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UNIT Il - DIVIDE-AND-CONQUER

Divide and Conquer Methodology — Binary Search —
Merge Sort — Quick Sort — Heap Sort — Multiplication

of Large Integers — Strassen’s Matrix Multiplication
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Strassens’s Matrix Multiplication

¢ published by V. Strassen in 1969

¢ The principal insight of the algorithm lies in the discovery
that we can find the product C of two 2 x 2 matrices A and
B with just seven multiplications as opposed to the eight

required by the brute-force algorithm

¢ This i1s accomplished by using the formulas
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Strassens’s Matrix Multiplication

« Strassen showed that 2x2 matrix multiplication can be
accomplished in 7 multiplication and 18 additions or
subtractions.

o (2Iog27 :22.807)

 This reduce can be done by Divide and Conquer
Approach.
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o0 Brute-force algorithm

Coo Coz dgo Ao /boo b01\
— *
Cio C11 djg QAgg b, by
\_ %
a I
Qoo™ bgg + a9, * by Qoo ™ Doy + 391 * byy
a10™ Doy + a3 ™ by a10™ Dy + a1 by,
N _/
_ Efficiency class in general: ® (n3)
4 additions
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Basic Matrix Multiplication

Suppose we want to multiply two matrices of size N
X N: for example Ax B = C.

All Alﬂ
AEI AEE

Gﬂl GEE

Cu Ci
By By

| By By

Cp =aybyy +a,by,
C, =ay,by, +a,b,,
C, = ay, by +ayb,,

2x2 matrix multiplication can be
C,,=a,b,+a,b,, accomplished in 8 multiplication.(2'09,8 =23)
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Basic Matrix Multiplication

void matrix_mult (){
for (i=1;i<=N;i++){ algorithm
for j=1;j<=N;j++) {
compute C;;;
}
b}
N
Cl,j = Zai,kbk i
Time analysis k=1
N N N
ThusT(N)=> > > c=cN’=0(N°)
i=1 j=1 k=1
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Divide-and-Conquer

 Divide-and conguer is a general algorithm design
paradigm:
— Divide: divide the input data S in two or more disjoint
subsets S, S, ...

— Recur: solve the subproblems recursively

— Conquer: combine the solutions for S;, S,, ..., into a solution
for S

* The base case for the recursion are subproblems of
constant size

 Analysis can be done using recurrence equations
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Divide and Conquer Matrix Multiply
A X B = R

Ay | Ay By | By AeXBgtAxB, | AgxB;+AxB;

A2 A3 Bz B3 AZXBO+A3XB2 AZXBl+A3XB3

» Divide matrices into sub-matrices: A,, A, A, etc

 Use blocked matrix multiply equations
 Recursively multiply sub-matrices
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Divide and Conquer Matrix Multiply
A x B = R

ao X bo ao X bo

« Terminate recursion with a simple base case
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0 Strassen’s algorithm for two 2x2 matrices (1969):

Coo  Coz /aoo do1 /boo b01\
— *
Cio Cn \alo dyg by, by y
Cm, +m, -m.+m, M+ Mg
) M+ m, m, +m; -m,+myg

my = (g + agq) * (bgo + Dyy)
m, = (a;y +ay;) * by

m, = ay; * (byg - byo)
Mg = (ag + Agy) * byy
Mg = (a9 - 8gg) * (Dgo + Dy1)

O Oo 0o o o &4
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Strassen observed [1969] that the product of two matrices can
be computed in general as follows:

COO ‘ C01 AOO ‘ AOl B00 ‘ BOl
- *
C10 Cll AlO All BlO Bll
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Formulas for Strassen’s Algorithm S, = (Agy + Ay)
52 = (Bgo + Byy)
My = (Ago + Agy) * (Bgo + Byy) S3=(A,p+AyY
M, = (Ag + Ag) * By S4 = (B, - Byy)
M = Ago * (Bgy - Bya) S5 = (B - Byg)
My = Agg * (Byg - Bgo) S6 = (A + Ayy)
Ms = (Ag + Ag) * By S7=(A;-Ay)
Mg = (A - Ag) * (Byo + Boy) S8 = (By, + Byy)
My = (Agy - Aqg) * (Byg + Byy) S9 = (A - Ap)

S10 = (Byy + Byy)

/ multiplications
M1 + M4 - M5+ M7 M3 + M5

18 additions
M2 + M4 M1 + M3 - M2+ M6
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Strassen Algorithm
void matmul(int *A, int *B, int *R, int n) {
if (n==1){
(*R) += (*A) * (*B); Divide matrices in
}else{ sub-matrices and
matmul(A, B, R, n/4); recursively multiply
matmul(A, B+(n/4), R+(n/4), n/4); sub-matrices

matmul(A+2*(n/4), B, R+2*(n/4), n/4);
matmul(A+2*(n/4), B+(n/4), R+3*(n/4), n/4);
matmul(A+(n/4), B+2*(n/4), R, n/4);
matmul(A+(n/4), B+3*(n/4), R+(n/4), n/4);
matmul(A+3*(n/4), B+2*(n/4), R+2*(n/4), n/4);
matmul(A+3*(n/4), B+3*(n/4), R+3*(n/4), n/4);
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Analysis of Strassen’s Algorithm

If n Is not a power of 2, matrices can be padded with zeros.
Number of multiplications: M(n) = 7M(n/2), M(1) =1
Solution: M(n) = 79920 = nlog27 ~ 02807 ys, nd of brute-force alg.

