A).

Proposition 4.23. Let J be a left ideal of L(H). Then A € J if |A] € J.
Proof. Obvious, due to formulas A = U|A|,U*A = |A|. O

As consequence, A € S(H) (resp. S1(H), S2(H)) if and only if |A| € S(H)
(resp., S1(H), S2(H).
4.7 Nuclear operators 11
Proposition 4.24. If A, B € Sy(H), then

tr(AB) = tr(BA).

Proof. We have the following identities:

4AB* = (AB) + (AB)* — (A— B)(A— B’
+i(A+iB)(A+iB)" —i(A—iB)(A—iB)",
AB*A = (AB)* + (AB) — (A— B)*(A— B)
+i(A+iB)* (A +iB) —i(A—iB)*(A - iB).

This implies that we need only to prove that
tr(AA") =tr(A*A), A€ Sy(H).
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From the polar decomposition A = US we get S = U*A. Since A € S3(H),
this implies that S € Sy(H). However, A* = S? and, by Proposition 4.9,

tr(AA*) = tr(US?U*) = tr(U*US?) = tr(S?) = tr(A*A).
(Here we have used U*U = E and ES = S5). O

Now we introduce the so-called nuclear norm. Let A € Sy(H) and A =
U|A]| its polar decomposition. Set

[Al[y = tr[A]
We collect main properties of nuclear norm.

Proposition 4.25. We have

(4.24) [Alls < [|All1, A€ 51 (H);
(4.25) |BA < ||B|| - A, A€ Si(H),B € L(H);
(4.26) [AB|x < [|All1]| B, A€ S51(H), B € L(H);
(4.27) IBA[1 < [ Bll2l[All2, A, B € 5:(H);
(4.28) jtr A < || Al A € 51 (R);
(4.29) [A™[[x = [[All1 A€ 51 (R);
(4.30) |Alls = sup |tr(BA)|, Ae Si(H)
BeL(H)
IBll<1

(In (4.30) one can replace B € L(H) by B € So(H), the set of finite dimen-
sional operators).

Proof.

1) Prove (4.24). Let S = |A|. Then

[A[l = [|S]h = tr S,
JA|2 = tr A*A = tr S2,

and (4.24) reduces to the inequality
tr S < (tr S)°.

The last inequality becomes easy if we write down tr S? and tr S by
means of the eigenbasis of S.
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2) To prove (4.29), remark that A* = SU* AA* = US*U* and |A*| =
USU*. Hence

tr| A% = tr(USU™) = tr(U*US) = tr S = tr|A|.

3) Let us prove (4.28). Let {ex} be an orthonormal eigenbasis of S, {s}
the set of corresponding eigenvalues:

Sek — SiCk.

Then
trA = Z(USek, ek) = ZSk(Uek,ek).
k

k

However, |(Uey, ex)| < 1 and, therefore,

tr Al <) sp = trs = [|Allv.

4) To prove (4.25), consider the polar decomposition BA = VT of BA.
We have
|BA||y = tr T = tr(V*BA) = tr(V*BUS).

However, |[V*BU|| < ||B|| and we can use the argument of step 3.
5) Proof of (4.27). As on step 4, we have
IBAJ, = tr(V*BA) = x((B'V)*4) = (4, BV),
< [[All2[[ BV [l2 < [[A[l2| B*[|2[[V]] < [[All2]| Bl2-
6) Due to (4.29), estimate (4.26) follows from (4.25).

7) We have
tr(BA)| < [[BA[l < [[BI[[|Allx-

In fact, here we have equality if B = U* and this implies (4.30). Now let
B = B, = BP,U*, where
P, = E((1/n,+))

is the spectral projector of S. We have

lim|| B, Al = limtr(P,S) = tr A = || A];.
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Proposition 4.26. S1(H) is a Banach space with respect to the nuclear
norm.

Proof.
1) Let us verify the standard properties norm

A"+ A"[s < A + [|A"[]1,
IAAf = [A[A 1,
Al = 0 iff A = 0.

Only the first one is nontrivial an we consider it now. Using (4.30), we

get
|A"+ A"y < sup [tr(B(A"+ A"))]

IBll<1

= sup [tr(BA’) + tr(BA")|
IBll<1

< sup (|tr BA'| + |tr BA"])
I BlI<1

< sup [tr(BA")| + sup |tr(BA")|
I BlI<1 IBlI<1

= [| A2 + [|A"|2-

2) Now we want to prove the completeness. Let A, € S;(H) and
|4, = Al — 0

as m,n — oo. By (4.24), ||A, — An|l2 — 0. Hence, there exists
A € S3(H) such that

(4.31) lim|[A, — Al = 0

We prove that A € S1(H). Let A = US be the polar decomposition of
A and S,, = U*A,,. It is clear that

(4.32) liml|S,, — S|z = 0,

(4.33) lim||S,, — Sp||s = 0.

Let {ex} be an orthonormal eigenbasis of S, with corresponding eigen-
values s;. Equation (4.31) implies that

(434) S = (Sek, ek) = lim(Snek, ek).
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To verify that A € S;(H), is suffices to show that

Zsk < 0.

However, (4.30) implies easily that

S I(Ser,en)| < IS, S € Si(H).
k

Hence,
sup Z|(Snek,ek)| < 00
"k

and this implies the required due to (4.34).

Now it remains to show that
lim||A,, — Al; =0.
Let € > 0. Choose N > 0 such that
|Am — Anli <€, mn>N

and prove that
|A, — All1 <e,n > N.

Indeed, (4.27) and (4.31) imply that for each finite dimensional B €
L(H)
limtr(BA,,) = tr(BA)

Therefore,
itr[B(A,, — A)]| = lim|tr[B(A, — An)]| <e,n> N,

provided ||B|| < 1. We conclude using the last remark of Proposition
4.13.

a

4.8 Trace and kernel function

Now let K be a nuclear operator in L?(X). We know that K is a Hilbert-
Schmidt operator and, therefore, has a kernel K(z, y):

Ku(x) = / K (z, y)u(y)dy.
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Two questions arise: how to express tr K in terms of its kernel function .
And which kernel functions generate nuclear operators? The first question is
answered by the formula

(4.35) tr K = /K(m,x)da:.

Certainly, since K is only measurable, the meaning of the right-hand side
here is not so clear. It may be clarified, but we will not do this here. Instead,
let us explain why formula (4.35) is natural.
First we have
K =K +iKs,

where

1 1
Ky = (K + K°), Ky = (K — K)

are self-adjoint nuclear operators. Hence, we can assume that K is self-
adjoint. Let {ex} be an eigenbasis of K and {\;} the set of eigenvalues.

Then {ex(z)e,(y)} is a basis in L?*(X x X). Therefore, we have an expansion
Kl y) = 3 Men@)en®)
k

(verify it). Letting z = y and integrating, we get formally (4.35). Certainly,
this is not a rigorous argument!
Now let us formulate the following

Proposition 4.27. Let K be an integral operator in L*(X), where X is a
domain in R™, and IC its kernel function. Assume that K(x,y) is continuous
and K > 0. Then K is nuclear if an only if the right-hand side of (4.35) is
finite. Moreover, tr K is expressed by (4.35).

Certainly, there are various situations in which (4.35) can be justified.
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5 Perturbation of discrete spectrum

5.1 Introductory examples

Here we discuss formally how to find eigenvalues of perturbation of a given
self-adjoint operator. We start with generic situation, the case of simple
eigenvalues.

Example 5.1. Let Ag and B be two self-adjoint operators in H. For sim-
plicity we assume Ay and B to be bounded. One can even assume that the
space H is finite dimensional. Consider a perturbed operator

A€:A0+€B.

Let A\g be a simple eigenvalue of Ay, with corresponding eigenvector eq,
lleo|| = 1. We look for an eigenvalue A, of A, in a neighborhood of A\g. Tt is
natural to use power series expansions

(51) )\E:)\0+€/\1+€2)\2+...,

(5.2) ec=¢ep, +e1+eeyt....
Substituting (5.1) and (5.2) into the eigenvalue equation
(5.3) (Ao + eB)e. = Aeee,

and comparing equal powers of €, we obtain the following sequence of equa-
tions:

(5.4) Aopeo = Aoeo,
(55) A061 — )\061 = )\160 — B@Q,
(56) Aoeg — )\062 = )\260 + )\161 — Bel,

etc. To determine an eigenvector uniquely we have to normalize it. The
natural normalization is (e.,ep) = 1 which implies (ex,e0) = 0, & > 1.
Equation (5.4) is trivially satisfied due to our choice of A\g and ey.

Now let us recall that in our situation the image im(Ay — Ao/) coincides
with with the orthogonal complement of ey. Therefore, for equation (5.5) to
be solvable it is necessary and sufficient that

()\160 — Beo, 60) = 0.
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Hence
)\1 = <B€0,€0).

With this A, equation (5.5) has one and only one solution e; L ey. In the
same way choosing
A2 = (Bey, )

one can find a unique solution ey L ey of (5.6), etc.

Exercise 5.2. Calculate eigenvalues and eigenvectors of
[ 1+e€ €
(1)

Now we consider a simplest example with degeneration.

up to the second order of e.

Example 5.3. Let

10 11
Ae—a0+eB—<0 1)+€<1 0).

Here A\g = 1 is a multiple eigenvalue of Ay, with multiplicity 2, and all vectors
are eigenvectors. However, B has two simple eigenvalues. Let y be one such
an eigenvalue, with the eigenvector ey. Then ej is an eigenvector of A., with
corresponding eigenvalue 1 + €pu.

Exercise 5.4. Find eigenvalues and eigenvectors of

1+ e
= (1)

5.2 The Riesz projector

up to second order of e.

Let us introduce a powerful tool of operator theory, the so-called Riesz pro-
jector. Let A be a closed linear operator in ‘H such that its spectrum o (A)
is a union of two disjoint closed subsets oy and o; one of them, say oy, is
compact. Then there exists an (counterclockwise) oriented piecewise smooth
closed contour I' C C such that c(A) NT = () and a part of o(A) inside T
is just 0. (Such a contour may contain more than one component). The
operator
1
(5.7) P=— | R.dz,

211 T
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where R, = (A — 2I)7! is the resolvent of A, is called the Riesz projector
associated with og. Since R, is an analytic function outside o(A), the oper-
ator P does not depend on choice of I'. One can prove that P is indeed a
projector. However, we do not discuss here the general situation. Instead,
we consider the case of self-adjoint operators.

Proposition 5.5. Let A be a self-adjoint operator, E\ its decomposition of
identity. Assume that o9 = o(A) N (a,b),a,b & 0(A). Then P = E(a,b) =
E, - E,.

Proof. There exist € > 0 such that a —¢, b+ € € 0(A) and 09 = d(A) N (a —
€,b+ €). Choose I' such that ' "R = {a — ¢,a + €¢}. Now

R _/ dEy _/ dE)
: RA—2 a(A)(A_Z)'

P [ 5] o

It is not difficult to verify that one can change the order of integrals here.

Therefore,
1 dz
P = — | ——— | dE,.
/R[m/m—z)} ’

Due to the Cauchy integral formula, the internal integral is equal to 1 if
A€ (a—eb+e€),and 0if X & [a — €,b+ €]. In other words, this integral is
just X(a—epre)(A), the characteristic function of (a — €,b+ €). Hence,

Hence

P = / X(afe,bJre)()\)dE)\ - Eb+e - Ea—e-
R

Since o(A) N (a—€,a) = o(A)N(b,b+€) =0, we see that P = B, — E,. O

Corollary 5.6. Let A be a self-adjoint operator and oo = {A\o}, where Ao
is an isolated point of o(A). Then the Riesz projector P is an orthogonal
projector onto the eigenspace corresponding to Ag.

5.3 The Kato lemma

Let A be a self-adjoint (in general, unbounded) operator in H, D(A) its
domain and R, (A) its resolvent. We want to understand which operators may
be considered as small perturbations of A. First we fix a point zy € C\ o(A).
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Proposition 5.7. (i) There ezists € > 0 with the following property: If
B is a symmetric operator such that the operator R = BR,,(A) =
B(A — zI)™! is everywhere defined, bounded and |R| < €, then the
operator A+ B, with D(A+ B) = D(A), is self-adjoint.

(11) Let K be a compact subset of C\o(A). If € is small enough (e < €y(K)),
then o(A+ B)NK =0 and

|R-(A+ B) = R(A)] < 6,2 € K,

where 6 = 6(e) — 0, as € — 0.

