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Theorem: Let T: N = N’ be a linear transformation. Then T

is bounded iff T maps bounded sets in N into bounded sets
in N'.

Proof: Since T is bounded linear transformation.
IT(x)[| < M]|x]|, vx € N.
Let B be a bounded subset of N. Then
lx|| < K,Vx € B.
From above we can say that
IT(x)|| < MK,Vx € B.
It shows that T(B) is bounded in N’.
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Conversely let T map bounded sets in N into bounded sets in N’
To prove that T is a bounded linear transformation, let us take
the closed unit sphere §;[0] in N as a bounded set. By
hypothesis, its image T (5;[0]) must be bounded set in N'.
Therefore there is a constant K such that

ITCOIl < K,V x € 5,1[0].

Let x be any non zero vector in N. Then ( ) € S;[0] and so

|||
we get HT (”x”)H < K which implies ||T (x)|| < K||x]||.

Name of the Faculty: Dr. Alok Tripathi Program Name: M. Sc



School of Basic and Applied Sciences

Course Name: Functional Analysis

Course Code : MSCM301
Theorem: If N and N’ are normed linear spacesand T: N —» N/,
then following are equivalent.

(A)|IT|| = sup {”T(x)” X EN,x # O}

Il

(b) IT]l = supUlIT()|l: x € N, |lx|| < 1}.
(c) ITIl = suptlIT()ll: x € N, [lx]| = 1}.

Proof: If x satisfies (a), then we have —— Lriil = [T = 1.
Hxll Hxll

Since l TP I 1, x satisfies (c) so that (a) < (c). (1)
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Since [re N: llxll =1}c{re N: llxll 1). We get from the properties of supremum,

(c)=(b) -(2)
From (1) and (2), we get (@) <(c) < (b). -(3) |
IfllxIl €1, x#0, then we get
|JTxu<”T“"'wmchirn lies on takin
T plies on g supremum (b) < (a). ...(4)

From (3)and (4), we obtain (a) < (¢) < (b) < (a). Th '
these.wesee_atonce ITxIl < HT!H (:,l)xll(?) A 6 e ol gl

T .
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Theorem: Let N and N’ be normed linear spaces and let T: N — N’

be bounded linear transformation of N into N’. If M is the kernel of
T, then

(i) Mis a closed subspace of N

(ii) T induces a natural transformation T’ of N/M onto N’ such that
171l = ITII.

Proof: The kernel of an operator T is defined as ker(T) =

{x € N:T(x) = 0}. The kernel of a linear operator is a subspace of
N. If M contains all of its limit points then it will be closed.
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Let x be a limit point of ker(T). Then there exist a sequence (x,,) in

Ker(T) such that x,, = x. Since T is continuous, T(x,,) = T(x). But

T(x,) =0,Vn and SO T(x) =

0. This proves that Ker(T) is closed.

o e:}; ’('1 ) Mis a closed subspace of N and so N/M is a quotient space with the norm of a coset
Hx+MIl =inf{llx+mll :me M).

We shall define 7" : N/M — N’ ; _
ITN =TI, PNEY TG+ M) -

Letx+M,y+Me N/Mand o, P be any two scalars,

I'(x) and show that T” is linear and
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Then T'(a(x + M) + By + M)) = T"(ax + M 4 g
gut T (ax + By + M) = T(ox + By) = aT(x) + p

refore T (@(x + M) + By + M) = aT (x +
::: proves that T” is linear. M)+ BT'(y + M.

Further
T =sup[||T'(x+M)|| 'xe N, llx+Mil <1)
=sup [lIT(x) Il : xe N,inf(llx+ml) tme M)<1)
=sup (lIT(X)Il :xe N,meM,le«t-mlIS‘l}.
1y e M, then we have T(m) = 0. Using this we getfromtheabovestep
T =suplllT(x)+T(m)l|

=sup {IT(x +m)I|
fxe N,me M, thenx +me N and an
Using this, we get

:xeNmeM, lx+mll <1)
xeN,me M,llx+ml|$1}.
yvechorxinNcanbewrittmasx+0where0e M.

UT N =sup {IT(x)Il :xe N, 11211 <1) = ITII.
Thus we have established 1Tl = |17).

|

|
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Video Links:

1. https://youtu.be/TlcnVWj6jVg
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