Algorithms with better asymptotic efficiency are known but they
are even more complex and not used in practice.
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Time Analysis

r1)=1 (assume N = 2F)
T(N)=TT(N/2)
T(N)=T"T(N/2*)=7"
T(N) = 710gN :N1‘5’37 :N2.81
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MULTIPLIES A and B using Strassen's O (n*2.81) method

=[1 3] B=[6 8]
[7 5] [4 2]

Step 1: Split A and B into half-sized matrices of size 1x1 (scalars).

all =1
al2 =3
a2l =7
a22 =5
b11 =06
b12 =8
b21 =4
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s1=b12-b22 = 8-2 =6 pl=all*s1=1*6=6 Input Matrices: A & B
s2=all+al2=1+3=4 P2=s2*b22=4%2=8 A=[13]B=[6 8]

s3=a2l1+a22=7+5=12 p3=s3*b11=12*6=72 [7 3] [4 2]

RESULT:C=A*B
s4=b21-bl11=4-6=-2 pd =a22*s4=5*-2=-10

* * C:[18 14]
s5=all+a22=1+5=6 p5 =s5*s6=6*8 =48

6-b11+b22=6+2=8 P6=s7"s8=-2%6=-12 [62 66]

s7=al2-a22=3-5=-2 p7 =s9*s10 =-2*14 = -84

cl1=p5+p4d-p2+p6=48 + (-10)-8 + (-12) = 18
cl2=p1+p2=6+8=14

s8§ =b21 +b22=4+2=6

s9=all-a2l=1-7=-6 " 1-p3+ps =72+ (-10) = 62
s10=b11+b12=6+8=14 (22 =p5+pl-p3-p7=48+6-72—(-84) = 66
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& 2 1 0 3 201 o
5 6 2 7

A= A= 5 6 2 7
7 6 5 2 = 2l & 2
4 & 3 B i 5|3 @

5 8 7 4 s wl & %
T 3 2 0 1 3|2 o
B= B=
E 6 ¥ A 2D - 4
2 3 9 0 2 3|9 o
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3 2 1 0 5 6 7 1
A1l = A2 = B1= B2 =

5 6 2 S 4 8 2 0

7 6 5 2 5 6 7T 1
A3 = A4 = B3 = B4 =

1 9 3 5 2 3 9 0
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3 2 5 6 17 24
Al = B1= Ci=
5 6
1 # 31 48

o Pl=a*(f—h)=3*(6-3)=9

e P2=h*(a+b)=3*3+2)=15

» P3=e*(c+d)= 5%(5+6) =55 e
 P4=d*(g—e)=6%(1-5)=-24

o P5=(a+d)*(e+h)=(3+6)"(5+3) =72

e P6=(b—d)*(g+h)=(2-6)(1+3) = -16

» P7=(a—c)*(e+f)=(3-5)+(5+6) =-22

P6 + P5 + P4 . P2 P1+ P2

e P1+P5-P7-P3
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1 0 7 1 t 1
A2 = B2 = c2=

2 7 2 0 - )
e Pl=a*(f-h)=1
e P2=h*(a+b)=0

P6 +P5 + P4 - P2 P1+P2

e P3=e*(c+d)=63 e e '
e P4=d*(g-e)=-35 P3 + P4 P1+P5-P7-P3

e P5=(a+d)*"(e+h)=56
e P6=(b-d)*(g+h)=-14
e P7=(a-c)*(e+1f)=-8
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A3 C3 =

B3

e Pl=a*(f-h)=21

e P2=h*(a+b)=39

¢ P3=e*(c+d)=15 o=
*Pd=d*(g-e)=-06 P3+P4 P1+P5-P7-P3
e P5=(a+d)*(e+h)=72

e P6=(b-d)*(g+h)=20

e P7=(a-c)*(e+f)=0606
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5 2 7 4 59 5
= B4 = ca=
° 5 . s 66 3
e Pl=a*(f-h)=5
e P2=h*(a+b)=0
¢ P3=e*(c+d)=56 e P6 +P5+P4-P2 P1+P2
PrAmdTime) =10 P3+P4 P1+P5-P7-P3

e P5=(a+d)*(e+h)=70
e P6=(b-d)*(g+h)=-27
e P7=(a-c)*(e+f)=16
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§ 2|4 o
17 24 7 1
i 5 6|2 7 c1 = i
T 6| & 2 39 A8 - 5
i 2|3 6
= PR 47 60 59 5
1 3 2 0 Cc3 = C4-=
B E 68| 7T 1 9 12 66 3
2 3|9 0
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