Proof. Since R = B(A — zI)™! is everywhere defined, and im(A — zoI)~! =
D(A), we see that D(B) D D(A). On D(A) we have B = R(A — zI).
Therefore,

A+B—z2I =A+ R(A—zlI) — =1
=[I+ R(A— 2I)(A—2I)""(A - 2I)
= [T+ R((A—2I)+ (2 — 20)I)(A — 2I) (A — 2I)
=[I+ R+ (z—2)R(A—2I)')(A - z2I).

(5.8)

Due to the spectral theorem,

(A = =) = [dist(z, K] = [ inf |z — 2]
z'eo(A)

(prove it). Let K be a compactum such that K N o(A) = (. Then there is
¢ > 0 such that |[(A —2I)7!| <e¢, 2 € K. Now let

e < [sup(1+ |z — zo| [[(a — 2I) 7)) ™.
zeK

Then
(5.9) IR+ (z—2)R-(A—2)"" <1
and, hence, the operator

I+ R+ (z—2)R-(A—2zl) I

has a bounded inverse operator. This implies that o(A + B) N K = 0.
Moreover, the norm in (5.9) goes to 0, as ¢ — 0. Hence,

I+R+(z—2)R-(A—2l) ™t —1
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in L(H) uniformly with respect to z € K. This proves statement (ii).

Let us now prove (i). Due to (ii), R,(A + B) is defined for z = =i
provided € is small enough. Since A+ B is obviously symmetric, this implies
that R_;(A+ B) = R;(A+ B)* (verify it). Now we have

(A+B)*—il —(A+B—il)*=[R_{(A+B)'|
=[Ri(A+B)]'=[Ri(A+B) '=A-B—il,

which implies (A + B)* = A+ B. O

5.4 Perturbation of eigenvalues

Let us consider a family of (in general, unbounded) operators A(e) parame-
trized by € € (—ep, €9). We assume that

A(e) = Ao + Gle),

where A is a self-adjoint operator and G(e) is a symmetric operator such
that G(0) = 0, and for some z, & o(Ag) the operator G(e)(Ay — zI)~ ! is
everywhere defined, bounded and depends analytically on € € (—¢g, €). The
last means that

G(‘E) (A[) — Zo[)il = Z EkBk,
k=0

where By, € L(H) and the series converges in L(H) for all € € (—eg, €).
Due to Proposition 5.7., A(e) is a self-adjoint operator provided |e| is small
enough (say |e| < €).

Now assume that A\g € R is an isolated eigenvalue of finite multiplicity
for the operator Ag. This means that

O'(A[)) N ()\0 - 5, )\[) + 6) == {)\0}
for some 6 > 0 and the eigenspace
{\I/ S D(AO) : A()\If = )\O\P}

is finite dimensional.

Theorem 5.8. There exist analytic vector functions ¥;(e),j = 1,2,...,m,
and scalar analytic functions A\j(€),j = 1,2,...,m, defined in a neighborhood
of 0 € R, such that

(5.10) A()5(6) = X () ;(6)

and {¥;(€)} is an orthonormal basis in the space E©(\g — 8§, A\g + &), where
E/(\e) is the decomposition of identity for A(e).
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Proof.

1) Let I' € C be a contour around A such that there are no points of
0(Ap) inside I', and

1
P = 5 /F R.(A(€))d>
the Riesz projector. Proposition 5.7 (ii) implies that I' N ko (A(e)) = 0
provided |e| is small enough. Now we apply (5.8) with A = Ag, B =
G(e) and
R = R(E) = G(E)(AO - Z()I)il.

We obtain
R.(A(e)) = R.(Ao)[I + R(e) + (2 — 20) R(e) R.(Ao)]

which implies that R,(A(e)) is analytic in e uniformly with respect to
z € I'. Hence, P(e) depends analytically on €, provided € is close to
0. P(e) is an orthogonal projector, since it coincides with the spectral
projector E©)(\g — 8, Ao + 6) of A(e),6 > 0 small enough.

Consider a subspace L. = P(e)H, the image of P(¢). We want to prove
that dim L. does not depend on €. Let Q(e) = I — P(e),

C(e) = Q(e)Q(0) + P(e) P(0),
Ci(e) = Q(0)Q(e) + P(0) P(e).

All these operators depend analytically on e and, clearly, C(0) =
C1(0) = I. Hence, C(e¢) and Cj(e€) are invertible operators for all €
close to 0. However, C'(¢) maps Lg into L., while C;(¢) maps L. into
Ly. Since C(e) and Cy(e) are invertible, this implies that dim L, =
dim Lo = m.

Moreover, if {WU;,...,¥,,} is an orthonormal basis in Ly, then
{C(e)¥y,...,C(e)V,,} is a basis in L, which depends analytically on
€. Applying the orthogonalization procedure, we obtain an orthonor-
mal basis {¢1, (€),...,¢m(€)} in L such that p;(e) = ¥, and all ¥;(e)
depend analytically on €. The space L. is invariant under action of
A(e). Hence, the restriction of A(e) to L. is represented in this basis by
an Hermitian matrix (a;x;(e)) depending analytically on e. Moreover,
a;r(0) = Aodjk, where 0;j is the Kronecker symbol. Thus, we have re-
duced the problem to the case of Hermitian (m x m)-matrix D(e) which
is analytic in € and D(0) = A\ol.
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2) Now we consider the reduced problem about the matrix D(e). The
case m = 1 is clear. Suppose we have proved the assertion for all such
matrices of size < m, and consider the case of (m xm)-matrix D(e).
We can write

D(e) = Z "Dy,
k=0

where all Dy are Hermitian matrices, Dy = D(0) = Ao!.

If all Dy, are scalar multiples of the identity matrix, Dy = A® I, then
D(e) = A(e)I, where

Ae) = Z Ak) ek
k=0
is an analytic function. We can choose an arbitrary basis {¥y,..., ¥,,}

(not depending on ¢€) and the required assertion is evident.

Assume now that not all D, are scalar matrices, and D, is the first one
which is not a scalar matrix, i. e. Dy = A® for k < s and D, & {\}ec.

Let
C(f) = DS + €D5+]_ + 62DS+2 + e
Then .
D(e) = Z ABEET 4O e).
k=o

Therefore, if ¥(e) is an eigenvector of C'(e) with the eigenvalue p(e),
i.e. C(e)¥(e) = u(e)¥(e), then the same U(e) is an eigenvector of D(e)
with the eigenvalue

s—1

Ae) = Z AR s p(s).

k=0

Thus suffices to prove the assertion for the matrix C'(e).

Now remark, that not all eigenvalues of D, = C(0) coincide. Hence, as
on step 1), we can use the Riesz projector and reduce the problem to
the case of a matrix of the size < m.

O

Proposition 5.9. Let ¥;(€) be a normalized analytic vector function satis-
fying (5.10). Then Nj(e) = d\;(€)/de satisfies the following relation

(5.11) Xj(€) = (A'(e) ¥ (e), ¥;(e)),

98



where A'(€) is understood as

AI(E) = {%[G(E)(Ao — 2’0])_1]} (AO — 20])

We present here only formal calculations which lead to (5.11), not a rig-
orous proof. Differentiation of (5.10) gives

(5.12) A'(e)¥;(e) + Ae) ¥ (e) = Xj (€)W (e) + Aj(€) Wj(e).
On the other hand,
(Ae)j(e), ¥i(e)) = (¥j(e), A(e) ¥ () = Aj(€)(Yj(e), ¥;(e)).
Multiplying (5.12) by @;(€), we get
(A'(e)¥;(e), Wj(e)) = Xj(e)(¥;(e), Wi(e) = Ni(e)

which is required.
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6 Variational principles

6.1 The Glazman lemma

In many cases so-called variational principles are useful to study perturbation
of eigenvalues, as well as for numerical calculation of them. Glazman’s lemma
is one of such principles.

Let A be a self-adjoint operator in a Hilbert space H, F its decomposition
of identity. Recall that E) .o = F) in the sense of strong operator topology.
Set Ey_o = lim,_»_¢ F, in the strong operator topology. We introduce the
so-called distribution function N (A) of the spectrum of A by the formula

N(A) = dim(E\H);
this value may be equal to +oc0. Letting

NA—-0)= lim N(ku),

u—A—0

we see that
N(A—0) =dim(E\_oH).

In general, N(A +0) = lim, ) ;0 N (1) may be not equal to N(\).

Example 6.1. Let A be the operator of multiplication by the independent
variable z in L?(0,1). Then N(+0) = +o0, while N(0) = 0.
However, let us point out that N(A40) = N () provided N(A+0) < +o0.

Now we are able to state the Glazman lemma.

Proposition 6.2. Let D C D(A) be a linear subspace (not closed) such that
A is essentially self-adjoint on D. Then for every A € R we have

(6.1) N(A—0)=sup{dimL:L C D,(Au,u) < ANu,u) Yue L\{0}}
Proof.
1) Suppose that L C D and
(6.2) (Au,u) < Mu,u) Yue L\ {0}
Then dim L < N(A —0). Assume not, i.e.
dim L > N(A —0).

Then
LN (Ex_oH)* # {0}.
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(Indeed, if L N (Ex_oH)* = {0}, then the projector E)_o maps L into
E\_o'H injectively, which implies that

dim L < dim(Ey_oH) = N(A — 0)).
Now let 0 # u € (Ex_oH)* N L. Then, clearly,
(Au,u) > Au,u).
which contradicts our assumption (6.2). Thus,
dimL < N(\ - 0)

and we see that the right-hand side of (6.1), gy, is not greater then the
left-hand side.

Let us prove that the left-hand side of inequality (6.1) is not greater
then g). First, remark that F\ o = limy_, o E(N,)\) in the strong
operator topology, where E(N,\) = E\_q — Ex. Hence,

N(A—=0)= lim dim[E(N,\)H].

N——c0
Therefore, it suffices to prove that
dim E(N, M)H < gn VN < A

With this aim, choose in F(N,A)H an arbitrary orthonormal basis
(finite or infinite), and let {ey, ..., e, } be a finite number of its elements.
We prove now that p < g,, which implies the required.

Since E(N,\) C D(A), thene; € D(A),j =1,...,p. Hence, for every
e > 0, there exists €,...,¢, € D such that

le; — &l <€ ||Ae; — Agjl| < e,5=1...,p_
(essential self-adjointness of A implies that D is dense in D(A) with

respect to the graph norm).

Let L be a linear hull of {e7,...,€,}. Then dim L = p, provided ¢ > 0
is small enough (prove this statement!). Moreover, if € > 0 is small
enough, then L satisfies condition (6.2). Hence, p < g, and we con-
clude.

a
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Remark 6.3. In the proof above, we introduced E(N, \), since, in general,
E\_oH may not lie in D(A).

In the case of positive self-adjoint operator A, it is sometimes useful to
associate with A a quadratic form. Assume first that A > I, i. e.

(Au,u) > (u,u) wu € D(A).
Let us introduce a semi-linear form
A(u,v) = (Au,v),u,v € D(A).
The form A(-,-) is an inner product and, hence, generates a new norm
lulla = Alu,w)'?, ue D(A),

on D(A). Obviously, ||ul]|a > ||ul|. Denote by H4 the completion of D(A)
with respect to the norm |[|-|| 4. Our claim is that there is a natural continuous
embedding H4 C H. Indeed, if {z,} C D(A) is a Cauchy sequence in the
norm ||-|| 4, then it is also a Cauchy sequence in H, and, hence, has a limit in
H. This limit is a member of H4. Moreover, ||-]|4 is equivalent to the norm

lully = (llull® + [[AY2ul?)"/2,

since (Au, u) = (AY2u, AY?u). The operator A'/? is closed and the last norm
l|-|I4 is just the graph norm on D(A'2). Moreover, D(A) is dense in D(A'/?)
with respect to ||-||y (prove this!). Therefore, up to norm equivalence, H4
coincides with D(A'Y?). By continuity, A(u,v) is well defined on H4 and
defines there an inner product

Alu,v) = (AY?u, AV?v).

This construction may be extended to the case of general self-adjoint
operator A which is semi-bounded from below, i. e. A > —al,a € R, or

(Au,u) > —a(u,u), u € D(A).

Set A=A+ (a+1)I. Then A > I and the previous construction works. We
get a new Hilbert space H 4 and a new form (inner product) A(-,-) on H.
Now we set

Au,v) = A(u,v) — (a4 1)(u,v).
on Hj;. In fact, A(u,v) is an extension of (Au,v) from D(A) to H; by
continuity.

