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Lecture-14
Solution of Volterra integral equation of second kind by Resolvent kernels

Find the resolvent kernel of the integral equation

y(x)=(1-2x-4x%) +i{3+ 6(x—1)-4(x-1)’ }V(t)dt.

0

solution
Heref(x) =1-2x-4x%, 1=1 and K(x, t) = 3 + 6(x-t) - 4(x-t)%.
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Let K(x,0)=a,(x)+a,(x)(x=1)+a,(x)

Comparing, we get
ay(x) = 3, ay(x) = 6, a,(x) = -8.

Also,

~dg(x, ;1) <d’g(x,1]) E
R(x,t.0)= o 2" asA=1,
(x,5,2) e e

where g(x, t ;1) satisfies the differential equation

3 2
ik {3d—g+6§-8gJ=o

d |dd e
or (D°-3D>-6D+8)g=0, D= d/dx. @)
" Lo @ i 8 .
satisfying the conditions g =0, =~ =0 atx=tand E=l atx=t.  ..(3)
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The auxiliary equation of (2) is given by
m=3mt-6m+8=0,
m=1,-2 4.
Therefore
g=Ae +Be™ +Ce"
% A¢" -2Be™ +4Ce"
d
d'g

—S = fe" +4Be™ +16Ce"
Y
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R(x,l,/l):d gﬁ;,}t,/l) =d gcg;,t,l) ash=1

where g(x, £ 1) satisfies the differential equation

or  (DP-3DP-6D+8)g=0, D=y, )

l
satisfying the condtions g=0,3§=0 atx =t and %&l =t L)
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Using the given conditions on g, we have

l ~2x+2t +l e4x-4t

xtl-—- +—
B =—g¢ Hef g

Now, we differentiate it thrice w. r. t. x, we have
([ 2
’(x,t;l) =__e.\‘ 1 = 2x+42t +_e4x 4t
9 9

g"(x,t;l) = _lex-t +§e-2x+2t +§_e4x-4t

9

] 4 32
" x,t;l =__ex-t __e—2r+21 e e4x 4t
g (x5]) ¢
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Hence, the required solution is

y(x)=(1-2x- 4x2)+J{R(x,t;l)(l -2 -4*)dt.
0

=(1-2x-4x )+[{-% '—-;—e'z(""+%e"(“")}(l—2t-412)dt.

Solving, we get y(x)=e*.

Reference:
https://nptel.ac.in/courses/111/107/111107103/
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