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p' - Frobenius’ Theorem \

If x = X, is a regular singular point of given ODE, then
there exists one solution of the form

y=(X- Xo)rZCn (X=%p)" = ch (X=%)""
n=0 n=0

where the number r is a constant to be determined.
The series will converge at least on some interval

\0 <x—X,<R. )
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Example : Frobenius’ Method

* Because x =0 is a regular singular point of

3x)"+y -y (1)
we try to find a solution :

Now, o0 n-+r
YN Zn:O ik

y'=> (n+r)c,x""
n=0

00

y'=> (n+r)(n+r-1)c,x""

n=0
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Example Contd...
3Xy” + yl _ y

o0 o0 o0
=3> (N+r)(n+r=1c, X"+ (n+r)c,x" = ¢, x™"
n=0 n=0 n=0

= (N+r)@Bn+3r-2)c,x™" " => ¢, x""
0

=X r@Br—2)cox ™+ > (n+r)(Bn+3r —2)c, X" = > ¢, X"
n=1 n=1
k=n—1 K

=X r@Br—2)cox ™+ D> [(K+r +1)(3k +3r +1)C,q — ck]xk} =0

k=0
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Example Contd...

which implies r(3r—2)c,=0
(k+r+1)(3k+3r+1)c,,,—¢c,=0,k=0,1, 2, ...
Since nothing is gained by taking c, = 0, then
r(3r—2)=0 (2)
and
Cy
Ck+1 = ’
(k+r+1)(3k +3r+1)

From (2), r =0, 2/3, when substituted into (3),

k=0,12,--- (3
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U 3k 4 B)(k 1)
r,=2/3, k=0,1,2,.. (4)
Cy

Bt E1)(3k +1)

r,=0, k=0,1,2,.. (5)
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From (4) From(5)
c.=1 __% o, — e S
2 — 2 —

8 2 215 8 2 4 211 4

G, Co G, Co

11 3 315 8 11 3 7 3147

Cs Co Cs Co
C4: — C4: —

14 4 415 8 11 14 4 10 41 4 7 10
. C, -R (-D"c,
" nl5 8 11---(3n+2) "nll47---(3n-2)

Name of the Faculty: Dr. Jyoti Singh Program Name: B.Sc. Physics




School of Basic & Applied Science

Course Code : BSCP2001 Course Name: Mathematical Physics-I|

Example Contd...

These two series both contain the same multiple c,. Omitting this term,

we have
= 1
X) = x*"°| 1+ X"
NOO=XT* 2 e @) | ©
- ' 4
X) = X°[ 1+ X"
V(%) . Z{n!l 4 7--(3n=-2)" |  (7)
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Example Contd...

By the ratio test, both (6) and (7) converges for all finite value of x, that
is, | x| < . Also, from the forms of (6) and (7), they are linearly
independent. Thus the solution is

y(x) = Ciy,(x) + Cy,(x), 0<x<oo
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Indicial Equation

e Equation (2) is called the indicial equation, where the values of r are
called the indicial roots, or exponents.

* If x =0 is a regular singular point of (1), then p = xP and g = x?Q are
analytic at x = 0.
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Thus the power series expansions
p(x) = xP(x) = a,+ax+a,x*>+ ...
g(x) = x2Q(x) = by+ b x+ b,x*>+ ... (8)
are valid on intervals that have a positive radius of convergence.
By multiplying (2) by x4, we have
(9)

x2y" + x[xP(X)]y’ + [x°Q(x)]y =0

After some substltutlons we find the indicial equation, r(r—1)
+ayr+b,=0 (10)
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Example
Solve 2xy"+(1+X)y'+y =0

Solution
Let _\® n+then
y= Zn:O i 1

2Xy"+ L+ X))y +y

= 22(n+ r)(n+r—-1)c x™" 1+Z(n+ r)c,x""

n=0 n=0
+> (n+r)e,x™ +> ¢ x™"
n=0 n=0

=Y (n+r)(2n+2r -1)c,x™" 1+Z(n+r+1)c X§

n=0 n=0
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=X r2r—=1)cox ™+ Y (n+r)(2n+2r —1)c,x"* + > (n+r +1)c x"

n-L =0

_/

k=n-1 k

_J/

<
| <

n

= X" r(2r =D, x ™ + Z[(k +r+1)(2k +2r +1)c, , + (k +r +1)c, ]x"

k=0

which implies r(2r—1)=0 (1)

(K+r+1)(2k+2r+1)c,, +(k+r+c, =0, k=0,12,---(2)
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Example Contd...

From (1), we haver; =% ,r, =0.
Foe r, =%, we divide by k + 3/2 in (2) to obtain

= ., k=0,12,---
2k +1) 3)
Foer,=0, (2) becomes
—C
Ck+1:2k_|i_< ) kzoill 21 (4)
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Example Contd... From (3] From (4)
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Example Contd...

Thus forr, =% T n ]l w n
1/2 =D" (D" nr
X)=X""1+ X |= X
(%) ] ; 2'nl | nZ:;j 2"n!
forr,=0 i
Yo (X) =1+ Z (=1) X", |x|<oo

-1 35 7---(2n-1)

and on (0, «©), the solution is y(x) = C,y, + G,y,.
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