Now we have the following version of Glazman’s lemma.
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Proposition 6.4. Let A be a semi-bounded from below self-adjoint operator,
D a dense linear subspace of Ha. Then for every A € R

(6.3) N(A—0)=sup{dimL:L C D, A(u,u) < Mu,u) Yu € L\ {0}}.

The proof is similar to that of Proposition 6.2. The only difference is that
now one does not need to approximate e; by €; € D. (Complete the details!)
Another (simplified) version of Glazman’s lemma is also useful.

Proposition 6.5. For every self-adjoint A and X € R we have
(6.4) N(A\) =sup{dim L : L C D(A), (Au,u) < Au,u) Yu € L}.
Exercise 6.6. Prove the last statement.

Now we give some applications of previous results.

Proposition 6.7. Let A; and Ay be self-adjoint operators. Assume that
there is a dense linear subspace D of H such that Ay and Ay are essentially
self-adjoint on D and

(Alua U’) S <A2u7 U’)v ueD.

Then
(6.5) Ni(A+0) > No(A+0), MNeR,
6.6) Ni(A—=0)> Na(A—=0), IeR,

where N1 and Ny are the distribution functions of spectra for Ay and As. If,
in addition, D(A,) = D(As), then

(6.7) Ni(\) = Na(A), A€R.

Proof. Inequality (6.6) follows immediately from Proposition 6.2. Since the
set of jumps of each monotone function is at most countable, (6.6) implies
(6.5). To prove the last statement, we remark that, by continuity, the in-
equality

(Au,u) < (Agu,u)

holds true for u € D(A;) = D(Az). Then, Proposition 6.5. works. O

Exercise 6.8. Complete the details in the last proof and show that N()\) is
non-decreasing.
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Corollary 6.9. Let Ay, As be as in Proposition 6.7. Assume that Ay is
semi-bounded from below and, for some A € R, o(A;) N (—o0, A) is discrete,
i. e. consists of isolated eigenvalues of finite multiplicity. Then so is for As.

Moreover,
Ni(A—=0) > Na(A—0).

Remark 6.10. In fact, N;(A—0) and No(A—0) are just sums of multiplicities
of eigenvalues in (—oo, A) for A; and A, respectively.

Proof. It Ay > CI, then Ay > CI and o(A;),0(A;) C [C,+00). There-
fore, for each ' C X the set o(A4;) N (—o0,N) = o(A;) N [C,N) consists
of eigenvalues of finite multiplicity or, equivalently, N;(A\" — 0) < 4o00. By
Proposition 6.7, so is for A, and we conclude, since X' < X is arbitrarily
chosen. O

Corollary 6.11. Let A; and Ay be as in Corollary 6.9. Denote by N} < X, <

cand N < NJ < ... their eigenvalues in (—oo, \), counting multiplicity
(any such a sequence, or both of them, may be finite). If N is well-defined
for some k, then so is for \j and X, < \.

Proof. If X/ is defined, then A} < A and, hence, Ny(\y) > k. By (6.5),
Ni1(A}) > k, which implies that A}, < AJ. O

Corollary 6.12. Let A be a semi-bounded from below self-adjoint operator
and B a bounded self-adjoint operator. Assume that o(A) N (—oo, ) is dis-
crete. Then, for N < X\, (A + eB) N (—oo, ) is discrete, provided |e| is
small enough. Moreover, the eigenvalues \,(€) € (—oo, \') of A+ €B, labeled
in the increasing order, are continuous functions of €.

Proof. Let M = ||B||. Then, obviously,
A—eMI <A+ eB< A+ eMlI.

If A\, € (—o0, \) are eigenvalues of A, then the eigenvalues of A + eM 1 are
A £ eM. By Corollary 6.11.,

A —eM < N\ (e) < N\, + M.

This implies continuity of A,(¢) at ¢ = 0. Replacing A by A+ €qB, we obtain
continuity of A, (¢€) at the point €. O
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6.2 The minimax principle

First we introduce more general ”eigenvalues” )\, for a semi-bounded from
below self-adjoint operator A. If 0(A) N (—oo, ) is discrete, then A\; <
Ag < ... are corresponding eigenvalues (counting multiplicity). If for some
A < 400 we have infinitely many such eigenvalues, then A, is well-defined
for all natural n. In general, we set

An =sup{A: N(A) < n}.

This, in fact, generalizes the previous definition. If, for example, the bottom
po of o(A) is not an eigenvalue, then, clearly, A, = po for all n. More
generally, if o(A) consists of [a, +00) and of a finite number of eigenvalues
below «, then A\, = a for n > ny.

Now we can state the following minimax principle of Courant.

Theorem 6.13. Let A be a self-adjoint semi-bounded from below operator ,
D C 'H a dense linear subspace on which A is essentially self-adjoint. Then

(6.8) M= inf AL

rep\or (f, f)

(6.9) Ani1 = sup  inf

LcD feDnLt (f:f) '
dimL=n  f#0

Proof. Clearly, (6.8) is a particular case of (6.9). First, we prove that the
right-hand side of (6.9) does not depend on D and, therefore, we can assume
that D = D(A). For each L C D, we have D = L ® (DN L*) and D(A) =
L & (D(A) N L*Y). This implies that A|panpe is the closure of Alpqz..
Hence,

CULD AL
(6.10) remb ) rentins (L)
f#0 f#0

Recall that D is dense in D(A) with respect to the graph norm
1A% = LA + LAFIP.

Let L C D(A) and dim L = n. Choose an orthonormal basis {ej,...,e,} C
L. Approximate each e; by a vector form D and then orthogonalize approxi-
mating vectors. As a result, we get an orthonormal system {e;,...,€,} C D
such that

le; — &l <6,
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6 is small. Let L = s_pan{él, ...} C D. Consider orthogonal projectors P,
and Pr onto L and L, respectively. They are defined by

Pof =) (f.ei)es,
Prf =Y (£.)e
j=1

These formulas imply that

1PLf = Ppflla <ellflla,

where € = €(6) — 0 as 6 — 0. From the last inequality it follows that
| Ppof — Proflla < ellflla,

where Pp. = I — P, and Pr. = I — Pp are orthogonal projectors onto L+
and ZL, respectively. Hence, given f € D(A) N LY, letting f = P f we

get f € D(A)N I and |f — flla < e. Therefore, replacing L by L in the
right-hand part of (6.9), we change it by a value which tends to 0, as 6 — 0.
Thus, we can assume that D = D(A). By definition of \,, we have

m =dim(E)\,H) = N\,) =N\, +0) >n

and
dim(E,,_oH) = N(\, — 0) < n.

(m may be finite or infinite). Hence, there exists a subspace L C E),H such
that dim L =n and L D E),_oH.

First, consider the case m > n. Then it is not difficult to verify that
Ant1 = An. Now we have

LY C (B, oH) = —E\, oH=H
Obviously, o(A|x) C [\, +00). Hence

(Afaf)ZAn(f7f>:>‘n+1<f7f)7 feLl.

Assume, that m = n. In this case L = E)\ H. If \,11 > A, then L =
E\,.,—oH, and, therefore,

(611) (Af7 f) > >‘n+1(fv f)’ f € LJ_'
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The case A\, 11 = A, is already considered. This implies that the right-hand
part of (6.9) is not less then A, ;.

Now let us prove the opposite inequality. In fact, for every L C D(A),
dim L = m, we have to prove the existence of a nonzero vector f € D(A)NL*
such that

(Af7f) S )\nJrl(fvf)‘

However, one can take as such an f any nonzero vector in Ey,,, HNL*. The
last intersection is nontrivial, since

dim(Ey, ,H) = N(Aps1) > n+ 1.
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7 One-dimensional Schrodinger operator

7.1 Self-adjointness
Consider an operator Hy defined on D(Hy) = C§°(R) by the formula

(7.1) Hou = —u" + V(z)u,

where V(z) € L2 (R) is a real valued function. Clearly, Hy is a symmetric
operator in L*(R). Recall that Hy is said to be essentially self-adjoint if its
closure Hj* is a self-adjoint operator. In this case Hy has one and only one
self-adjoint extension.

Theorem 7.1. Assume that

(7.2) Viz) 2 =Q(x),

where Q(x) is a nonnegative continuous even function which is nondecreasing
for x > 0 and satisfies

(7.3)

/ < dx

—_— =0
—o0 \/Q(22)
Then Hy is essentially self-adjoint.

Proof. As we have already seen in previous lectures, to prove self-adjointness
of Hj* it is enough to show that H{ is a symmetric operator. Hence, first we
have to study the domain D(H{).

(i) If f € D(HY), then f'(z) is absolutely continuous and f" € L _(R).
Indeed, let g = H{ f. For every ¢ € Cj°(R) we have

/_ @ () = / T (V@)@ - 9@)ele)dz.

[e.e]

Denote by F(x) the second primitive function of V(z) - f(z) — g(x).
Then the previous identity and integration by parts imply

/7~g0”dx:/ F-'dx.

Hence, (F'— f)” = 0 in the sense of distributions, i. e. F'— f is a linear
function of x. This implies immediately the required claim.

Now we have to examine the behavior of f € D(H{) as z — 0.
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(ii) If f € D(Hf), then

- [, .,

To prove the last claim, consider the integral

7= [“a-Ehyyre@+ sorm
= [Ca-Eh Fe s Frac—z [0~ Dpran

Integrating by parts, we obtain
b b |l‘| 112
—2 1—— d
2 =i

s [T s Pyssusds

— (7 Fr P

:%/_Z(f’-T—i-f-F)sgnxdx—Q/_Z(l [z |)’f‘ dx

— = [ aspysanads 2 [0 - B ppas
— @+ - 2P -2 [ - Eirpas
Thus, we get the following identity

||

Ja=Bhirwpa =3 [T 740 70 B

* %Uf(wﬂ2 + [ f(=w)[> = 2[£(0)]].

Multiplying the last identity by w, integrating over w € [0,¢], and
taking into account the identity

/OT(/Z(U) — |z|)h(z)dz)dw = %/Z(T — |2])2h(x)dz

(prove it!), we get
r 22, L ! —laD2(f" . F Fde
/T(T—|x|) |f'PPdz = 2/T(T ) (S f+ - )
T
" / (F () + 1 £(—w)2)dw — 2 f(O)PT
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or, dividing by T2,

T T
[oa=Bpipa——3 [ a-Blpr 747

=1 BICIEE TOT)

Letting g = — " + V(z) f, we obtain

g EReT
| o=

=3 [ o=y 7e5pa- [ a-Bveiswra

gt @) =2 PT)

Now remark that f,g € L*(R) and 0 < 1 — |z|/T <1 for z € (T, -T).
Hence, estimating —V(z) by Q(x), we get

g |\ o2 g 2] 2 2
[oa=Terra < [ - @it e

7 T 7

where c is independent of T'. The last inequality implies clearly

1 [T/2 / T
(75) if, r@ras [ ol
Let R
_ - "2
o= [ I5rae

T
(1) = [ Quiffar e
-T
Consider the integral
T w'(2) — X (@)
| S

and apply the following theorem on mean value: if f(z) is a continuous
function and K(z) > 0 is a nondecreasing continuous function, then
there exists & € [a,b] such that

/a ’ F(2)K (2)dz = K(a) / 5 f(a)da.
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Then, due to (7.5) we obtain

= 57 (O ~ O () + X0
1
< GO ~w0)] =¢

Since

we get immediately

L1 @/2)P +1f (=2/2)
7!

Q) e

T
< [1s@F + 1f(-=))do + C.
0
Since f € L*(R), the last inequality implies the required claim.

End of proof of Theorem 7.1. Let fi, fo € D(H{) and

g=—fl+V(x)fi, i=1,2.

/ J1Gpda = / o Fode.

We have to show that

First we observe that

/_ (%= 9 F2)do = / (T3 HT)e

(7 - [ LB~ s
=%~ AR
Let , )
o) = s, Po) = | oty



Multiplying (7.6) by p(t) and integrating over [0, 7], we obtain

(7.7) / p(1)] / (15 — g1 T)daldt = / p(O)fs — Fo— FToll it

—t

For the left-hand part we have (changing the order of integration)

/OT p(t)[/t(flﬁz — g1 f5)dx]dt

—t

T T
/ (7~ 0iT) /| ole)idr

(1172 — 91f2) (P(T) — P(|z]))dz

I
S

'ﬂ

Now we estimate the right-hand part of (7.7) (more precisely, its typical
term):

| / LOTD dtlé[/o £1(0) Pt / BOPA0d < C,

where, due to claim 2), the constant C' is independent of 7. Therefore,

[ (P - P T - g0 Flael < €
Dividing by P(T) and letting ' — +oo (hence, P(T) — +0o0), we get
. x
(7.8) til+moo|/ ’ ‘ )iz — g1 foldz| = 0.

