
School of Computing Science and Engineering

Course Code : MATH2007 Course Name: Discrete Mathematics

Name of the Faculty: Mr. Divesh Garg Program Name: B. Tech Sem-III 

Algebraic Structures, 
Semigroup and 

Monoid



School of Computing Science and Engineering

Course Code : MATH2007 Course Name: Discrete Mathematics

Binary Operation

Name of the Faculty: Mr. Divesh Garg Program Name: B. Tech Sem-III 

 Let 𝐺 be a set. A binary operation on 𝐺 is a function that assigns each 
order pair of elements of 𝐺 an element of 𝐺. 

𝑓 ∶ 𝐺 × 𝐺 → 𝐺

Remark : ‘o’ is a binary operation on 𝐺 iff aοb Є 𝐺.
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A non empty set together with one or more than one binary operation is 
called algebraic structure.

Examples :-
1. (R,+, ∙) is an algebraic structure. 
2. (N, +) , (Z, +), (Q, +) are algebraic structures.
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If S is a nonempty set and * be a binary operation on S, then the algebraic system 
{S, * } is called a semigroup , if the operation * is associative.

viz., if for any a,b,c∈S, 
(a∗b)∗c=a∗(b∗c)

Since the characteristic property of a binary operation on S is the closure property, 
it is not necessary to mention it explicitly when algebraic systems are defined. 
Example :-
if E is the set of positive even numbers, then (E, + ) and (E, X) are semigroups.
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If a semigroup {M, * } has an identity element with respect to the operation * , 
then {M, * } is called a monoid.

viz., if for any a,b,c∈M
(a∗b)∗c=a∗(b∗c)

and if there exists an element e∈M such that for any a∈M, e∗a=a∗e=a, then the 
algebraic system {M, * } is called a monoid.
Example :-
1. if N is the set of natural numbers, then (N,+) and (N,X) are monoids with the 
identity elements 0 and 1 respectively.
2. The semigroups (E,+) and (E,X) are not monoids.
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A non empty set 𝐺 together with an operation ‘o’ is called a group if the 
following conditions are satisfied :
1. Closure axiom, ∀ 𝑎, 𝑏 ∈ 𝐺⇒ 𝑎𝑜𝑏 ∈ 𝐺. 
2. Associative axiom, 𝑎𝑜𝑏 𝑜𝑐 = 𝑎𝑜(𝑏𝑜𝑐) ∀ 𝑎, 𝑏, 𝑐 ∈ 𝐺
3. Existence of identity, ∃ an element 𝑒 ∈ 𝐺, called identity 𝑎𝑜𝑒 = 𝑒𝑜𝑎 = 𝑎 ∀ 𝑎

∈ 𝐺. 
4. Existence of inverse, 𝑎 ∈ 𝐺 , ∃ 𝑎−1 ∈ 𝐺 𝑠.𝑡 𝑎−1𝑜𝑎 = 𝑎𝑜𝑎−1 = 𝑒 This 𝑎−1 is 

called inverse of 𝑎.
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