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A non empty set 𝐺 together with an operation ‘o’ is called a group if the 
following conditions are satisfied :
1. Closure axiom, ∀ 𝑎, 𝑏 ∈ 𝐺 ⇒ 𝑎𝑜𝑏 ∈ 𝐺. 
2. Associative axiom, 𝑎𝑜𝑏 𝑜𝑐 = 𝑎𝑜(𝑏𝑜𝑐) ∀ 𝑎, 𝑏, 𝑐 ∈ 𝐺
3. Existence of identity, ∃ an element 𝑒 ∈ 𝐺, called identity 𝑎𝑜𝑒 = 𝑒𝑜𝑎 = 𝑎 ∀ 𝑎

∈ 𝐺. 
4. Existence of inverse, 𝑎 ∈ 𝐺 , ∃ 𝑎−1∈ 𝐺 𝑠.𝑡 𝑎−1𝑜𝑎 = 𝑎𝑜𝑎−1 = 𝑒 This 𝑎−1 is 

called inverse of 𝑎.
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A group (𝐺, 𝑜) is called abelian group or commutative group if 𝑎𝑜𝑏 = 𝑏𝑜𝑎 ∀ 𝑎, 𝑏
∈ 𝐺. 
Examples :-
1. (ℤ , +) , ( ℚ , +) , (ℝ, +) all are abelian group.
2. (ℚ , ∙) , (ℝ , ∙) are commutative group. 1 is an identity ,1/𝑎 is the inverse of 𝑎

in each case. 
3. The set of all 𝑚 × 𝑛 matrices (real and complex) with matrix addition as a 

binary operation is commutative group. The zero matrix is the identity 
element and the inverse of matric of A is –A.
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𝐺 = { ±1, ±𝑖, ±𝑗, ±𝑘 } define a binary operation of multiplication as 
𝑖2 = 𝑗2 = 𝑘2 = −1 , 𝑖𝑗 = −𝑗𝑘 = 𝑘, 𝑘𝑖 = −𝑖𝑘 = 𝑗, 𝑗𝑘 = −𝑘𝑗 = 𝑖 .

The red arrows represent multiplication on the right by 𝑖,
and the green arrows represent multiplication on the right by 𝑗.

This is non abelian group for this operation. This is called 
Quaternion group.
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Let 𝐺 = ( 𝑒, 𝑎, 𝑏, 𝑐 ) with operation 𝑜 defined by the following table :

O e a b c

e e a b c

a a e c b

b b c e a

c c b a e
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Statement - The identity 𝑒 in a group always unique.
Proof - If possible, suppose that 𝑒 and 𝑒 ′ are two identity elements in a group 𝐺.
‘𝑒’ is an identity element  
⇒ 𝑒𝑒 ′ = 𝑒 ′𝑒 = 𝑒 ′ [𝑎𝑒 = 𝑒𝑎 = a]
𝑒 ′ is an identity element
⇒ 𝑒𝑒 ′ = 𝑒 ′𝑒 = 𝑒 [ 𝑎𝑒 ′ = 𝑒 ′𝑎 = 𝑎]
these statements prove that 𝑒 = 𝑒𝑒 ′ = 𝑒 ′𝑒 = 𝑒 ′ 
from which, we get 𝑒 = 𝑒 ′ . 
Hence Proved
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The cancellation laws 

Statement - Suppose, 𝑎, 𝑏, 𝑐 are arbitrary elements of a group 𝐺.
Then 1. 𝑎𝑏 = 𝑎𝑐 ⇒ 𝑏 = 𝑐 ( left cancellation ) 

2. 𝑏𝑎 = 𝑐𝑎 ⇒ 𝑏 = 𝑐 (right cancellation )
Proof - Let 𝑒 be the identity element in a group 𝐺.
Let 𝑎, 𝑏, 𝑐 ∈ 𝐺 be arbitrary 
𝑎𝑏 = 𝑎𝑐
⇒ 𝑎−1 𝑎𝑏 = 𝑎−1 (𝑎𝑐) 
⇒ 𝑎−1𝑎 𝑏 = 𝑎−1𝑎 𝑐 [by associative law] 
⇒ 𝑒𝑏 = 𝑒𝑐
⇒ 𝑏 = 𝑐
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Again 
𝑏𝑎 = 𝑐𝑎
⇒ 𝑏𝑎 𝑎−1= 𝑐𝑎 𝑎−1

⇒ 𝑏 𝑎𝑎−1= 𝑐 𝑎𝑎−1

⇒ 𝑏𝑒 = 𝑐𝑒
⇒ 𝑏 = 𝑐
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