Now we have to prove that
(7.9) hm \/ (/172 — g1 foldz| = 0
To end this we fix € > 0. Since f;,g; € L*(R),

/|> (I£1llg2] + lg1|| fo])dz < €

for all w large enough. Then, for each T' > w we have

\/ ]a:\ g2 — glﬁ]dx’

< |/ (1- P(|$D)[f1@—glg]dx| + €.



Letting 7" — 400 and using (7.8), we obtain

| / (17 — giFa)da] < e,

which implies (7.9). O

Example 7.2. V(z) = a(1 + |z|)®. If either a > 0, « € R, or a < 0, a < 2,
then the assumptions of Theorem 7.1 are satisfied. Hence, Hj is essentially
self-adjoint. It is known that in the case a < 0, & > 2, Hy is not an essentially
self-adjoint operator.

7.2 Discreteness of spectrum

Consider the operator Hy defined by (7.1). Assume that V(z) € L2 (R) is a
real valued function and

(7.10) lim V(z) = 4o0.

Tr—00

Clearly, Theorem 7.1 implies that Hj is essentially self-adjoint (take as Q(x)
and appropriate constant). Denote by H the closure of H,.

Theorem 7.3. Assume (7.10). Then the spectrum o(H) of H is discrete,
i.e. there exists an orthonormal system yg(z),k = 0,1,..., of eigenfunctions,
with eigenvalues A\, — +00 as k — oo.

Proof. Without loss of generality, one can assume that V' (z) > 1. Then, we
have
(Hu,u) = (u,u), e D(H),

which implies the existence of bounded inverse operator H 1. The conclusion
of theorem is equivalent to compactness of H~'. We will prove that H~/? is
a compact operator. (Prove that this implies compactness of H~!). To end
this, we consider the set

M ={yly € D(H),(Hy,y) < 1}

and prove that M is precompact in L*(R).
Let us also consider the set

My ={y:ye M,y(x) =0if || > N}.

Integration by parts implies that

(7.11) ty) - [ TP+ V(@)lyP)de,y € My,

[e.9]
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Let us fix a function p(z) € C§°(R) such that 0 < ¢(x) < 1, p(z) = 1 if
lz] <1/2, p(x) =0if |[z| > 1, and |¢'(z)| < B.
If ye M and N > 2B, then

y(a) = (5 )y(@) € 2My,

where
2M,, = {yly(z) = 2z(z), 2 € Mn}.

Indeed, due to (7.11), we have

* 1 T T

(o) = [ e/ (o) + ol )]

+ V(@)le()y(@)lde

— [ ) + P @+
+ o) (IR () + V () (e ly(a) Pl

Estimate separately the terms under the integral as follows:

S @I < TP < Hu@)P < LDy,

P ()l @)P < Iy (@)P,
2 ) (e Re(F(a)¢! (1)) < (@) + W @) <
SV@@P + 1y @),

<
V(@) () ly(@) < V(@)ly(a)

Putting all this together, we get

(HyN7yN) S 27

which is required.
Now, for every y € M, we have

e z

(Hyx, yx) = / () — Py ()P <

—00

z)|2dx min V(z))™?,
S/M/Q'y( )[2dz < ( (2))

~ fal>N/2
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since

/%V@W@WMSG%MSL yeM

[e.9]

Assumption (7.10) implies that, for each € > 0 there exists N > 0 such that
M is contained in the e-neighborhood of 2My. Thus, it suffices to prove the
compactness of M.

In fact, we will prove even that My is precompact in the space
C([-N, NJ]). To do this we use the Arzela theorem. First we verify the
equicontinuity of My. This follows from the estimate

(7.12) \Mw)—mmnzy/”y@MHs

x2
gmrﬂmW%/ W (&)Pdt) < s — o |V

1

Moreover, (7.12) implies that
ly(2)| < ly()| + (2N)"2, 2t € [-N,N].

Integrating the last inequality with respect to t € [N, N] and using the
Cauchy inequality, we see that My is bounded in C([—N, N]). The proof is
complete.

d

Remark 7.4. In fact, for discreteness of o(H) the following condition is
necessary and sufficient:

r—+1
(7.13) / V(z)dr — +o00 as r — 0.

Exercise 7.5. Prove the statement of Remark 7.4.

Now we supplement Theorem 7.3 by some additional information about
eigenvalues and corresponding eigenfunctions.

Theorem 7.6. Under the assumption of Theorem 7.3, all the eigenvalues
are simple. If \g < A1 < Ao < ... are the eigenvalues, then any (nontrivial)
eigenfunction corresponding to A\, has exactly k nodes, i.e. takes the value 0
exactly k times. All the eigenfunctions decay exponentially fast at infinity.

For the proof we refer to [1].

Except of exponential decay, all the statements of Theorem 7.6 have
purely 1-dimensional character. In particular, multidimensional Schrodinger
operators may have multiple eigenvalues.
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Exercise 7.7. Let V(z) > € > 0 for x > a. Then the equation
—y" +v(z)y =0
has at most one (up to a constant factor) nontrivial solution such that y(z) —

0as z — +o0.

7.3 Negative eigenvalues

a. Dirichlet boundary condition

Consider the operator
(7.14) Hy=—y"+V(z2)y
on the half-axis Ry = {z|z > 0} with the Dirichlet boundary condition
(7.15) y(0) = 0.
We assume that V' € L° (R, ) and

loc
(7.16) V(z) > —Cy, z€R,.

All the previous results hold in this case, with obvious changes. In particular,
H is a self-adjoint operator in L*(R, ). More precisely, due to corresponding
version of Theorem 7.1, operator (7.14) is essentially self-adjoint on the sub-
space consisting of all y € C*(R, ) such that y(0) = 0 and y(x) = 0 for all
sufficiently large x.

In addition to (7.16), we assume that
(7.17) xginoo V_(z) =0,
where V_(z) = min(V(z),0), Vi (xz) = max(V(z),0). For the sake of sim-
plicity we will also assume that V_ is continuous. In this case one can show
that o(H) N {\ < 0} consists of isolated eigenvalues of finite multiplicity.
However, in fact, we will prove more strong result.

Denote by N_(H) the number of negative eigenvalues of H counting mul-
tiplicities. We set N_(H) = o0 if either the number of negative eigenvalues
is infinite, or there is at least one non-isolated point of o(H) in (—o0,0). (In
our previous notation, N_(H) = N(-0)).

Theorem 7.8. Under the previous assumptions

(7.18) N_(H) < /OOO:I:\V_(x)|d:B.
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Proof. First, due to comparison results discussed in previous lectures, with-

out loss of generality we can assume that V,(z) = 0 and, hence, V(z) =

V_(z). Moreover, we assume that V' (z) # 0, since the last case is trivial.
Consider a family of operators

Hy=—y"+7V(zx)y, 0<7<1.

Assumption (7.17) and Exercise 7.7 imply that the negative part of o(H,)
consists of simple eigenvalues

A(T) < Xo(T) <o < A7) <.

From the perturbation theory we know that A,(7) is an analytic function of
T and, moreover,

(7.19) N (r) = /0 TV (@) o, 2) 2 < 0,

where ¢, (7,z) is the normalized eigenfunction of H, with the eigenvalue
An(7).  In fact, for any fixed 7, A,(7) is defined only on a subinterval
(7—0(”)’ 1] - [07 1]'

Given p19 < 0, denote by N, the number of eigenvalues of H in (—o0, 119).
Clearly, N,, — N_(H) as p1p — 0. Fix such pp.

Varying 7 from 1 to 0, we see that for each n there is 7, such that A, (7,,) =
o provided A, (1) < po (and only in this case). Thus, the eigenvalues A, =
An(1) < pg are in 1 —1 correspondence with values 7 € (0, 1] such that there
exists a non-zero y € L*(R, ) satisfying

(7.20) —y" — oy = -7V (2)y

and boundary condition (7.15).
Denote by L the differential operator

d2
Tam M

in L?(R, ), with boundary condition (7.15). Since o < 0, L is an invertible
operator and

(L)) = / " K@, 6)f(©)de.

A direct calculation (using variation of constants, the boundary condition
and assumption y € L*(R,)) gives rise to the formula

K(2,€) = 0(¢ — ) por V_;;’“OJ‘G—Mg YRR SVarr \—/,t_towe_\/_—mz’
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where §(z) =1if 2 > 0, and 0(z) =0 if < 0.
Now equation (7.20) is equivalent to

y="L7(=V)yl.

Hence, the numbers 7,, are inverse eigenvalues of the integral operator K
with the kernel function

Kl(xv 5) = —K(l‘, S)V(S)

Claim 7.9. K; has at most countable number of non-zero eigenvalues .
All they are simple, positive, and

d = /OOO Ky (z, z)dz.

Let us postpone the proof of Claim and first finish the proof of theorem.
Using an easy inequality 1 —e™* < ¢, > 0, we have

D S D VD ¥
<1 Ap>1
0.) : h —
= | T vERey ()|
0 vV o
/°° 1 — e 2V-Hoz
0 2v/— o

[V (z)|dz < /Ooox]V(x)\da:.

O

Proof of Claim. Denote by K the integral operator with the kernel function
K(z,€),i.e. L7' and by V the operator of multiplication by |V|. Obviously,

K, = KV. Now consider the operator K, = VY/2KV'/2 with the kernel
function

Ky(z,€) = |V ()2 K (, )|V (&)

It is easily seen that

/ Ki(z,x)dx = / Ky(z, x)dz.
0 0
Now let A € C, A\ #£ 0, H\(K;) and H,(K>) be eigenspaces of K; and K,

with the eigenvalue \. If f € Hy(K,), then VY/2f € H,(K;) (check this).
Thus, we have a well-defined linear map

(7.21) VY2 Hy(K)) — Hy\(K>).
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We prove that this map is an isomorphism. Indeed, let f € H,(K;) and
V12f = 0. Then Vf = 0. Hence, K,f = KV f = 0, which contradicts the
assumption A # 0. Thus, (7.21) hat a trivial kernel. Now let g € H)(K>).
Then V2KV12g = \g. Setting f = A"'KV'/2g, we have VY/2f = ¢ and
f € H\(K;), which implies that (7.21) is onto.

Since K; > 0, its eigenvalues are nonnegative. Since the equation KV f =
Af is equivalent to the equation ALf = V f, we see that all the eigenvalues are
simple. Moreover, since Ky(z,£) > 0 is continuous, K» is a nuclear operator
and

trKy = trk; =/ Ky (z,z)dx :/ Ki(z,x)dx.
0 0

b. Neumann boundary condition.

First we show by a counterexample that estimate (7.18) fails in the case
of Neumann boundary condition

(7.22) y'(0) =0,
as well as in the case of operator (7.14) on the whole axis.

Example 7.10. Let V(z) = 0 if |z] > a and V(z) = —¢, € > 0, if |z] < a.
We show that operator H with boundary condition (7.22) has a negative
eigenvalue for all € > 0, a > 0, which implies obviously that estimate (7.18)
is impossible. To do this consider the equation on eigenfunctions on R with
negative eigenvalue A

—y — ey = Ny, |z < a,
-y =Ny, |z] >a

At © = +a the functions y and 3 have to be continuous. Obviously,
for corresponding operator H we have H > —el. Hence, A\ > —e. Since
the potential V' is an even function, we see that y(—=x) is an eigenfunction,
provided so is y. Since all the eigenvalues are simple, we have y(—x) = £y(z).
If y(z) is odd, then y(0) = 0 and y is an eigenfunction of the Dirichlet
problem with negative A, which is impossible. Consider the case of even y.
Then 3/(0) = 0 and

y(z) = CicosVe+ Az, |z| <a,

y(z) = Coe VA, |z| > a.
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Due to compatibility conditions at = +a, we have

CicosVe+ Aa — Cge"/’_’\a =0,
—CivVe+ Asinve+ Aa + C’g\/—)\e_‘/__)‘“ =0.

Now A is an eigenvalue iff there exists a nontrivial solution (Cy,Cs) of the
last system. Equivalently, the determinant

e VAV =X cos(Ve + ha) — Ve + Asin(vVe + Aa)]

should vanish. This gives rise to the equation

tanjave + A = e:L)\X

The last equation always has a solution A € (—¢,0) (draw a plot).

Now we consider the operator Hy in L?(R, ) generated by the differential
expression —y” + V(x)y and Neumann boundary condition 3'(0) = 0. We
assume that the potential is bounded below and locally bounded measurable
function. Denote by N_(Hy) the number of negative eigenvalues of Hy.
Then we have

Theorem 7.11. N_(Hy) <1+ [ z|V_(z)|dx.

Proof. Due to Theorem 7.4, it suffices to prove that
N_(Hy) <1+ N_(H).
In fact, we have
NA=0,Hy) <1+NWA-0,H), MeR.

Let
D ={ue C®R;):u(0) =0, suppu is bounded},
Dy ={ue C®(R,):4'(0) =0, suppu is bounded}.

The operators H and Hy are essentially self-adjoint on D and Dy, respec-
tively. We want to use the Glazman lemma discussed in previous lectures.
For H and Hy, this lemma reads

NA—=0,Hy) =sup{dim L : L C Dy, (Hu,u) < Mu,u),u € L\ {0}}.
NA—0,H) =sup{dimL: L C D,(Hu,u) < Mu,u),u € L\ {0}}.
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Hence, we have to show that, given L C Dy such that
(Hu,u) < Mu,u), ue€ L\{0},
there exists L C D such that
(Hu,u) < Mu,u),u € L\ {0},

and 3
dimL <1+dimL.

But the last is evident: set

L={ueL:u0)=0}.

¢. The case of whole axis.

Consider the operator
Hy=-y"+V(z)y, z€R,

assuming that V' € L2 (R) and V(z) > —Cjy. Then H is a self-adjoint

loc

operator in L*(R). Let N_(H) be the number of negative eigenvalues.
Theorem 7.12. N_(H) <1+ [ |z||V_(z)|dz.

The proof is based on the Glazman lemma. We omit it here (see, e.g., [1]).
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8 Multidimensional Schrodinger operator

8.1 Self-adjointness

Consider the operator
(8.1) Hou = —Au+V(z)u

with D(Hp) = C3°(R™). We want to know whether Hj is an essentially self-
adjoint operator in L*(R). If this is the case, we denote by H the closure

of Hy, i.e. H = Hj*. We have the following result which is similar to
Theorem 7.1.

Theorem 8.1. Assume that V € L2 (R™) and

V(z) = =Q(|z]),

where Q(r) is a nonnegative, nondecreasing, continuous function of r > 0
such that

b =

Then Hy is essentially self-adjoint.

The proof goes along the same lines as that of Theorem 7.1, but is more
sophisticated. We omit it. Instead, we want to discuss another way to obtain
essential self-adjointness.

We start with the following criterion of self-adjointness.

Proposition 8.2. Let A be a closed, symmetric operator in a Hilbert space
‘H. The following statements are equivalent:

(i) A is self-adjoint;

(11) ker(A* £4I) = {0};
(iii) im(A £4I) ="H.
Outline of Proof. 1) First, im(A £ iI) is a closed subspace of H (prove it).
2) Since ker A* @ im A = H and im A is closed, (i7) and (7i7) are equivalent.
3) Obviously, (i) = (ii), since o(a) C R for every self-adjoint A. Thus,
we have to show that (i7) and (iii) = (¢). Since D(A) C D(A*), we have
to prove that D(A*) C D(A). Let f € D(A*) and ¢ = (A*+iI)f. By
(i14), there exists g € D(A) such that (A+il)g = ¢. Since A is symmetric,
Ag = A*g. Hence,

(A*+il)f =p=(A"+il)g
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or
(A*+4)(f —g) =0.
By (ii), f =g and f € D(A). Thus D(A) = D(A*) and A is self-adjoint. O

Corollary 8.3. Let A be a symmetric operator. Then A is essentially self-
adjoint if and only if ker(A* £4il) = {0}.

We have also the following version of Proposition 8.2.

Proposition 8.4. Let A be a closed, nonnegative, symmetric operator. Then
A is self-adjoint if and only if ker(H* 4+ bI) = {0} for some b > 0.

Corollary 8.5. Let A be a nonnegative symmetric operator. Then H is
essentially self-adjoint if and only if ker(H* 4 bI) = {0} for some b > 0.

In what follows we will use the so-called Kato inequality. For any function
u, we define sgnu by

0, u(z)

u(x)|u(z)| ™, u(z)

(sgnu)(z) = {

and a regularized absolute value of u by
u(z) = (Ju(@)? + )12
Clearly, lim u.(z) = |u(z)| pointwise and |u(z)| = (sgnu) - u.

Theorem 8.6. Let u € Li (R™). Suppose that the distributional Laplacian
Au € L (R™). Then

loc
(8.2) Alu| > Re[(sgn u)Aul
in the sense of distributions.

Proof. First, let u € C*°(R™). We want to prove that (8.2) holds pointwise
except where |u| is not differentiable.
For such u(z) we have

(8.3) uVu. = ReuVu.
Since u > |ul, we get

(8.4) |Vu| < u€_1|u||Vu| < |Vul.
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Next, take the divergence of (8.3), to obtain
IVue? + u.Vu, = |Vul* + ReTAu.
Together with (8.4), this implies
uAu. > ReuAu,
or
(8.5) Au, > Re[(sgn, u)Aul,

where sgn, u = wu_'. Prove that Au. — Alu| pointwise (except where |u] is
not smooth) and sgn, v — sgnu pointwise.

The next step is based on regularization. Let p € C§°(R"), ¢ > 0, and
[ pdz = 1. We define ps(z) = 6 "p(z/6) and

(Tsu)(w) = (o= 0)@) = [ sl = utud.

I is called an approximate identity.
We list some properties of approximate identity:

(i) if u € Ly (R"), then I;U € C=(R");
(i) Is commutes with partial derivatives 0|0,,;

)
)
(iii) the map Is: LP(R™) — LP(R™) is bounded, with the norm < 1;
(iv) for any u € LP(R™), limgs_o||Isu — ul/z» = O;

)

(v) for any u € L} (R™), Isu — u in L} (R™).

Exercise 8.7. Prove (i)-(v).

Let u € L{ _(R™). Inserting Isu into (8.5) in place of u, we obtain

loc
A(Isu)e > Re[sgn, (Isu) A(Isu)].
Now one can pass to the limit as 6 — 0 and next as € — 0, to get (8.2). O
Exercise 8.8. Justify the passage to the limit in the proof of Theorem 8.6.
As an application we state the following

Theorem 8.9. Let V € L _(R™) and V > 0. Then H, is essentially self-
adjoint.
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Proof. Clearly, Hy is nonnegative symmetric operator. By Corollary 8.5, it
is sufficient to show that ker(Hj + I) = {0}. Thus, let us assume that

(8.6) —Au+Vu+u=0

for some u € L*(R™) (in the sense of distributions). We have to prove that
u=0.
We note that v € L*(R") and V € L2 (R") imply that Vu € L _(R").

Furthermore, v € L .(R"). By (8.6), Au € L{ (R").

loc loc

Now we apply the Kato inequality to get
Alu| > Re[(sgnu)Au| = Re[(sgnu)(V + 1)u] = |u[(V + 1) > 0.
As consequence,

Obviously, Is|u| > 0.
On the other hand Is|u| € D(A). Indeed, this follows from |u| € L*(R")

and p 5
- ')

(z —y)f(y)dy.
Now
(A(Is|ul), (Isu])) = =V (Is|u])]|7: < 0.

Since the left side here is nonnegative, we see that V(Is|u|) = 0. Hence,
Islu| = ¢ > 0. Since |u] € L*(R"), we have ¢ = 0. Therefore, Is|u| = 0,
hence, |u| = 0. O

Another approach to the problem relies on the notion of relatively bounded
operators and the Kato-Rellich theorem.

Let A and B be closed operators in ‘H. One says that B is A-bounded if
D(A) € D(B). Obviously, any B € L(H) is A-bounded for any A.

Proposition 8.10. If 0(A) # C and B is A-bounded, then there exist a > 0
and b > 0 and such that

(8.7) |Bull < af| Aul| + bul]
for allw e D(A).

Proof. Let
lulla = (llull® + || Aul|?)!/

be the graph norm on D(A). We know that A is closed if and only if D(A) is
complete with respect to ||-|| 4. Moreover, ||-|| 4 is induced by an inner product

(u,v)4 = (u,v) + (Au, Av).
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Denote by H, the space D(A) endowed with this inner product. Then Hy4
is a Hilbert space.

Exercise 8.11. If z ¢ o(A), then Ra(z) = (A — 2I)~! a bounded operator
from H onto H 4.
Since B is A-bounded, we see that BR4(z) is everywhere defined on H.

Exercise 8.12. BR(z) is closed operator on H.

Now the closed graph theorem implies that BR(z) is bounded. Hence,
there exists a < 0 such that

(8.8) |BRA(2)fI| < allfll, feX.

For any f € H, we have u = Ru(2)f € D(A) and each u € D(A) can be
written in this form. Thus f = (A — z)u. Now (8.8) implies

[Bul| = [BRA(2) f|| < al(A = 2)ull < al|Aul| + bl|ul],
with b = |z]a. O

The infimum of all a in (8.7) is called the A-bound of B. Note that b in
(8.7) depends, in general, on a. If B is A-bounded, then it follows from (8.7)
that there exists a constant ¢ > 0 such that

[Bull < cllulla, we Ha,

i.e. B:Ha — H is bounded. Conversely, if B is a bounded operator from
‘H 4 into ‘H, then B is A-bounded.
Now we prove the following Kato-Rellich theorem.

Theorem 8.13. Let A be self-adjoint, and let B be a closed, symmetric,
A-bounded operator with A-bound less then 1. Then A+ B, with D(A+ B) =
D(A), is a self-adjoint operator.

Proof. First, we have the following

Lemma 8.14. Let A be self-adjoint and B be A-bounded with A-bound a.
Then
|B(A—iX)7Y| <a+bA™"

for all real X # 0 and for some b > 0. The A-bound of B is given by

a = lim [|BRAGN]|

Al—o0
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Proof of Lemma 8.14. Since A is self-adjoint, we have
1(A = i ul|* = || Aull® + APl

hence,
[Aul] < |(A = iAul.

Setting u = R(i)\)v yields
[ARAGIA)]] < 1.
Exercise 8.15. If A is self-adjoint, then
IRAGAI| < A7
Now we have
IBRA(iNu]| < al| ARA(iN)ul] + D Ra(iX)ull < (a+ bIA| ™) Jull,

which implies the first statement.
The last inequality also shows that

lim sup ||BRA(iN)| < a.

[A|—o0

On the other hand,
|Bull = [BRA(IA)(A — iAul| < [[BRAGA)||[]| Aul] + [A[[[u]].

This inequality and the definition of A-bound imply that the A-bound is not
greater then
lim inf ||BRA(iN)||.

[A|— o0

Exercise 8.16. A + B is closed on D(A).

Proof of Theorem 8.13 continued. Since a < 1, we have
(8.9) [BRAGA)[ <1
for A large enough. Now
A+ B —iM =[I 4+ BRA(iN)]|(A —iX]).

Due to (8.9), I+BRA(i)) is an invertible operator. Since A—i\I is invertible,
it follows that (A+ B —i\I) is invertible. In particular, im(A+ B—i\) = H,
and, by Proposition 8.1, A + B is self-adjoint. O
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As an application we have

Theorem 8.17. Let V € L*(R?®) + L>(R3) and real. Then the operator
H=—-A+V, with D(H) = D(A) = H*(R?), is self-adjoint.

Remark 8.18. Recall that
H™(R") = {u € L*(R") : 0*u € L*(R%),|a| < m}.

Remark 8.19. Suppose V € LP(R") + L*(R"™), with p > 2 if n = 4 and
p>n/2if n > 5. Then the conclusion of Theorem 8.17 holds.

Proof. Let V =V, + Vs, with V; € L*(R3?) and V3 € L>(R?). Since
Vaullz < [[Val|ze~lull 2,

we see that multiplication by V5 is A-bounded with A-bound 0.
Consider V' = V; € L*(R?). Since A is self-adjoint, i\ & o(A) for all
A€ R, X #0. We have

IVRAGN) fllzz < V]2l Ra(iA) fllze,

provided the L*°-norm here is finite. Thus, it is enough to prove this.
In fact, on R® we have the following integral representation for Ra (i)

(Ra(iN) f)(x) = (47) ! / e Vvl |g g1 f(y)dy.

R3

Using the Young inequality, this implies
[RAGA) fllzoe < 1 F 221Gl 22,
where G (z) = (47) "L exp[—(i\)/?|x|]|z|~* and
[Gallzs = (4m)2 | expl-2Re(i) *Jafa| *do
R3

is finite. Moreover, it is easy to check that limy . ||Ga||z2 = 0. Therefore,
for any € > 0 we can find A > 0 such that

1Gallze < elVIIZ2.
Now it follows that for all A large enough

IVRAGA) fllze < el flz2-
Since (8.8) implies (8.7), we have
Vull < el Aull + eAllull, u e D(A).

This implies that V' is A-bounded with A-bound 0.
Applying the Kato-Rellich theorem, we conclude. O
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8.2 Discrete spectrum

We assume here that V' € L° (R") and

loc

(8.10) lim inf V(z)= lim inf V(z) > a.

|x|—o00 R—oo |z|>R

Theorem 8.20. Under assumption (8.10) the operator H is bounded below
and, for each a' < a, o(H) N (—00,a’) consists of a finite number of eigen-
values of finite multiplicity.

Corollary 8.21. Iflim|y o V(z) = 400, then o(H) is discrete.

Proof of Theorem 8.20. Clearly, V(x) > —C for some C' and, hence, H is
bounded below. Remark also that the conclusion of Theorem means that
the spectral projector E, of H is finite dimensional for all o’ < a.

1) Let us consider

() = / A+ V(@)[Pde, € D(H).

R’n

We want to show that
81 (Hew) = [ (VP +V@lwPlds, v e D).

Identity (8.11) is obvious for ¢ € C{°(R™). In general case we show
first that

(8.12) / VU2 + V(@)|oPlde < oo, o € D(H).

RTL
Local elliptic regularity implies that if ¢» € D(H), then v € HZ_(R™).
Hence, the integral in (8.12), with R™ replaced by each ball, is finite.

Let b < inf V(z) — 1. Since ¢ € L*(R"), inequality (8.12) is equivalent
to the following one:

Hy(th,0) = / IV + (V@) — Bfds < oo, € D(H).

Finiteness of the quadratic form H,(1), 1) means that

(8.13) /|V@/}|2d:13 < oo,/(l + |V (2))|[¢fdr < co.
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The form Hy (1), ) is generated by an Hermitian form

Hy (i, ) — / Vs + (V(2) — by Tade,

which is finite provided ¢; and 1 satisfy (8.13).
For ¢ € C§°(R™) one has

(8.14) (H = bI),¢) = Hp(1h, ).

Here the left-hand part is continuous with respect to the graph norm

(1l + [ Hw ).
on D(H). Hence, same is for Hy(1, ) and, by continuity, H, is well-
defined on D(H).

We have an obvious inequality

where ||-||; is the norm in H'(R"). Therefore, convergence of elements
of C§°(R™) with respect to the graph norm implies their convergence
in ||-||;. Since the space H'(R") is complete, it follows that 1) € D(H)
implies ¢ € H'(R"), i.e. ¢ € L*(R") and the first inequality in (8.13)
holds.

Similarly, the weighted L2space
AR, 1+ [V(2)]) = (v € IXR") : / (1+ V(@)()Pde < oo}
Rn

is complete, which implies that ¢ € L?(R", 1 + |V (z)|) provided ¢ €
D(H).

Thus, for every ¢ € D(H) satisfies (8.13) and (8.11) (which is equiva-
lent to (8.14)) follows by continuity.

Now we recall a version of Glazman’s lemma:
N(A) =sup{dim L : L < D(H),(Hu,u) < Au,u), u€ L},

where N(\) = # eigenvalues below \.

Thus, to prove the theorem we have to show that if @’ < a and L is a
subspace of D(H) (not necessary closed) such that

(8.15) (Hip,v) <d'(y,4), €L,
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then L is finite dimensional.

Due to step 1), we can rewrite (8.15) as

(8.16) AJWM%MV@%wMM%Msa bel.

Fix 6 € (0,a — d’) and R > 0 such that V(z) > a' + 6 for |z| > R. Let
M =—infV(z). If C >0and C > M + d/, then (8.16) implies
(8.17)

/ Vltdz + / IV + 6l¢Plde < C / pde, o € L.
|z|<R |z]>R |z|<R

Let us consider an operator A : L — L?(Bg), A : ¢ — 9|p,,, where Bg
is the ball of radius R centered at 0. The space L is considered with
the topology induced form L?*(R"). Clearly, A is continuous. Inequality
(8.17) implies that ker A = {0}. Now it suffices to show that L = AL
is a finite dimensional subspace of L?(Bg). Clearly, L ¢ H'(Bg) and,
due to (8.17),

[l (Br) < Cill¥llresgy, ¥ € L.

Therefore, the identity operator I in L can be represented as a compo-
sition of the embedding L. C H'(Bg) which is continuous, as we already
seen, and the embedding H'(Bg) C L*(Bg) which is compact. Thus,

I is a compact operator. Hence, L is finite dimensional.

0

Remark 8.22. There exist various estimates for N_(H), the number of

negative eigenvalues of H. In the case n > 3, the best known is the Lieb-
Cwikel-Rozenblum bound

Nﬂﬁﬁ%/HMMWM,
R’I’L

where V_(x) = min[V(x),0] and ¢, is a constant depending only on n.

8.3 Essential spectrum

Recall that oess(H) consists of all non-isolated points of o( H) and eigenvalues
of infinite multiplicity. In other words, A\ € 0 (H) if and only if the space

E(X — €, A + ¢)H is infinite dimensional for all ¢ > 0. Here E(A) is the
spectral projector associated with an interval A C R.
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Theorem 8.23. Assume that V € L5, (R") and lim, o V(z) = 0. Then
Oess(H) = [0, +00).

Proof. By Theorem 8.20, 0ess(H)N(—00,0) = (). Therefore, we have to prove
that [0, +00) C o(H).

Let A > 0. Then A € o(H) if and only if there exists a sequence ¢, €
D(H) such that

I =D

lim
r= [l gpll
To construct such a function we start with the following observation. The

function e, |k| = /), satisfies the equation
_Aeik-x — )\eik-m

Therefore, .
lim [~A + V(x) — Ne** = 0.

|z|—o00

Now let us fix a function y € C§°(R™) such that x > 0, x(z) = 1if |z| < 1/2,
and y(z) = 0 if |z| > 2. We set

Xp() = x(Ip|""*(x — p)), peZ™

Obviously,
suppx, C{z € R": |z —p| < \/H}
Therefore,
lim sup |V(x)|=0.
P—00 zesupp Xp
Now we set

op(r) = xp(2)e®?, |k = VA,

First, we have

loll? = / (@) Pde = p / x(@)2dz = Cp2,

where C > 0.
Next,

ngp — _(AXp) . ei/ws . (pr)(VGik'x) + k2Xpeik~z + V(:B)Xpeik'z.
Therefore,
(8.18) (H — M), = e**[Hx, — ik - VXp).
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In addition,
Vol < Cilpl7Y2, [Ax| < Crlp| ™

Hence, (8.18) implies that
lim sup [(H — A)g,(z)| = 0.

However,
H— ) 2
||( 3@?” — C—lp—n/2||<H . )‘I)¢H2
(128
< Cop™™2. [meas(supp Xp)]2 sup|(H — )\])gop(ac)|2
< Cysup|(H — )\I)gop(x)|2 — 0,
and we conclude. O

Under further assumptions on the potential on can prove the absence of
positive eigenvalues (with L2-eigenfunctions). The following result is due to
Kato.

Theorem 8.24. Let V € L2 (R") and

loc

lim |z|V(x) = 0.

|z|—o00
Then H has no positive eigenvalues, i.e. if HY = \p with A > 0 and
v € D(H), then ¢ = 0.
Let us point out that A = 0 may be an eigenvalue (not isolated).

Example 8.25. Let ¢y € C°°(R"™) be a function such that ¢(x) = |z|>™" if
lz| > 1, and ¥(x) > 0 everywhere. Clearly, ¢ € L*(R") provided n > 5.
Set V(z) = [AY(x)]/¢(x). Then V e C§°(R") and ¢ is an eigenfunction of
H = —A +V with the eigenvalue 0.

We mention now a general result on location of essential spectrum — the
so-called Persson theorem.

Theorem 8.26. Let V € L2 (R™) and V(z) > —C. Then

loc
(H,¢,9)
s

K runs over all compact subsets of R™.

inf oess(H) = suplinf{ cp € C°(R™\ K), ¢ # 0},

Remark that here infimum is exactly the bottom of the spectrum of —A+
V(z) in L*(R™\ K) with the Dirichlet boundary condition. The proof can
be found in [4].
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8.4 Decay of eigenfunctions
As usual, we assume here that V € L° (R™) and V(z) > —C.

loc

Theorem 8.27. Assume that

lim inf V(z) > a.

r—00

Let 1 be an eigenfunction of H with the eigenvalue N < a. Then for every
€ > 0 there exists C. > 0 such that

(8.19) ¥(@)] < Ceexpl—y/ “ 2]

Corollary 8.28. If V(z) — 400 as |z| — oo, then
[¥(2)] < Coe™!
for every a > 0.

Remark 8.29. Estimate (8.19) can be improved. In fact,

()] < Cyexp[=v/(a = A = €e)fz]].

Proof of Theorem 8.27. First recall some facts about fundamental solution
of —A + k2, i.e. a solution of

—A&;, + ]{?25k = 6($)

There exists such a solution with the property that & € C*°(R™\ {0}) and
the asymptotic behavior

Eu(z) = clz[ T e M1+ 0(1), = — o,

where ¢ > 0. Moreover, & is radially symmetric. In the case n = 3

Ek(z) = f@)ek“ )

Let 1 be a real valued eigenfunction
Hy=Xp, A<a.

For the sake of simplicity, let us assume that V' is smooth enough for large
|z|. Then, due to the elliptic regularity, ¢ is smooth for same z, i.e. ¥ is a
classical solution. One has

A(?) =209 - 4 +2(V)*.
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Therefore,
—AW*) =2\ = V(2))p* - 2(Vy)*.
Hence (add simply 2(b — \)? to the both sides),
(A +2(b = NY? = =2(V(2) — b)p* — 2(Vy)*.

We assume here that b < a and, hence, the right hand part is nonnegative
for |z| large enough.
Set
u(z) = ¢ — M&y()

with & = 1/2(b— ) (here A < b < a). Choose R such that &/(z) > 0,
V(z) > b and ¢(x) is smooth for |z| > R. Next choose M > 0 such that

u(z) <0, |z|=R

this 1s possible due to continuity of £(x) an ) on the sphere |z| = R).
his i ible d inui tE& d he sph R
Obviously
~Au+FKu=f<0, |z|]>R

Here
f = =2(V(@) ~ ) ~ V)"
Set
wie) = [ ule = ey

where ¢ (x) = e "p(z/€), p € C°(R™), ¢ > 0 and

/ pdx = 1.
R”L

Enlarging R, if necessary, we have
(—A+ k*)u. = f. <0.
Since u € LY(R"), u.(x) — 0 as |x] — oo (check this). Let
Uy = {o: R < |2l < p)

and
M) = (o).
al=p
Clearly, u.(z) < 0 if || = R and € is small enough. By the maximum

principle, we have
ue(z) < My(e), x€Qpg,

Letting pp — oo, we get u.(z) < 0, if |z| > R. Passing to the limit as € — 0,
we see that u(z) < 0 if || > R and this implies the required. O

95



Remark 8.30. Assume that the potential has a power growth of infinity:
V(z) > clz|® — ¢,
where ¢ > 0, ¢; € R and a > 0. Then for each eigenfunction 1) one has
()] < Cexp(—alz[2H).

with some C' > 0 and a > 0 [1].

8.5 Agmon’s metric

Let z € R™ and £,n € R™ (more precisely, we should consider £, n as tangent
vectors at x). For the sake of simplicity we assume that the potential V' is
continuous. Define a (degenerate) inner product

where (-,-) is the standard Euclidean inner product on R" and wu(z), =
max{u(x),0}. This is the Agmon metric on R™. Certainly, the Agmon metric
is degenerate and depends on V' (z) and A.

Let v : [0,1] — R™ be a smooth path in R". We define the Agmon length
of v as

1
La(y) = / I () o,

where ||€||. = <§,§>i«/ ?. More explicitly,

La(y) = / (V) — N2 () de

where [[£]| is the standard Euclidean norm in R™. A path ~ is a geodesic if
it minimizes the length functional L (7).

Given a potential V' and energy level )\, the distance between z,y € R"
in the Agmon metric is

pa(z,y) =inf{La(7) : v € Poy},
where P, , = {7:[0,1] = R™: 4(0) = z,7(1) = y,v € C*([0,1])}.
Exercise 8.31. p, is a distance function.

Exercise 8.32. p,(z,y) is locally Lipschitz continuous, hence, differentiable
a. e. in z and y. At the points where it is differentiable

IVyoa(z,y)| < (V(y) — A+
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Using Agmon metrics one can obtain an anisotropic estimate of decay
of eigenfunctions. For simplicity we will prove such an estimate in L? form
only.

Theorem 8.33. Assume that V € C(R™) and V(z) > —C'. Suppose X is an
eigenvalue of H and supp(A — V(z)), is a compact subset of R™. Let 1) be
an eigenfunction with the eigenvalue . Then, for any € > O there exists a
constant c. > 0 such that

(8.20) / 21-903) (1) [2d < c.
RTL

where px(x) = pa(z,0).
Remark 8.34. Our assumption on (A — V'), implies that A < inf oess(H).

Lemma 8.35. Let f(z) = (1 — e)pa(z),fo = f(1+ af),a > 0, and
o € HY(R™) be such that

/R V@)l < oo

and
suppp C Fyg = {z: V(z) — X > 6}.

Then there exists 6; > 0 such that

(8.21) Re /Rn[V(efaw)V(e_f"@ +(V = Nelfldz > &lo]

Proof. Direct calculation shows that the left-hand part of (8.2) is
/RHHVSO’Q — [Vfallel + (V= Nlelldz > (¢, (V= A = [V fal*)$?).

Next

Vfal? = [VF(L+af) ™ <[V = (1—e)*Vor(a)®
<A =gViz) = A

Since supp ¢ C F) s, one has V(z) — A > 6 on supp ¢. Thus

(822) (o, (V=XA=|V/al®)p) = (0, (V=N — (1 =€) (V= Nip)
= (@, (V=N =1 =e)(V—=Np) = (g, e(V = X)p) > eb(p, p).

O
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Lemma 8.36. Let n be a smooth bounded function such that |Vn| is com-
pactly supported and

¢ = mpexp(fa),
where HY = \ip. Then

823) e [ VTP + (V- Nlpllo = [ eoluda,
where & = | V|2 +2 < Vi, Vfa > 1.
Proof. Since |fo(x)| < 1, then e/~ € L?*(R™). One has
824) [ [V(e)V(eT) + Viph — Aiellds

= [ V() VD) + (V = A o) ) o

— [ (V)T (V= N7l ds

+ /R V(i) V)i — (e*ony) ViV da.

We used here the identity

V(eXemp)V () = V(eXon? ) Vi + [V (eXny) Vil — (eXon) ViV,

Since H1p = M, the first integral in the right since of (8.24) vanishes. Cal-
culating V(e**ny), we obtain from (8.24)

825) [ [V(eh)V(EeT) + Vigk = Aieflds
— [ R n(Tn V0T + (V0 V)i
+elon(V V) - — eXen(V - Vi) - ¢]da.

Taking the real part, we obtain the required. O
Proof of Theorem 8.33. We set

(8.26) Fros={x e R": V(z) — X\ > 26},
(827) A)\’,s = {.’17 e R": V(SL’) —A< 6}
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Choose, n € C* such that n(z) = 1 on F) 9 and n(x) = 0 on A, . Clearly,
supp|Vn| is compact. Take f, f, and ¢ as before. By Lemmas 8.33 and 8.34,

Sullell* < Re /Rn[V(efasO)V(e_f“@) +(V = N)lel*|dz

(8.28)
<I cetlpbda <[ s [en v

zesupp| V|

Since supp|Vn| = R"™ \ (Fi26 U Ay ) is compact, one can pass to the limit as
a — 0in (8.28). Thus

(8.29) le’n]* < e,

where ¢, > 0 is independent of o > 0. Now we can take a = 0 in (8.29).
Since supp|Vn| U A, s is compact, the integral

/ e Y2 dr < oo.
supp|V|UAy s

Hence, due to (8.29)

[ evorepepas[ =/ s < co
R™ {n(=z)=1} supp|Vn|UAx 5

with new c.. O

Remark 8.37. In fact, one can prove the following pointwise bound
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9 Periodic Schrodinger operators

We consider now Schrodinger operators —A + V(z), where V' is a periodic
function. That is, we assume that for some basis {e;} C RY

V(iz+e)=V(x), i=1,...,N.

Such operators appear,e.g., in solid state physics. More details can be found
in [8]. For classical theory of one-dimensional periodic operators see [3].

9.1 Direct integrals and decomposable operators

Let ‘H' be a separable Hilbert space and (M, ) a o-finite measure space.
Let H = L?*(M,du,H') be the Hilbert space of square integrable H'-valued
functions. Now we rename this space by constant fiber direct integral and

write as o
H= / H'dp.
M

If 41 is a sum of point measures at points mq,ms, ..., mg, then each f €
L*(M,du,H') is completely determined by (f(my), f(ms),..., f(ms)) and,
in fact, H is isomorphic to the direct sum of k£ copies of H'. In a sense,
L*(M,du,H') is a kind of ”continuous direct sum”.

A function A(-) from M to L(H') is called measurable if for each ¢, €
H' the scalar valued function (¢, A(m)v) is measurable. L*(m,du, L(H'))
stands for the space of such functions with

| Al = ess supl|A(m)]| L) < oo

A bounded linear operator A in H is said to be a decomposable operator (by
means of direct integral) if there is an A(-) € L>(M,du, L(H')) such that

(A)(m) = A(m)p(m).
We write in this case

A= [ Amidutm).

M

The A(m) are called the fibers of A.
Notice that every A(-) € L>®°(M,du, L(H)) is associated with some de-
composable operator. Moreover,

Al = IAC) oo
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In fact, we have an isometric isomorphism of the algebra L>(M,du, L(H'))
and the algebra of all decomposable operators. L*(M,du,C) is a natural
subalgebra of L (M, du, L(H')). Tts image A consists of those decomposable
operators whose fibers are all multiples of the identity.

Proposition 9.1. A € L(H) is decomposable iff A commutes with each
operator in A.

A function A(-) from M to the set of all (not necessary bounded) self-
adjoint operators in H’ is called measurable if the function (A(-) +4I)~*
measurable. Given such A(-), we define an operator A on H with domain

D(A) = { € H: (m) € D(A /w4 m)|Pdju(m) < 0o}

by
(AY)(m) = A(m)y(m)

We write

A= [ Amay

M
Let us summarize some properties of such operators

Theorem 9.2. LetA = fM m)du, where A(-) is measurable and A(m) is
self-adjoint for each m. Then:

(a) A is self-adjoint.

(b) For any bounded Borel function F' on R

(c) X € o(A) if and only if for all e >0

M{Em:a(Am))N(XA—eA+¢€)#0}) >0
(d) X is an eigenvalue of A if and only if

M({m : X is an eigenvalue of A(m)}) > 0.

(e) If each A(m) has purely absolutely continuous spectrum, then so does

A.
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(f) Suppose that B = fM m)du with each B(m) self-adjoint. If B is A-
bounded with A-bound a, then B(m) is A(m) bounded with A(m)-bound
a(m) <a. Ifa <1, then

(&)
At B-= / (A(m) + B(m))dp

M
is self-adjoint on D(A).

We explain here only some points of the theorem.

(a) It is easy to verify that A is symmetric. So, by Proposition 8.2, we
need only to check that im(A £+ 4I) = H. Let C(m) = (A( ) +4iI)~t. C(m)
is measurable and ||C(m)|| <1 (prove it). Hence, C' = f y C(m)dp is a well-
defined bounded operator. Let ¢ = Cn, n € H. Then, ¢)(m ) € imC(m) =
D(A(m)) a. e. and

[Am)g(m)|| = [|Am)C(m)n(m)l| < In(m)]| € L*(dp)

(the last inclusion is not triviall). So, ¥ € D(A). Moreover, (A + iI)y = 7.
Similarly, one checks that im(A —iI) = H.

(c) Let Pa(A) be the spectral projector of A associated with an interval
A. We know that Pa(A) = xs(A), where xa(A) is the characteristic function
of A. By (b), we have

mwzﬁmwwm

Now we need only to remark that A € o(A) iff P_ere(A) # 0.
(d) Similar to (c).

9.2 One dimensional case

Consider the operator

d
H__F+V( ),

where V(z) is a 27-periodic function, V' € L®(R). Let H' = L*(0,2) and

© df
H = H —
[0,27) 2m
Consider the operator U : L*(R) — H defined by
(9.1) (Ufo(x) =D e " f(x + 2mn).

nez
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U is well-defined for f € C§°(R), since the sum is convergent. We have
2m 2m ] de
/0 (/0 \;emef(x +27m)|d)

- [ STt 2m) [ e e

- / %(;\f(mHM)V)dx: / f(@)Pda.

—00

Thus, U has a unique extension to an isometric operator.
Next, we show that U is a unitary operator. By means of direct calcula-

tion we see that
db

(U*g)(z + 27n) = /0 ' emegg(az)g

for g € H. It is also not difficult to verify that ||[U*g||* = ||g||*.

The operator U is the so-called Floquet transform.

Denote by L the self-adjoint operator in L?(R) generated by —d?/dz?. For
6 € [0,2m) we consider the self-adjoint operator Lg in L?(0,27) generated by
—d?/dz* with the boundary conditions

$(2m) = €(0), ¢/ (27) = €¢'(0).
We have

b
(9.2) ULU—lz/ Lgd—e.

[0,27) 27

Let A be the operator on the right-hand side of (9.2). We shall show that
if f € CP(R), then Uf € D(A) and U(—f") = A(Uf). Since —d?/dz? is
essentially self-adjoint on C§° and A is self-adjoint, (9.2) will follow.

So, suppose f € C§°(R). Then Uf is given by the convergent sum (9.1).
Hence, Uf € C* on (0,27) with (Uf)y(z) = (Uf")e(x) (similarly for higher

derivatives). Moreover,
(Uflg(2m) = e f2r(n+1)) =Y e 0D f(2mn) = (U f)4(0).

Similarly, (U f)'(27) = €®(U f)'(0). Thus, for each 6, (Uf) € D(Ly) and

Lo(Uf) =U(=f")e.
Hence, Uf € D(A) and A(Uf) =U(—f").
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Now let

H,g = L@ + V(I)
considered as an operator in L?(0, 27)
Theorem 9.3.
1 © dé
UHU " = Hy—
[0,27) 27

Proof. In view of (9.2), it is enough to show that
UvuTt = / ) e
[0,27) 2m
where Vj is an operator (6-independent) on the fiber L?(0,27) defined by
Vaf)(x) = V(2)f(z), € (0,27).
One has

(UV fo(z) = Z eV (x4 27n) f(z 4 27n)

n

=V(2)) e ™ f(z+2mn) = Vo(U f)o(x).

Thus, we conclude. O

Now we remark that the operator Ly + I is invertible. The inverse Ky =
(Lg 4+ I)~* can be found explicitly:

(Fgu) (x) = / " Gl yuly)dy,

where 1
Go(w,y) = 5e "+ a()e™™ + B(0)e ™,
04(9) — %(e2ﬂ—i9 o 1)—1’
5(0) — %(e%r—ie . 1)—1'

This implies that Ky is compact and depends analytically on # in a neigh-
borhood of [0, 27].

Since Ly depends analytically on 6, so does Hy. Moreover, Hy has a
compact resolvent. Hence, the spectrum of Hy is discrete and consists of
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eigenvalues A (f) < Ag(#) < .... Due to Theorem 9.2(c), we see that o(H)
is a union of intervals
[inf A, (0), sup Ak (0)]

(this is the so-called band structure of spectrum). Since H is bounded below,
o(H) the complement of the union intervals (—oo,ay), (a1,b1), (ag,bs), ...,
with b; < a;+1. Finite intervals (ay,b;), i > 1, are called spectral gaps.

One can prove similar results in multidimensional case as well. However,
in one dimensional case one can obtain much more information.

First, remark that H(f) and H (2w — 6) are antiunitary equivalent under
complex conjugation. Therefore A (6) = A\x(2m—80). Next, one can prove that
eigenvalues A\,(6),6 € (0,7), are nondegenerate, hence, depend analytically
on 6 € (0,7). In fact, Ax(0) can be analytically continued through 6 = 0 and
0 = m. However, such the continuation may coincide with A, 1(0) or A,_1(0)
if A(0) (resp. A(m)) is a double eigenvalue (only double degeneration may
occur).

Moreover, for k£ odd (resp. even) A, (0) is strictly monotone increasing
(resp. decreasing) on (0, 7). Therefore,

)\1(0) < )\1(71') < )\2(71') < )\2(0) <...
< )\Qn_1<0) < )\gn_1<7T) < )\2n<ﬂ') < )\gn(O) < ...

Intervals (bands) [A2,—1(0), Agp—1(m)] and [Ag, (), A2, (0)] form the spectrum.
They can touch, but cannot overlap. In 1-dimensional case the following is
also known:

If no gaps are present, then V = const.
If precisely one gap opens up, then, V is a Weierstrass elliptic function.

)
)
(c) If all odd gaps are absent, then V is w-periodic.
) If only finitely many gaps are present, then V' is a real analytic function.
)

In the space of all 2m-periodic C* functions the set of potentials V', for
which all gaps are open, is a massive (hence, dense) set.

9.3 Multidimensional case

Consider the operator H = —A + V(z) on RN. V(z) is 2m-periodic in
zii=1,...,N,V € C(RY) (for the sake of simplicity), V (z) > —C. In this
case one can define the Floquet transform

(Uf)g(x) = Z e O f(x + 27n),

nezN
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where 0 € [0,2m)N,z € (0,27)Y. The operator Ly in L*((0,27)") is now
defined as —A with boundary conditions

(T, T, 2T, T 1,y - -, TN ) = ew’“z/J(xl, ces 1,0, Ty, ., TN)

V(T1, . T, 27, Tpgts - o, T) = €% (20, 2p1, 0, Tpga, . .., TN).

Another way is to consider Ly on the subspace of L2 _(R") that consists of
functions satisfying Bloch condition

(x4 2mn) = ¥ mp(x), neZV.

The Floquet transform again decomposes H and gives rise to a band structure
of the spectrum. However, Hy may have multiple eigenvalues and the bands
may overlap, in contrast to 1-dimensional case. Under some not so restrictive
assumptions on V' it is known that, in the case N = 2, 3, a generic H can have
only a finite number of gaps. This is also in the contrast to 1-dimensional
case.

Nevertheless, in all dimensions the spectrum of H is absolutely continu-
ous.

Now let us discuss the so-called integrated density of states. First consider
the spectral function e(\; z,y). The spectral projector E) turns out to be an
integral operator. Its kernel function e(\;x,y) is just the spectral function
of H. In the case of interest e(]);-,+) is a continuous function on RY x R¥,
Moreover, it is periodic along the diagonal, i. e.

e(A;x 4 2mn,y + 2mn) = e(A\; z,y).

By definition, the integrated density of states N(X) is the mean value of
e(\;x, ), ie.
1

NN = A; d
N = o [ s,

where K = [0,27]~. N()\) is a nondecreasing function which is equal to zero
for A < inf o(H) and constant on each gap of the spectrum. Moreover, o(A)
coincides with the set of growth points of N()).

One can express N () in terms of band functions A (6):

N\ = (@2n)Y imeas{@ € K : \(0) <A} =(2m) N /K Ny(\)db.

Here Ny()\) is the ordinary distribution function for the discrete spectrum of
H07
Ny(X) = # eigenvalues of Hy below A.
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If V=0, then
N(\) = 2m) NonAN20()N),
where vy is the volume of unit ball in R and () is the Heaviside function.
One can give another description of N(\) as follows. Let

Q,={reRY :|zj|<mn,j=1,...,N}.

Consider the operator H,, defined on €2,, by —A + V' (z) with periodic bound-
ary conditions (precisely, 2mn-periodic). The operator H,, is self-adjoint in
L?(£2,) and has discrete spectrum. Denote by N, ()\) the ordinary distribu-
tion function for eigenvalues of H,,. Then

1
9.3 N(A) = lim ———N, ().
(9.3) (N) = Jlim — N, ()

Moreover, let G, (t,x,y) be the Green function of parabolic operator /0t —
H, on (0,00) x Q, with periodic boundary conditions and G(t,x,y) the
fundamental solution of the Cauchy problem for 9/0t — H. One can verify
that

G(t,x + 2mk,y + 2rk) = G(t,z,y), ke Z".

Consider the Laplace transforms of N and N,,:
N(t) = / MAN(N), >0,

N(t) = / T NN, >0,

Then .
N, (t) = t d
n(t) meas €, /Qn Gt . z)de,
~ 1
N(t) = =: M.
(t) —— /KG(t,:L’,a:)da: (G(t,z,z))

and Ny (t) — N(t).

9.4 Further results

Consider the case of almost periodic (a. p.) potential. A bounded continuous
function f(x) is said to be almost periodic if the set of its translations { f(- +
Y) }yern is precompact in the space Cy(RY) of bounded continuous functions.
The mean value of such f is defined by



(The existence of the limit here is a deep theorem). Denote by C AP(RY)
the space of all such functions.

If Ve CAP(RY), then —A + V is essentially self-adjoint operator in
L*(RY). Let H be the corresponding self-adjoint operator.

Let us consider another operator generated by —A + V(z). In the space
CAP(RY) we introduce an inner product (f,g)p = M(f-g) and correspond-
ing norm ||-||p (one can show that ||f||z = 0, f € CAP(RY), implies that
f =0.) The space CAP(R") is incomplete with respect to this norm. The
completion B*(RY) is called the space of Besicovitch a. p. functions. It turns
out to be that —A+ V(z) generates (in a unique way) a self-adjoint operator
Hp in B*(RY). A deep theorem by M. Shubin states that o(H) = o(Hp).
Remark that the structure of these two spectra is different. For example, —A
has continuous spectrum in L?(R¥Y), but purely point spectrum in B%(RY):
each function €%? is an eigenfunction of —A in B%(RY) with the eigenvalue
P,

In a. p. case the structure of spectrum become much more complicated,
than in periodic case. In particular, we cannot introduce band functions. Let
us discuss only few results in this direction. Recall that a perfect Cantor set
(not necessary of measure 0) is a closed subset of R without isolated points,
the complement of which is everywhere dense in R. A [limit periodic function
is a uniform limit of periodic functions (of different periods).

Theorem 9.4. In the space of all limit periodic functions (with the standard
sup-norm) on R there exists a massive (hence, dense) set consisting of po-
tentials V' such that the spectrum o(H) of H = —d?/dz* + V (x) is a perfect
Cantor set. The same is true in the space of potentials of the form

V(z) = ian cos %, Z|an| < 0.
n=0

This theorem was obtained by Avron and Simon. Moreover, one can find
a dense set of limit periodic potentials such that o(H) is a perfect Cantor
set and the spectrum is absolutely continuous of the multiplicity 2.

However, the spectrum does not always have to be absolutely continu-
ous. Chulaevskii and Molchanov demonstrated that there are limit periodic
potentials with pure point Cantor spectrum of Lebesgue measure 0. Corre-
sponding eigenfunctions decay faster than any power of |z| as |z| — oo, but
not exponentially! In some cases the spectrum is purely point with expo-
nentially decaying eigenfunctions. The last phenomenon is called Anderson
localization and is more typical for random operators.

Let us finish our discussion with considering of integrated density of
states. Again one can consider the spectral function e(\; z,y). This function
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is almost periodic along the diagonal, i.e. e(\: z+2,y+2)isa. p. in z € RY,
uniformly with respect to x,y € RY. Now we set

N()‘) = MI(e(/\a ,.’,U,CC)),

where M, is the mean value of an a. p. function. One can also extend formula
(9.3). Let €, be a sequence of smooth bounded domains which blow up in
a "regular” way, e.g., (), is a ball of radius n centered at the origin. Let
H,, be the operator generated by —A + V(z) on 2, with some self-adjoint
(e.g., Dirichlet or Neumann) boundary condition and N, (\) the distribution
function for eigenvalues of H,,. Then
) 1
N(A) = lim ———N,, ().

n
n—oo meas {1,

Again, for the Laplace transform of N(\) one has
N(t) = M (G(t, z, x)),

where G(t, z, z) is the fundamental solution of Cauchy problem for 9/0t — H.
This function is now a. p. along the diagonal.
For details we refer the reader to [7], [13] and references therein.

9.5 Decaying perturbations of periodic potentials

Consider the operator H = —A + V(z) with a potential of the form
V(z) + Vo(z) + Vi(z),

where Vj(x) is periodic and V;(x) decays at infinity (we do not specify here
precise assumptions). The operator H can be considered as a perturbation
of the operator Hy = —A 4 Vy(x). As we already know, the spectrum o(Hy)
is absolutely continuous (at least, for continuous potentials) and may have
gaps. If the perturbation V;(z) decays sufficiently fast, the multiplication by
Vi(z) is a A-compact (hence, Hy-compact) operator. This means ([8], vol. 4)
that Vi(—A+1)"! and Vi(Ho + )™}, with a > 0 large enough, are compact
operators. It is known [8] that an essential spectrum is staple under relatively
compact perturbations. Therefore, ess(H) = 0ess(Ho) = 0(Hp)). However,
the perturbation V;(z) may introduce eigenvalues of finite multiplicity below
the essential spectrum and/or into spectral gaps. Typically, corresponding
eigenfunctions decay exponentially fast. See a survey [2].

Now we want to point out the following question. Is it possible that H has
eigenvalues which belong to ges(H) = 0(Hp)? Such eigenvalues are called
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embedded eigenvalues. If Vy(z) = 0, then Theorem 8.24 shows that there
are no positive eigenvalues. The point 0 may be an eigenvalue in the case
N > 1. So, in higher dimensions we should justify our question as follows:
can an interior point of the spectrum be an eigenvalue? In general case not
so much is known. On the contrary, if N = 1 the situation is quite clear: if
(1 + |z))Vi(x) € LY(R), then embedded eigenvalues cannot appear [9], [10]
(this result is not trivial!). Moreover, the last works contain results on the
number of eigenvalues introduced into spectral gaps. For instance, far gaps
cannot contain more than two eigenvalues.

110



References

1]

2]

F. A. Berezin, M. A. Shubin, The Schridinger Equation, Kluwer, Dor-
drecht, 1991.

M. Sh. Birman, The discrete spectrum of the periodic Schrédinger op-
erator perturbed by a decreasing potential, Algebra i Analiz, 8, no 1
(1996), 3-20 (in Russian).

M. S. P. Eastham, The Spectral Theory of Periodic Differential Equa-
tions, Scottish Acad. Press, Edinburgh-London, 1973.

P. D. Hislop, I. M. Sigal, Introduction to Spectral Theory with Applica-
tions to Schraodinger Operators, Springer, Berlin, 1996.

P. Kuchment, Floquet Theory for Partial Differential Equations,
Birkhauser, Basel, 1993.

J. L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems
and Applications, Springer, Berlin, 1972.

L. Pastur, A. Figotin, Spectra of Random and Almost-Periodic Opera-
tors, Springer, Berlin, 1992.

M. Reed, B. Simon, Methods of Modern Mathematical Physics, I-1V,
Acad. Press, New York, 1980, 1975, 1979, 1978.

F. S. Rofe-Beketov, A test for finiteness of the number of discrete levels

introduced into the gaps of a continuous spectrum by perturbation of a
periodic potential, Soviet Math. Dokl., 5 (1964), 689-692.

F. S. Rofe-Beketov, A. M. Khol’kin, Spectral Analysis of Differential
Operators, Mariupol’, 2001 (in Russian).

W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1966.
W. Rudin, Functional Analysis, McGraw-Hill, New York, 1973.

M. A. Shubin, Spectral theory and index of elliptic operators with
almost-periodic coefficients, Russ. Math. Surveys, 34 (1979), 109-157.

B. Simon, Schrédinger semigroups, Bull. Amer. Math. Soc., 7 (1982),
447-526.

111



